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The relationship between the single-particle energy and 
effective mass and the binding energy of the many-particle 
nuclear system is discussed. It is shown that only in the case of 
first order perturbation theory is it possible to define a physically 
meaningful single-particle energy E(p) so that both relationships, 
E(pr) = (p?/2M)+V (pr) =Envernge and N Enversge = (f?/2M average 
+4(V (p) Javernge, are satisfied. More generally a correction term 
appears, as a result of important many-body contributions to the 
single-particle energy which arise from the effects of the exclusion 
principle and from the variation of the self-consistent excitation 
spectrum with density. The principal effect of the correction is to 


N recent studies'* of the properties of nuclear matter 
and liquid He’,’ a determination has been made of 
the energies of single-particle excitations and of the 
average energy per particle. In the definition of particle 
energies used in those calculations, it has been found 
that the energy of a single particle at the Fermi surface 
is not equal to the mean binding energy. This result is 
similar to an earlier result obtained by the author,‘ but 
does not agree with more recent discussions by Weiss- 
kopf* and Moszkowski.* It is the purpose of this note 
to discuss this discrepancy and to show the conditions 
under which the equality between the energy at the 
Fermi surface and the mean energy holds. The physical 
interpretation of the single-particle energy will also be 
discussed. 
In the theory of the many-body system’ used in 
references (1), (2), and (3), the energy of an excitation 





'K. A. Brueckner and J. L. Gammel, Phys. Rev. 105, 1679 
(1957). 

2K. A. Brueckner and J. A. Gammel, Phys. Rev. 109, 1023 
(1958). 

*K. A. Brueckner and J. A. Gammel, Phys. Rev. 109, 1040 
(1958). 

*K. A. Brueckner, Phys. Rev. 97, 1353 (1955). 

*V. F. Weisskopf, Nuclear Phys. 3, 423 (1957). 

*S. A. Moszkowski (private communication). 

” A comprehensive list of references is given in reference 2. 


alter the relationship between Enxverage and the average value of 
the single-particle energy. Analysis of the optical potential which 
determines the momentum of a nucleon interacting with the 
nucleus shows that the same correction term again appears, 
changing the usual definition of the optical potential. 

An additional consequence is that it is not possible to fix the 
effective mass for particle motion from knowledge of the average 
binding energy and kinetic energy alone, the first order theory 


underestimating the effective mass by 38% in nuclear matter and 
by 77% in liquid He’. 


with momentum 9, is 
E(pi) = (p2/2M)+V(p,), (1) 
V(pd=DilKiy, is— K4;, 55). (2) 


The sum over j runs over all filled states and includes 
a sum over spin and isotopic spin. The energy as 
defined in Eqs. (1) and (2) does not refer to an arbi- 
trarily chosen zero point of energy. In many applica- 
tions, however, it is possible to add a constant to the 
single-particle energy. For example, in determining the 
effective mass of an excitation or properties of low 
excited states such as the nuclear symmetry energy or 
the specific heat and magnetic susceptibility of He’, 
only the variation of E(p) with momentum enters. An 
arbitrary constant in the energy is meaningful, however, 
in determining the total energy of the system. Such a 
constant also affects the separation energy of a particle, 
since this is the difference in total energy between two 
systems with V+1 and N particles. 

With the single-particle energies as defined in Eq. 
(1), the average energy per particle is 


where 


Eu=%}(pr*/2M)+V x, (3) 
where V, the average potential energy per particle, is 
Va= (1/2N)> ; V (p,). (4) 
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Thus, with these definitions, the usual relationship 
between V,, and V(p) holds. This also makes it possible 
to use the usual physical interpretation of V(p) as an 
energy density. We shall see in the following that if we 
wish to choose the zero point of energy so that the 
energy E(pr) of the last particle is equal to the separa- 
tion energy, then it is usually necessary to depart from 
the definition of Eq. (2) for V(p;). 

The reaction matrix K which determines the inter- 
action energies is obtained by solving for the motion of 
particle pairs in the average field of the remaining 
particles. K is defined by the integral equation 


Kij,nr=%65,er+ Vij, mn( Ext Ei— Em— En) Kn, tt 
43a (5) 
Pm =P; 
bn2pr 
The propagator (E.,+£,—E,—E,) describes the 
motion of the excited particles through the many-body 
medium. The restriction on the sum over pf» and px 
that the excited momenta be above the Fermi surface 
takes into account the requirements of the exclusion 
principle. 

The reaction matrix K depends on the density ex- 
plicitly through the normalization volume, since the 
matrix elements of V contain a factor 1/Q. A further 
dependence of K on the density enters through the 
variation of pr with the density and also through the 
shift with density of the self-consistent particle energy 
spectrum. In first approximation, K can be replaced by 
V and QV is independent of density. 

Before we discuss the features of the excitation 
spectrum, it is convenient to summarize the interpre- 
tation of the particle excitation. We recall*.* that the 
true nuclear wave function ¥(J) is related to the model 
or independent-particle wave function g(N) by the 
correlation function or “model operator” F, the relation 
being 

¥(N)=Fe(N). (6) 


To an excitation of a single particle in the model state, 
there corresponds a change in the state of the actual 
system. This change is, of course, much more compli- 
cated than the change of the model, since the correlation 
function F will change with excitation to take account 
of the change in correlation structure. The change in 
state of y upon a single-particle excitation in ¢ therefore 
must be regarded as the creation of an “exciton,”’ i.e., 
a correlated change in the state of many particles which 
resembles a single-particle excitation only if correlation 
effects are neglected. It is often convenient to talk of 
these complex excitations by using the language of the 
single-particle model ; it must be kept in mind, however, 

®R. J. Eden and N. C. Francis, Phys. Rev. 97, 1366 (1955); 
Brueckner, Eden, and Francis, Phys. Rev. 99, 76 (1955); H. A 
Bethe, Phys. Rev. 103, 1353 (1956). 

® The nonvanishing of A is due to many-body effects included 
in the definition of the K matrix, these arising both from the 
effects of the exclusion principle and from the density variation 


of the self-consistent excitation spectrum (see, for example, refer- 
ence 2). 
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that the identification can be made only in the restricted 
sense just discussed. 

In the nuclear theory, the excitons of the actual 
system are to be identified with the independent par- 
ticles of the shell model. The energies of these particles 
are then E(p) as given by Eq. (1). These energies are 
important, not only since they enter into the deter- 
mination of the reaction matrix K, but also since they 
determine both the effective mass for particle motion 
and the properties of the system at low excitation. 

We now return to the study of the excitation energies. 
We first simplify Eqs. (2) and (4) by replacing the sums 
by integrals, using the relation 





= dk ;, 7 
u= Gaye! (7) 


where by S; we mean the sum over spin and isotopic 
spin. We also write 


2 
aS Sil Kis, ee K 45,5) =f(ij). (8) 


(2m)* 


[As remarked above, /(ij) is independent of density if 
K is evaluated to first order in V.] We then can rewrite 


Eqs. (2) and (4) as 
V(pd=2 | dk; His), (9) 


tenon ft if te; 169), 


where to obtain Eq. (9) we have assumed that V (p,) has 
no dependence on spin or isotopic spin as is true in an 
unpolarized medium. 

We first show that Eqs. (3) and (10) give correctly 
the result that the difference in the energy of N+-1 and 
N particles in their ground state is equal to the mean 
energy per particle. To show this, it is necessary to use 
the fact that for the saturated system, the density and 
consequently the Fermi momentum pr do not change 
as N is changed. Thus the energy difference is 


and 
(10) 


E(N+1)—E(N) SPF wa) vy) 
SL i “oaaee i 


Pre ren Wes 
dk, | dk; 11 
op Se farsi. an 


At constant density we have Qn41=[(N+1)/N Qn, so 
that 

3 pr’ Qn 
E(N+1)—E(N)=- el 





52M 2N (2m)* 


x f ak, f dk; flij), (12) 
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which is just the mean binding energy. This result of 
course also follows directly from the proportionality of 
the total energy of the system to the number of par- 
ticles, i.e., 

Evota(N) =NXEn. (13) 


We next consider the saturation condition, that Ey, 
be independent of density. This is equivalent to the 
requirement that pr(d0E«/dpr)=0. To carry out this 
differentiation, we make use of the relation 


pr(d2/dpr) = — 32, (14) 


since 2 is proportional to 1/pr*. From Eqs. (3) and 
(10) we then obtain the result: 














6 Y . +{-— fa ft fli 
a ij) 
52M 2\ (2x)§N / 
22 4rky’* 
fa flisncer| +A, (15) 
(2r)* WN 
where 
) 
—— [it if tk, p — (16) 
"2 (2x)*N 
This result can be simplified by use of the relation 
4 rky* 
so(- _ ~) =N, (17) 
3 (2r)* 
and also by using Eq. (9) for V(pr). The result is 
6 pr’ 
O=- ——  3Vnt+$3V (pr)+A. (18) 
52M 


Combining this result with Eq. (1) for V(p,), we find 


E(pr)=(pr’/2M)+V (pr) 
= }(pr?/2M)+Vn—4A. (19) 


Thus E(pp) is equal to Ex, = 3(pr?/2M)+V» only if A 
is equal to zero. This is true only to first order in 2, as 
remarked above. In the actual studies of nuclear 
matter, the average energy per particle is —15.2 Mev 
while E(pr) is — 27.5 Mev. In liquid He’ the correspond- 
ing values are —0.96 and —3.61 (&Xdegrees Kelvin) 
per particle. In both cases the difference is due to the 
last term in Eq. (19). 

The discrepancy between E(pr) and Ey can, of 
course, be removed by changing the definition of the 
single-particle energies. A suitable choice is 


W (pi) =V (pi) +44, (20) 
in which case Eq. (19) leads immediately to the result 
(pr?/2M)+W (pr) = Ew. (21) 


This redefinition leads, however, to a breakdown in the 
relationship between Vs, and W(p,), since the relation 
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now is 


V=(1/2N)D LW (ps)— $4]. (22) 


Consequently we cannot simultaneously maintain a 
simple relationship between V,, and V(p,) and also the 
equality between V(pr) and Ey. 

It is interesting to see if a criterion exists to show 
which of the definitions given in Eq. (2) and Eq. (20) 
is physically more correct. The definition of W(p,) in 
Eq. (20) is, of course, more meaningful in that it 
adjusts the energy of the last particle to be equal to 
the separation energy. This allows a simpler meaning 
to be attached to the single-particle energy than if the 
definition of Eq. (2) is used. It is interesting, however, 
to see under what other circumstances W(p,) can be 
identified with the particle interaction energy. Con- 
sider, for example, a nucleon of energy £; entering a 
nucleus of N particles. There are two approximations 
to be distinguished. First, suppose that the nuclear 
volume does not change as the extra nucleon “1” 
enters. There are then two effects: the direct interaction 
of particle 1 with the particles N gives rise to new 
interaction terms, and the presence of a new particle 
above the surface of the Fermi gas inhibits the excited 
transitions of the interacting nucleons of the initial 
system and so changes their energy. The energy of the 
(N+1)-particle system thus is 


3 pr pr 
E(W4+1)=No ory 
52M 2M 2 (2m) 


aks f ak, fisw 


1 
oa fees sede! Pi=P1 





+ (2x)! = fa if esi) wyi—S(éj)w], (23) 


where /(ij)y and f(ij)y4: are evaluated at the original 
and final values of the Fermi momentum. The rise in 
the Fermi momentum through the addition of a particle 
near the Fermi surface is 


(pr)n4i— (Pr) n=(pr)w/3N. (24) 
Thus we can write 
1f of(ij) 
Hider Mive—| pr} , (25) 
3] Obr In 
and 
E(N+1)=E(N)+(p2/2M)+V (pi)+44, (26) 


where A is defined in Eq. (16), Since V(p:)+ 4A is also 
defined to be W(p1), we simply have 


E\= (p:?/2M)+W (pp). 


Thus in this situation, we determine the momentum of 
a nucleon entering the nucleus from W(p,) and not 
from V(p,). This difference is in practice quite impor- 
tant, since $A is about equal to 20% of V(p,). 


(27) 
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We consider next another possible description of the 
entrance of a nucleon into the nucleus. Suppose that 
we assume that as the extra particle is added, the 
nuclear volume increases so that the density remains 
constant. In this case, as long as the added neutron 
momentum is close to the Fermi surface, the reaction 
matrices are very weakly affected by the change in the 
mean Fermi momentum. The kinetic energy of the N 
nuclear particles drops, however, the change being 


3 pr 3 pr (Qn \! 3 pr 2 
- y+ / ) =~ n(i-—), (28) 
52M 52M \Qn4 52M 3N 








The interaction energy of the N-particle system also 
changes, the drop in density being equivalent to the 
loss of a particle at the Fermi surface. This is partially 
compensated by the increase in volume, the two effects 
being 


1 Qy 
2 (2r)* 





f dk; f dk; f(ij) > —V(pr)+(N+1)Vm. (29) 


Combining these results and now including the energy 
of the added particle with momentum #;, we have 


E(N+1)=E(N)+ (p2/2M)—2(pr/2M) 
+V(pi)—V(pr)+Vm. (30) 


Using Eq. (19) for the relationship between V (pr) and 
Vw, we find 


E(N+1)—E(N)=E,= (p2/2M)+V (pi)+44 
= (p?/2M)+W (pi). 


Thus again we see that W(p,) determines the wave 
number of the added particle. 

To summarize these results: We have shown that 
W (1) as defined in Eq. (20) gives correctly the nuclear 
separation energy for ~:= r, and also is the correct 
single-particle or optical potential to determine the 
wave number of a nucleon entering a nucleus. The 
latter result holds in either of the two approximations 
of constant nuclear density or constant volume. 

An additional point of interest related to the con- 
nection between E(pr) and Ey, occurs in the definition 
of the effective nucleon mass.*** In the studies of the 
nuclear matter problem it has usually been possible, at 
least for momenta in the Fermi gas, to approximate 
V(p) or W(p) by the quadratic expansion 


V(p)=V(0)+0p". 


(31) 


(32) 
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In this case, the single-particle energy is 


E(p) = (p?/2M*)+V (0), 
(1/M*) = (1/M)+2b. 


In this approximation the average energy per particle is 
En=3(pr?/2M)+4LV (0)+ Spr"). (35) 


By using Eqs. (33) and (34) for V(0) and 0 and also 
Eq. (19) for E(pr), this can be written 


3pr*7 2 My 1 
En=- —(1-- —)-=4 
52M\ 3M*/ 3 


(33) 


where 
(34) 


(36) 


In the nuclear problem, E,,=15.5 Mev and the mean 
kinetic energy $(pr/2M) is 25.5 Mev. If A is set equal 
to zero, we then find M*/M=0.42.5 This value is con- 
siderably smaller than the computed value of 0.68 
obtained in the studies of nuclear matter and also too 
small to reconcile with the nuclear symmetry energy.” 
The discrepancy is much more striking in the case of 
liquid He’? where again E,y=—3[3(pr*/2M)] but 
M*/M =1.82. 

In conclusion, we wish to point out the relevance of 
these results to the case of the nuclear shell model. We 
have seen that the nature of the two-body interactions 
is such as to lead to large many-body corrections to the 
perturbation prediction of the properties of the single- 
particle potentia!s. These in particular appear in the 
value of approximately —12 Mev computed for the 
correction term — 4A in Eq. (19). Thus, if we wish to 
use a single-particle model for determining the energy 
levels of the shell model, we must either (a) drop the 
assumption that the single-particle energy is to be 
equated to the separation energy of a nucleon or (b) 
drop the usual relation of Eq. (4) between binding 
energy and single-particle energy and replace it by a 
relation of the form given in Eq. (21). The latter pro- 
cedure will often be the most desirable since the physical 
interpretation of the state of the last particle will then 
be the simplest. In either case the nucleon effective 
mass cannot be determined solely from knowledge of 
the average kinetic energy and average binding energy, 
but also requires knowledge of the nuclear “rearrange- 
ment energy” $A. 
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Cooperative phenomena in a radiating system have been discussed by Dicke. A new formulation of the 
theory is presented, which shows more clearly the relations of these effects with the quantum-mechanical 
identity principle. Some theoretical and practical implications of the theory are pointed out. 





INTRODUCTION 


OOPERATIVE effects in systems whose linear 

dimensions are of the same order or smaller than 

the wavelength of the radiation to which they are reso- 

nant have been investigated a few years ago by Dicke.' 

Such is the case, for example, of a gas confined into a 

region of a few cubic centimeters and radiating into the 
microwave region. 

Comparatively little attention has been paid to these 
phenomena,’? presumably because Dicke’s treatment 
has somewhat obscured the basic quantum-mechanical 
reasons for their occurrence. 

It is the purpose of this note to present a new formu- 
lation of the theory, which should show more clearly 
the relations of these effects with the identity principle 
of quantum mechanics. According to this principle, it 
is not always possible to state which molecule has 
emitted a photon, and even more that one molecule has 
emitted it. Under certain circumstances, only the prob- 
ability of excitation of a molecule is defined. The photon 
is emitted or absorbed collectively by many molecules, 
each molecule having a small share in the emission. 

Before going into details, a short account of the 
mathematics of a system of particles with spin } will be 
in order. 


MATHEMATICAL THEORY OF SPIN SYSTEMS' 


If one denotes by a and } the two independent spin 
states of a particle of spin 3, it is well known that the 
states of an m-particle system can be classified into rec- 
tangular blocks; Fig. i shows an example for the case 
n=3, These states have the following properties: 


A, Unitary transformations in the space spanned by 
the state vectors a and 6 transform linearly into them- 
selves the functions in the same rectangle and in the 
same column. 

B. Permutations of the particle states transform 
linearly into themselves the functions in the same rec- 
tangle and in the same row. 


1R. H. Dicke, Phys. Rev. 93, 99 (1954). 

2 For instance, in the two recent articles on line shape and line 
broadening [S. Ch’en and M. Takes, Revs. Modern Phys. 29, 20 
(1957); R. G. Breene, Jr., Revs. Modern Phys. 29, 94 (1957) ]}— 
effects sometimes greatly affected by cooperative phenomena— 
Dicke’s paper has not even been quoted. 

3 A general reference for this section is H. Weyl, Group Theory 
and Quantum Mechanics (Methuen and Company, Ltd., London, 
1931), Chap. V. 


Since functions in different rectangles do not combine 
under the operations envisaged in properties A and B, 
a useful classification of the spin states of an n-particle 
system is obtained by specifying to which rectangle the 
functions belong. This is achieved by giving a single 
quantum number—the total spin S—which may be 
defined either with reference to property A (then 2S+1 
is the “height” of the rectangle, i.e., the number of 
functions in a column) or with reference to property B 
[in which case S=(f,;—/f2)/2, where f; and fz are the 
numbers which specify the Young pattern corresponding 
to the representation of the symmetric permutation 
group |. 

Historically, as unitary transformations in spin space 
are directly related to rotations in ordinary space, 
property A was considered more intuitive than property 
B and has been used almost exclusively in the literature. 
Property A, however, is by no means more intuitive 
than property B in the case of other dichotomic vari- 
ables, such as the isotopic spin for a system of nucleons, 
or the “internal” variables we will discuss in a moment. 

Although the mathematical treatment may still be 
simpler by using property A,‘ in many cases a greater 
physical insight is obtained by using property B. This 
becomes almost self-evident if one considers that any 
statement about indistinguishability of particles or 
states is directly related to the physical impossibility 
of operations like the interchange of such particles or 
states. 
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Fic. 1. Spin states for a three-particle system. 
‘This being largely due to the aforementioned historical bias. 
The mathematical methods were developed with property A in a 
privileged position. For example, using the powerful techniques 
of G. Racah [Phys. Rev. 61, 186 (1942); 62, 438 (1942); 63, 367 
(1943); 76, 1352 (1949)], one can easily deal with unitary tensors, 
i.e., sets of functions in the same column, but not with permutation 
tensors, i.e., sets of functions in the same row; the same is true of 
his “fractional parentage coefficients,” etc. 
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EFFECTS OF THE QUANTUM-MECHANICAL 
IDENTITY PRINCIPLE ON A 
RADIATING SYSTEM® 


Let us consider a gas of m identical molecules inter- 
acting only through the electromagnetic field, but other- 
wise noninteracting (there are no collisions, no over- 
lapping of the individual wave functions, etc.). We 
assume that each molecule in its center-of-mass system 
admits only of two nondegenerate states: an excited 
state a and the ground state 6. Finally we assume that 
the photon emitted during the transition from state a 
to state b has a wavelength which is large compared to 
the dimensions of the region occupied by the gas, so 
that the dipole approximation is a good one for the 
interaction between the gas, considered as a single 
quantum-mechanical system, and the electromagnetic 
field. All these assumptions are made to simplify the 
discussion, but will be removed eventually. 

The state of the system of m molecules with respect 
to the “internal” coordinates (as opposed to the “ex- 
ternal” or center-of-mass coordinates) is therefore com- 
pletely specified by functions of a and 6 such as those 
introduced in the preceding section. Of course, these 
internal variables, which describe the state of excitation 
of the gas, have nothing to do with spin. However, 
mathematically the problem is still the same. The com- 
ponent of the spin along the quantization axis (we call 
it m), which was related to the number of a and } 
appearing in each function, is now directly related to 
the numbers , and n_ of molecules in the excited and 
in the ground state, respectively. The analog of the 
spin quantum number S, i.e., the number by means of 
which we assign each function to a given rectangle, 
following Dicke, will be called “cooperation number” 
and denoted by r. Functions with the same r have the 
same properties with respect to permutations: in par- 
ticular the functions with the highest r are completely 
symmetric, those with the lowest r are as antisymmetric 
as possible for functions of such a type. When the 2” 
functions are ordered as described in the preceding sec- 
tion—Fig. 1 being an example for the case n=3—we 
obtain the same classification of functions as that given 
in Fig. 1 of the quoted paper by Dicke.' But we are 
now able to recognize the kind of unexplained degen- 
eracy found by Dicke: it is the degeneracy due to permu- 
tations, and the degree of degeneracy is simply the 
number of functions in a row of the rectangle (the 
“base” of the rectangle). 

All these functions, of course, describe only the “‘in- 
ternal” states of the system, the total wave function 
depending also on the “external” or center-of-mass co- 
ordinates of each molecule. It is well known that for a 
system satisfying either Bose or Fermi statistics a defi- 
nite symmetry with respect to permutations in the 


5 A general reference for this section is reference 1, whose nota- 
tion we are trying to keep insofar as possible. We are mainly con- 
cerned with the physical interpretation, since most of the mathe- 
matics can already be found in reference 1. 
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internal coordinates means also a definite symmetry in 
the external coordinates. 

It was shown by Dicke, using a property of type A, 
that the electric dipole operator commutes with the 
operator which defines r. The cooperation number r is 
a good quantum number and satisfies the selection rule 
Ar=0. Let us derive the same result using property B. 
The proof is quite simple. In the electric dipole approxi- 
mation, in which the vector potential is assumed to be 
a constant over the region occupied by the gas, the 
interaction Hamiltonian does not operate on the center- 
of-mass coordinates of the particles [reference 1, Eq. 
(15) ]. Therefore it cannot change the symmetry of the 
wave function with respect to such coordinates, i.e., it 
cannot change r which completely specifies such 
symmetry. 

The quantum number r is a constant of the motion 
because, as far as the Hamiltonian interaction is con- 
cerned, the molecules are indistinguishable. The proof 
is therefore identical in principle with the proof that a 
system of indistinguishable particles obeys Bose (Fermi) 
statistics forever, if it was found to obey it at any time 
t, The only difference is that in the latter case this is 
true without exceptions, since no Hamiltonian exists 
which deals asymmetrically with the particles, whereas 
in our case this is true only for such Hamiltonians which 
are unable to distinguish among the different center-of- 
mass coordinates of the molecules. But when this hap- 
pens, the same identity principle of quantum mechanics, 
which is the cause of the peculiar effects of quantum 
statistics, becomes the cause of similar peculiar effects, 
since we are then unable to know which molecule is 
excited and which is not, and, as far as the Hamiltonian 
is concerned, all molecules are equal. 

The statement that a system satisfies Bose or Fermi 
statistics is a statement about the transformation prop- 
erties of the wave function with respect to permutations ; 
it is therefore clear that in our case the only way of 
bringing to light a relation similar to the one existing 
in quantum statistics is to discuss the matter by using 
the permutation group. Therefore, property B shows 
this relation most clearly, whereas things become rather 
involved with property A.® 


6 Dicke’s statement : “The limitations of symmetry are normally 


without physical significance as it is assumed that the gas is of 


such low density that the various molecules have nonoverlapping 
wave functions” (reference 1, p. 100), although correct, is likely 
to obscure such relations even more. Similarly misleading is the 
following statement (reference 1, p. 99):‘‘ . . . all the molecules 
are interacting with a common radiation field and hence cannot 
be treated as independent.” The cooperative effects are not related 
directly to the presence of the radiation field as much as to the 
symmetry. To better emphasize the difference, let us give an ex- 
ample of a somewhat similar situation in the problem of the 
valence bond in molecular hydrogen. A Dicke-type statement 
would read, “The valence bond arises because the electrons are 
interacting with a common Coulomb field,” which is true—no 
bonds would exist without the Coulomb field. However, the 
emphasis should be put not on the Coulomb field itself, but rather 
on the quantum-mechanical exchange effect, which has no classical 
analog. 














COOPERATIVE 


Let us now briefly discuss the assumptions made at 
the beginning of this section. 

If the number of particle states which can emit or 
absorb a given photon is greater than two, the permu- 
tation symmetry can be specified by a Young pattern 
with as many rows as there are states. A single coopera- 
tion number is no longer sufficient to specify the sym- 
metry ; one needs in general V —1 cooperation numbers, 
if N is the number of such states. The mathematics is 
more involved, but in principle nothing is changed. 

If the gas occupies a region whose dimensions are 
large compared to the wavelength of the radiation, the 
Hamiltonian is no longer symmetric and one can work 
out this problem using property B on lines similar to 
those developed before. However, since no further 
physical insight is gained by so doing, the reformulation 
of this part of Dicke’s theory need not be discussed. 


CONCLUSIONS 


It was not the purpose of this paper to give a complete 
survey of the cooperative phenomena which arise in a 
radiating system, but only to show the basic concepts 
involved by using a different approach. 

We would like to point out a few problems which 
need further investigation. 

(1) As remarked by Dicke, a super-radiant state, 
i.e., a state with a high value of r, emits radiation at a 
higher rate than normal, and produces a correlation 
among successively emitted photons. Since the lifetime 
of super-radiant states is shorter than normal, the line 
breadth of the radiation emitted by such a gas is greater 
—and much greater—than normal. This has important 
practical consequences. To mention only one, the am- 
monia molecules which enter into a gas maser are in a 
super-radiant state. The spontaneous-decay probability 
of such a gas is far greater than normal. Since this is an 
important factor in evaluating the noise figure of the 
maser, all calculations of the noise figure presented so 
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far in the literature? which do not take into account 
these effects should be carefully re-examined in the light 
of this theory. 

(2) The lowest states in each set of states with co- 
operation number r (those defined by m=—r) are 
metastable states. Although excited, in a first approxi- 
mation they cannot decay because of the selection rule 
Ar=0. Their lifetime is therefore longer than normal. 
The intercombination lines, Ar#0, should therefore 
have a line breadth narrower than natural, a result of 
both theoretical and practical importance. 

It is generally assumed that the natural breadth of a 
line is a kind of theoretical upper limit to the definition 
of a line and that any effect gives rise to broadening 
(collision, Doppler, etc.). We see that this is not neces- 
sarily true and that no such theoretical limit exists. 
A careful investigation of such effects could eventually 
allow the construction of devices (maser, ammonia 
clocks, etc.) with performances highly superior to what 
would seem possible on simple considerations of the 
natural line breadth.® 

(3) A quantum-mechanical analysis of line breadths 
and shapes according to this theory is therefore needed 
(Dicke has given only a classical treatment for super- 
radiant states). It can easily be anticipated that the 
contributions to the line breadths and shapes due to 
cooperative phenomena are sometimes far from negli- 
gible, and should always be taken into account, especi- 
ally when discussing the most accurate measurements 
which are carried on with radio-frequency methods. 
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7M. W. Muller, Phys. Rev. 106, 8 (1957); M. P. W. Strandberg, 
Phys. Rev. 106, 617 (1957); R. V. Pound, Ann. Phys. 1, 24 (1957). 

§ A reduction of the line breadth to less than natural has been 
recently reported [Guiochon, Blamont, and Brossel, J. phys. 
radium 18, 99 (1957) ]. Although the explanation is still doubtful, 
the prediction of the possibility of such an effect is already a 
satisfying feature of the present theory. 
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It is pointed out that the kinetic and potential energies of an electron gas may be obtained exactly in the 
high-density limit by using the virial theorem in conjunction with the results of Gell-Mann and Brueckner. 
For intermediate and low densities, the results obtained from Wigner’s formula are also referred to, although 
for the intermediate region these are likely to be at best semiquantitative. 





1. INTRODUCTION 


OLLOWING earlier investigations by Wigner,’ 
there has recently been considerable progress in 
dealing with correlation effects in an electron gas.?~“ 
In particular, the high-density limit has been examined 
rather thoroughly using perturbation theory, and the 
two leading terms in the correlation energy are now 
known exactly from the work of Macke’ and Gell-Mann 
and Brueckner.‘ Unfortunately, all the methods so far 
applied successfully to the correlation problem have 
been of considerable complexity, and it is difficult there- 
fore to follow in detail the physical nature of the 
correlation effects as the density is varied. Indeed, to 
do so completely would require explicit knowledge of 
the many-body wave function or, alternatively, the 
second-order density matrix, over the entire range of 
electron densities. There is one further, and very simple, 
method, however, of gaining some limited insight into 
the way in which the correlation energy arises. This is 
to follow the separate kinetic and potential energy 
terms as the electron density changes. As far as we are 
aware, this has not been attempted previously, and the 
purpose of this article is to point out that once the exact 
correlation energy is known, the separate kinetic and 
potential energy contributions can be obtained almost 
immediately by suitable application of the many-body 
virial theorem. Thus, from the results of Gell-Mann 
and Brueckner, the high-density forms of these energy 
terms are obtained exactly. We shall also make a very 
rough calculation for intermediate and low densities 
using Wigner’s result, although we should stress that 
the separate energy terms obtained by applying the 
virial theorem to an approximate correlation energy 
will be much more seriously in error in general than the 
original total energy. 


2. FORM OF THE VIRIAL THEOREM 


For the present problem, with Coulombic inter- 
actions, the virial theorem may be written in the form 


2T+V=—-+r,(dE/dr,), (1) 


1E. P. Wigner, Phys. Rev. 46, 1002 (1934) and Trans. Faraday 
Soc. 34, 678 (1938). 

2 W. Macke, Z. Naturforsch. 5a, 192 (1950). 

*D. Pines, Phys. Rev. 92, 626 (1953) and in Solid State Physics, 
edited by F. Seitz and D. Turnbull (Academic Press, Inc., New 
York, 1955), Vol. 1, p. 367. 

( a Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 
1957). 


604 


where 7, V, and £ are, respectively, kinetic, potential, 
and total energies per particle, and r, is the radius of a 
sphere containing one electron.’ Since 7+V=E, we 
have 


T=—E-—r,(dE/dr,). (2) 
As is customary, we now write the total energy E as 
E=ertete, (3) 


the three separate terms being, respectively, the Fermi 
energy, the exchange energy, and the correlation energy. 
Using the explicit results 


Or\' 1 = 2.21 

o=1(—) —=—, (4) 
4 of oF 
On 


3 a | 0.916 
Oi A a 
dar \ 4 r, r, 


and introducing AT and AV as the changes in kinetic 
and potential energies due to correlation, we find 


AT=T—er= —e€.—1,(de./dr,), (6) 
AV=V—e,=2e,.+1,(de./dr,). (7) 


These results are quite general, and once ¢, is known 
as a function of r, we may easily obtain AT and AV 
from them. 


and 





3. RESULTS FOR HIGH-DENSITY LIMIT 
The correlation energy in the high-density limit may 
be written, following Gell-Mann and Brueckner, as 
€-=A Inr,+C+terms that vanish asr,—>0, (8) 


where A=(2/x")(1—1In2)=0.0622 and C=—0.096 
+0.002. Equations (6), (7), and (8) then yield im- 
mediately 
AT=-—A Inr,—(A+C) 

+terms that vanish asr,—> 0, (9) 
and 
AV=2A Inr,+ (A+2C) 


+terms that vanish asr,—>0. (10) 
We note that for r,<1, both the leading terms in the 


5 Throughout this article we shall measure lengths in atomic 
units and energies in Rydbergs. 














KINETIC AND POTENTIAL 


kinetic energy are positive, while both the potential 
energy terms are negative, the decrease in the total 
energy of the electron gas coming from the gain in the 
potential energy due to the correlations keeping the 
electrons, on the average, further apart, this out- 
weighing the associated increase in kinetic energy. 
Unfortunately, it seems necessary to have more in- 
formation on the higher terms of the series (8) before 
deciding on the range of r, over which the two available 
terms will yield reasonable numerical values for ¢:. 
For low densities, the results of Wigner are probably 
not seriously in error, and we therefore consider now 
whether we can obtain supplementary information on 
the kinetic and potential energies in this way. 


4. USE OF WIGNER’S FORMULA 


Wigner’s formula may be written® 
éew = —0.88/(r,4+7.8). (11) 


To show the relation with the Gell-Mann and Brueckner 
work for the high-density limit, we have plotted both 
Eqs. (8) and (11) in Fig. 1. We have, somewhat 
arbitrarily, used Eq. (8) out to r,=1, and the Wigner 
formula over the range .1<r,<2, and we should em- 
phasize that in doing so we have probably extended 
both formulas outside their proper range of validity. 
However, both formulas lead to practically the same 
energy at r,=1, although, as is only to be expected, 
they do not join smoothly here. 

Let us now use the approximate result (11) in the 
Eqs. (6) and (7) which we derived from the virial 
theorem, although, as we have already remarked, 
errors in Eq. (11) will be very appreciably magnified 
in the separate terms thus obtained. We find then 


ATw=6.9/(r,+7.8)?, (12) 
AVw=— (0.88r.+13.8)/(r,+7.8)2, (13) 


and these results are again plotted in Fig. 1 for 1<r,<2, 
together with the values given by Eqs. (9) and (10) for 
r,<1. From Fig. 1 it then appears very likely that Eqs. 
(12) and (13) are considerably overestimating the 
separate energy changes due to correlation in the density 
range represented by 1<r,<2. From a qualitative point 
of view, however, AT w is always positive and AVw 
always negative according to Eqs. (12) and (13), 


® See, for example, the second article cited in reference 3. 
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Fic. 1. Energy changes due to correlation effects, as functions 
of r,. The solid curves, for r,<1, are as follows: 1, ¢- from Eq. (8); 
2, AT from Eq. (9); 3, AV from Eq. (10). The dashed curves, for 
1<r,<2, are as follows: 1, ecw from Eq. (11); 2, AT w from Eq. 
(12); 3, AVw from Eq. (13). 


agreeing with the conclusions drawn from Eqs. (9) and 
(10) for the high-density limit. 

It is perhaps interesting to note also that in the low- 
density limit r, > ©, the correlation energy is entirely 
potential energy in first order, but that according to 
Eqs. (4) and (12) the “correction” to the kinetic energy 
is about three times the Fermi energy. This kinetic 
energy “correction” may need quantitative modifi- 
cation later when a more accurate discussion of the 
low-density limit becomes available. However, it would 
appear that the present discussion establishes the 
general features of the separate energy curves and 
shows that over the entire range of densities it is the 
balance between an increased kinetic energy and a 
decreased potential energy of greater absolute value 
which yields the correlation energy, the ratio of kinetic 
to potential energy change going from —}, in the limit 
r,— 0, to 0 in the limit r,— ~. 
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Heat Capacity of Copper-Germanium Alloys below 4.2°K 
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Heat capacity measurements below 4.2°K have been made on a series of alloys in the primary phase of 
the copper-germanium system. When corrected for lattice expansion, the resulting change in the electronic 
specific heat for low electron/atom ratios is found to be the same as that for the copper-zinc system. In 
neither case is the variation consistent with that expected for a parabolic valence band, thereby lending 
support to the previously advanced hypothesis that the Fermi surface in copper departs appreciably from 
sphericity. Both systems exhibit the same variation of Debye temperature with electron concentration, 
when appropriate corrections are made for the differences in the atomic mass and volume of the two alloy 
series. This supports the idea that the variation of the elastic constants in these alloys is influenced prin- 
cipally by the proximity of the Fermi surface to the boundaries of the first Brillouin zone. The variation of 
elastic constants with solute concentration, as deduced from the present work, is compared with that 
obtained from ultrasonic pulse measurements at room temperature. 





I. INTRODUCTION 


ONSIDERABLE interest attaches to the behavior 
of the primary solid solutions of copper when 
alloyed with elements directly to its right in the same 
row of the periodic table. According to the rigid-band 
model of Hume-Rothery and Jones,' the character of 
these alloys is determined principally by the valence- 
electron concentration. It is assumed that each solute 
atom contributes its valence electrons to the collective 
4s band of the alloy, thereby altering the Fermi level of 
the system without changing the band shape from that 
of pure copper. As Mott® and more recently Friedel* 
have pointed out, this picture cannot be correct, since 
the additional electrons contributed by the solute are 
localized near the solute atoms in such a way as to 
screen out their additional nuclear charge. Leaving 
aside the question of whether or not these screening 
charges occupy bound states, it is clear that, in dilute 
alloys at least, the majority of copper atoms see the 
same potential as in the pure metal, since the screening 
radius is of the order of 1 A. This means that the Fermi 
level in the alloy must be the same as that in parent 
metal, contrary to the situation envisaged in the 
rigid-band model. 

Using the Thomas-Fermi model of a metal, however, 
Friedel‘ has been able to show that, in the first-order 
approximation, the rigid-band model correctly predicts 
the effects of alloying on the density of electronic states, 
even though it is incorrect conceptually. It thus follows 
that, insofar as the Friedel theory correctly describes 
such systems, measurements of the electronic heat 
capacity of alloys of copper with zinc, etc., should give 
the band shape in copper. 

The present work describes experiments to determine 
the variation of electronic heat capacity with solute 


1N. F. Mott and H. Jones, The Theory of the Properties of 
Metals and Alloys (Clarendon Press, Oxford, 1936), p. 171. 

2.N. F. Mott, Proc. Cambridge Phil. Soc. 32, 281 (1936). 

8 J. Friedel, J. phys. radium 14, 561 (1953). 

4J. Friedel, Advances in Physics (Taylor and Francis, Ltd., 
London, 1954), Vol. 3, p. 465. 
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concentration in the primary phase of the copper- 
germanium system. These measurements were under- 
taken to obtain a comparison with the previously 
determined electronic properties of the copper-zinc 
alloys. The degree of correspondence between the two 
systems is, of course, a direct measure of the correctness 
of the Friedel theory, and also an indication of how far 
the density-of-states curve for the a-brasses may be 
taken as representing that in pure copper. 


Il. EXPERIMENTAL 


The calorimeter and techniques used in the present 
work have been described in an earlier paper’ and do 
not need further elaboration. As in the previous experi- 
ments, the specimens were in the form of cylinders, 
1 in. in diameter and 1} in. in length, weighing approxi- 
mately 180 grams. They were prepared by the induction 
melting of appropriate quantities of high-purity copper 
and germanium under an argon atmosphere, care being 
taken to ensure good mixing of the components. In no 
case did subsequent chemical analysis of the ends of 
each ingot reveal a macroscopic inhomogeneity exceed- 
ing 0.05% germanium. The ingots were hot-worked, 
and then maintained at 900°C for about 14 hours to 
remove coring and to assist in their homogenization. 
After being turned to size, they were finally annealed 
for 1 hour at 700°C in an argon atmosphere and furnace- 
cooled, except for the last specimen. This sample was 
heated to 800°C and water-quenched to ensure that 
only the a-phase was present in it. 


III. RESULTS 


In all cases it was possible to obtain a good straight- 
line fit to the heat-capacity data when plotted as C/T 
vs T*, The specific heat is thus of the usual form 


C=7T+A(T/0/, (1) 


these terms representing the electronic and lattice con- 
tributions, respectively. A least-squares analysis of the 


5 J. A. Rayne, Phys. Rev. 108, 22 (1957). 
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results yields the values of y and © shown in Table I. 
In this table, the representative uncertainties represent 
both systematic and random errors, the former being 
estimated to be about 4%. The variation of y and © 
with germanium concentration is shown in Figs. 1 and 2. 


IV. DISCUSSION 
(a) Electronic Heat Capacity 


Reference to Fig. 1 shows that the y value, and hence 
the corresponding density of states, for the copper- 
germanium system rises quite rapidly at low solute con- 
centrations and then tends to flatten out. This behavior 
is roughly similar to that found for the copper-zinc 
alloys. 

To achieve a more detailed comparison, it is necessary 
to make allowances for the differences of lattice expan- 
sion in the two systems. As in the previous paper, it is 
assumed that the effect of a change in the lattice 
parameter can be computed with sufficient accuracy 


TABLE I. Values of y and @ in the relation C= y7+A(T/0)8 
for copper-germanium alloys. 








Composition 
(atomic 
percent ¥y (millijoule 
germanium) mole deg~*) @ (°K) 
0 0.687 +0.012 344.543%> 
0.44 0.709 345.0 
0.84 0.722 344.5 
1.82 0.722 343.6 
2.63 0.731 342.0 
4.38 0.742 337.9 
6.54 0.746 329.6 
8.55 0.750 321.2 
10.93 0.765 315.2 





* Mean values of y and @. See Corak, Garfunkel, Satterthwaite, and 
Wexler, Phys. Rev. 98, 1699 (1955), and J. A. Rayne, Australian J. Phys. 
9, 189 (1956). 

> Random error estimated from least-squares analyses of C/T vs T? at 
99% confidence level. Systematic error assumed to be 4%. 


from the formula obtaining for free electrons. In this 
case it is readily shown that the density of states at 
the Fermi surface N (£,) is related to the total number 
of electrons % by the formula 


3m (8r\ 3 
w(e)-—(—) mV, (2) 
2h?\ 3 


where V is the molar volume. Thus, if a is the cubic- 
lattice parameter, we have for a fixed total number of 


electrons 

3m (8r\ 3 

-—(=) Nia? « a?, (3) 
2h? 3 


N(E») 
With the known data for the lattice parameters of the 
Cu-Zn and Cu-Ge systems,® Eq. (3) can be used to 


6 W. Hume-Rothery and G. V. Raynor, The Structure of Metals 
and Alloys (Institute of Metals, London, 1954), third edition, 


p. 170 
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Fic. 1. Variation with solute concentration of electronic 
heat capacity for Cu-Ge alloys. 


reduce the density-of-states data to a common lattice 
parameter, viz:;, a2=3.608 kx, corresponding to that 
for pure copper. The two sets of reduced data are 
shown in Fig. 3 plotted as a function of electron/atom 
ratio, it being assumed that each zinc atom contributes 
one and each germanium atom three additional valence 
electrons to the alloy. It will be seen that, to within 
experimental error, the two sets of corrected data are 
coincident for low electron concentrations but that there 
is an increasing divergence between them for higher 
concentrations. 

Using the Thomas-Fermi model, Friedel* has demon- 
strated that the density of states in an alloy is related 
to that of the pure solvent after the manner shown in 
Fig. 4. In the first-order approximation, the band is 
shifted back without change of shape by an amount 


1 
E,=— f V pdr, (4) 
V 


and the Fermi level is altered by an amount AE». The 
additional levels at the bottom of the band may be 
subtracted therefrom to form bound states, but this 
question need not concern us here. 

The perturbing potential due to alloying, V p, satisfies 
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Fic. 2. Variation with solute concentration of Debye 
temperature for Cu-Ge alloys. 
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Fic. 3. Variation with electron/atom ratio of corrected density 
of states for Cu-Ge and Cu-Zn alloys. 


the equation 
V?V p=44N (Eo) (V p—AE)), (5) 


subject to the boundary condition that it vanishes on 
the surface of a sphere of radius R. This is defined, in 
terms of the radius of the atomic sphere r,, by the 


equation 
1/R°=c/r’, (6) 


where c is the concentration of solute. 
The first-order solution of Eq. (5) is found to be 


Z gR cosh[{q(R—r) ]—sinh[g(R—r) } 
V p=AE,.—— ; ,» (7) 
r gR coshgR—sinhgR 





where 
AEo=Zq/qR coshgR—sinhgR. (8) 


The screening parameter q is given by the expression 
q’=44N (E,), (9) 


which equation gives a screening distance g™' of the 
order of 1 A for copper. For low solute concentrations 
(R>r,), it is easily shown that (7) and (8) reduce to 


Vp=—(Z/r)e-"; AEy=0. (10) 


Thus the potential due to the solute atoms is screened 
out in a distance of about 1 A and the Fermi level of 
the alloy is the same as that of the solvent. 

By using (7), (8), and (9), it is easily shown that, 
providing second-order effects are small, 


1 4a cZ cZ 
aky—— f V pdt = — —=——_-, 
V gv wN(Eo) 


Z being the valence of the solute relative to the solvent 
and » being the atomic volume. Hence, for the density 
of states in the alloy, we have 


(11) 


1 
N’(Eot ME3)=N( Bot aBo~— ff Vedr)), 
whence, by (11), 


6Z 
N’ (Ev AEs) =N( Bot =). (12) 
vN (Eo) 
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This is precisely the result computed from the rigid- 
band model, assuming that the Fermi level shifts by an 
amount corresponding to the change in electron con- 
centration. 

It would thus be expected that the variation of the 
density of states as a function of the electron/atom 
ratio should be the same for different alloys systems. 
As Fig. 4 shows, this appears to be the case for Cu-Zn 
and Cu-Ge at low electron concentrations, and so one 
may reasonably expect that this part of the curve 
correctly represents the density-of-states curve for 
copper just beyond the Fermi level. Now, expanding 
(12), we find 


(13) 





AN(E,)) cZ 1 e) 
N(Ey) v0 N*(E») ‘ 


dE 


For the case of a solvent having a parabolic valence 
band with p electrons per atom, this reduces to 


Ay AN(E:) cZ 
—=—, (14) 
y N(E) 3p 





since y= 4°k?N (E>). In the present case p=1, so that 
for an electron/atom ratio of 1.03 (cZ=0.03) one would 
expect from (14) to find a one percent change in y, 
a figure clearly much too low. 

Such a discrepancy can be explained by assuming 
that the Fermi surface in copper departs appreciably 
from a spherical shape. Since the density of states is 
given by the relation 

dS 
v(z)=2v f —_—_——, (15) 

; | grad, £| 
the integral being taken over the Fermi surface, N (Eo) 
will increase more rapidly than in the free-electron case 
when |grad,£| is small. This situation occurs wherever 
there is distortion of the Fermi surface resulting from 
its approach to any set of faces of the Brillouin zone 
relating to the outermost electrons of the metal. In the 
case of copper, the sphere containing one electron per 
atom approaches quite close to the {111} faces of the 
first zone, so that it is probable that the Fermi surface 


a“ 
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Fic. 4. Rigid-band model for an alloy according 
to Friedel (reference 4). 
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is quite distorted in their vicinity. The sharply rising 
density-of-states curve would then be due to the 
approaching contact between the Fermi surface and the 
{111} faces of the zone. It is of interest that Klemens’ 
and Jones* have made similar proposals about the 
energy surface in copper to explain certain of its trans- 
port properties, viz., the abnormal ratio of its ideal 
electrical and thermal resistances at low temperatures 
and the positive sign of its thermoelectric power. 

Although susceptibility measurements on copper 
alloys,® soft x-ray absorption data,” and theoretical 
energy band calculations'''* have been used to obtain 
information concerning the band shape in copper, the 
conclusions reached are not mutually consistent. As it 
is felt that the electronic heat capacity provides more 
direct information about the band structure than the 
above, the latter will not be considered further. The 
only other firm evidence regarding the shape of the 
Fermi surface is that obtained by Pippard,” from 
measurements of the anomalous skin effect in copper 
at low temperatures. 

It may be shown that the principal surface resistances 
of a planar single crystal are related to the principal 
curvatures of those parts of the associated Fermi surface 
with normals parallel to the plane of the crystal. By 
making measurements on copper single crystals of 
different orientations, Pippard found that the surface 
resistance and hence the curvature of the Fermi surface 
were markedly anisotropic, so that the latter must 
deviate appreciably from sphericity. With a suitable 
choice of an initial form for the surface, Pippard was 
able to correct its shape so that its curvature reproduced 
the experimentally observed anisotropy in surface re- 
sistance. The resulting Fermi surface, although agreeing 
in general with that proposed here, differs from it in 
that contact with the {111} faces of the zone has already 
occurred. As Pippard admits, however, this feature is 
not at all unequivocal, being based on somewhat un- 
certain theoretical grounds. It is thus possible that the 
Fermi surface is only close to the zone boundary. The 
present work favors this viewpoint, since zone contact 
would necessarily imply that the density of states de- 
creases with increasing energy. 

Recently, Jones" has considered the effect of incipient 
contact between the Fermi surface and a set of zone 
faces on the distribution of lattice modes in a metal at 
low temperatures. He concludes that there is a resulting 
change, in what normally is the zero-point energy of 
the system, which yields a contribution to the heat 
capacity that is linear in temperature. This term in- 


7P. G. Klemens, Australian J. Phys. 7, 70 (1954). 

8H. Jones, Proc. Phys. Soc. (London) 68, 1191 (1955). 

*W. G. Henry and J. L. Rogers, Phil. Mag. 1, 237 (1956). 

#” Y. Cauchois, Phil. Mag. 44, 173 (1953). 

11H. M. Krutter, Phys. Rev. 48, 664 (1935). 

22D). J. Howarth, Proc. Roy. Soc. (Lendon) A220, 513 (1953). 

ag B. Pippard, Phil. Trans. Roy. Soc. (London) 250, 325 
(1957). 

4H. Jones, Proc. Roy. Soc. (London) A240, 321 (1957). 
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creases very rapidly as the surface approaches the zone 
boundary, becomes infinite at the onset of contact and 
then vanishes. It would thus be expected, that the 
apparent yy values, for the systems studied here, would 
have an anomaly at low solute concentrations. From 
the data, it would appear that the anomalies do not 
exist and that the theory overestimates the effect of 
the relevant phonon-electron interaction. 

In view of the discrepancy between the two curves 
of Fig. 3, there is considerable doubt as to the form of 
the experimental density-of-states curve for copper at 
higher electron concentrations. Comparison with Jones’ 
theoretical curve'® would thus hardly seem justified. 
It is believed, however, that contact between the Fermi 
surface and the zone boundary certainly takes place 
before the electron/atom ratio reaches 1.1, so that the 
energy separation between them does not exceed 0.3 ev. 
No definite reason for the difference in the behavior of 
the two alloy series can be advanced, although it is 
entirely possible that, at larger solute concentrations, 
higher order corrections to the theory outlined above 
have to be considered. Friedel has treated this problem, 
but the complexity of the solution makes an evaluation 
in the present case rather intractable. In addition, it is 
quite possible that additional factors, arising from the 
rather different natures of the solute atoms, also affect 
the density-of-states curve. 


(b) Lattice Heat Capacity 


Reference to Fig. 2 shows that the Debye temperature 
for the copper-germanium alloys remains relatively 
constant for low solute concentrations and then de- 
creases quite rapidly. As in the case of the copper-zinc 
alloys, this behavior is not at all consistent with the 
Kopp-Neumann relation. Thus, for an alloy with a 
concentration x of solute having a Debye temperature 
©», we should expect that 


1 i-x 2£ 


: +—, 
8 0; 0 





(16) 


where © and ©, are the Debye temperatures of the alloy 
and solvent, respectively. For germanium @.= 366°K,'* 
so that Eq. (16) predicts that the Debye temperature 
should increase with increasing concentration of ger- 
manium, whereas the opposite actually happens. 

Although a general analysis of the lattice dynamics 
of a disordered cubic array is not available, it is still 
possible to make some predictions about its behavior at 
low temperatures. Here we are dealing only with long- 
wavelength phonons, which presumably are unaffected 
by such fine details of structure as short-range order, 
etc. It may therefore be expectedthat the alloy behaves 
like an anisotropic cubic metal, with the same values of 
density and elastic constants. 


18H. b a>. Proc. Phys. Soc. (London) 49, 250 (1937). 
16 P. H. Keesom and N. Pearlman, Phys. Rev. 91, 1347 (1953). 
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Fic. 5. Variation with electron/atom ratio of reduced Debye 
temperature for Cu-Ge and Cu-Zn alloys. 


DeLaunay” has investigated the vibrational spec- 
trum of cubic metals in some detail, using a central- 
force model with electron participation to take into 
account deviations from the Cauchy relation. At low 
temperatures, he derives a general expression for the 
Debye temperature of a cubic metal in terms of its 
elastic constants, viz., 


AG) (=) ad sata 


where f(s,/) is a tabulated function of the variables 
s= (C11— Ca) / (Ci2+Cas) and t= (€12—Caa) / Cas. For a metal 
satisfying the Cauchy relation ¢j.=¢css, we have 
s= (€13— C12) / 2C44, t=0. 

From (17) it is easily seen that 


0° (M*/M°)(Vo/V) }#=aculf(s,t), 


where My and V» are the molar mass and volume of 
pure copper, respectively, and a is a constant. The 
right-hand side of this equation is a function only of 
the elastic constants of the system, and one might 
suppose that in the present case these would depend on 
the relevant lattice spacing of the alloy and the electron 
concentration. If, however, the reduced Debye tem- 
perature 0,=O[(M/Mo)(ao/a)}* is plotted against 
electron concentration for both the Cu-Zn and Cu-Ge 
systems, the same functional dependence is obtained, 
as may be seen from Fig. 5. This strongly suggests that 
the variation of elastic constants for these alloys is 
determined principally by the electron concentration, 
since the lattice expansion is not the same in both 
cases. Further evidence that this situation holds quite 
generally for the primary solid solutions of copper 
alloys is given in Fig. 6, in which the room-temperature 
shear constants C=¢q and C’= (¢;:—¢12)/2 are plotted 


O= (17) 


(18) 


17 J. DeLaunay, in Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 2, 
p. 285. 
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as functions of electron/atom ratio for a number of 
systems. Most of these data are due to Neighbours and 
Smith,'* with the exception of the data for copper and 
the Cu — 28% Zn alloy, which are due to Lazarus” and 
Masima and Sachs,” respectively. As can be seen, 
C and C’ vary linearly with electron concentration to 
within the experimental error. 

The success of fitting the data in this way is some- 
what surprising since one would expect that the crystal 
energy is markedly dependent on lattice spacing. Thus 
the total crystal energy U may be written 


U= Uetectrostatict+ exchange t Ueiectronic 


where Uctectrostatic is the energy of interaction between 
the valence electrons and the ions of the lattice, 
Uexchange iS the repulsive exchange interaction between 
the ions themselves, and Uciectronic is the energy of the 
valence electrons. Both the first and second terms de- 
pend strongly on the lattice parameter, and hence one 
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Fic. 6. Variation with electron concentration of room temperature 
elastic constants for various copper alloys. 


would expect a similar situation for the shear constants 


1 #U 1 #U 
Carmen em, Cl eemny eons 


(19) 
2V da? 2V op 

the differentiations being with respect to the appropriate 
shears. A possible explanation for the observed behavior 
is to suppose that the variations in these terms on 
alloying cancel one another, although no plausible 
reason can be advanced for this being the case. Since 
shearing affects the way in which the Fermi surface 
distorts in the vicinity of the {111} faces of the 
Brillouin zone, Ueiectronic contributes to C and C’ in the 
case where zone contact is imminent. It is then supposed 
that this term, which presumably depends only on the 
electron/atom ratio, is responsible for the observed 
variation of the shear constants. 

In es further with the analysis of the lattice 


BERN Neighbours and C. S$. Smith, Acta Met. 2, 591 (1954). 
Lazarus, Phys. Rev. 76, 545 (1 949 


). 
2 N. Masima and G. Sachs, Z. Physik 50, 161 (1928). 











HEAT CAPACITY OF Cu-Ge ALLOYS BELOW 4.2°K 


heat capacities of the Cu-Zn and Cu-Ge systems, it is 
necessary to assume a central-force model for the 
alloys. This model correctly describes the shear con- 
stants of the alloys, and enables their variation as a 
function of electron concentration to be determined. 
Thus, referring to Eq. (18), we have in the case !=0 


0=aC}f(C'/C). (20) 


Differentiation of this relation then gives us the equa- 
tion 





Cc C’\ ;AC’ C’AC 
30/40, =4ac'/(—)ac+act'(—) “| 
Cc Cc Cc Cc? 
whence, dividing by (20), we find 
A®, ACs1 C’ f', AC’C'f’ 
-—(--—-)+#= —. (21) 
On CAND Hf C’ 3Cf 


In the present case the coefficients in the right-hand 
side of (21) can be obtained from the work of Overton 
and Gaffney”! on the elastic constants of copper at 4°K 
and from a graphical differentiation of f(s,0) at the 
corresponding value of s=0.314. Equation (21) then 
gives 

A@,/O,= (0.3244C+-0.9144C’)K10-, (22) 


Figure 7 shows the observed variation of AO,/@, and 
that calculated from (22), using the room-temperature 
variation of C and C’ with solute concentration. It is 
clear that, although there is a general agreement about 
the magnitude of the change, the two curves differ 
significantly in their markedly different curvatures. 
This difference is not due to any effects arising from 
the approximations used in calculating the coefficients 
in (21), since the second derivative of f(s,0) is relatively 
small. Presumably, then, the functional dependence of 
the shear constants on electron concentration must alter 
appreciably as the temperature is lowered. It is believed 
that this alteration results from the effects of electron 
excitation on the shear constants. When the Fermi 





21 W. C. Overton, Jr., and J. Gaffney, Phys. Rev. 98, 969 (1955). 
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Fic. 7. Comparison of experimental and calculated A9,/®,. 


surface is at or near a zone boundary, these effects can 
be quite marked. Low-temperature ultrasonic pulse 
measurements of the elastic constants for these alloy 
systems are planned in order to check these conclusions. 


Vv. CONCLUSION 


From experiments on the low-temperature heat 
capacity of the primary phases of the copper-zinc and 
copper-germanium systems, it is concluded that the 
Fermi surface in copper departs appreciably from 
sphericity and in fact almost touches the hexagonal 
faces of the first Brillouin zone. The dependence of the 
reduced Debye temperature on electron/atom ratio is 
the same for both systems, which suggests that it is 
the principal factor influencing the variation of shear 
constants with solute concentration. It is also concluded 
that the functional dependence of the shear constants 
on electron concentration varies with temperature as a 
result of electron excitation effects. 


ACKNOWLEDGMENTS 


It is a pleasure to acknowledge the help of Mr. C. P. 
Mueller of the Technology Department of the Westing- 
house Research Laboratories in preparing the specimens 
used for these experiments. 











PHYSICAL REVIEW 


VOLUME 110, 


NUMBER 3 MAY 1, 1958 


Breakdown in Silicon 


B. SENITZKY AND J. L. Moy 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received January 14, 1958) 


The voltage-current, light multiplication, and small-signal ac 
impedance characteristics of reverse-biased silicon p-n junctions 
are studied in the breakdown region. Two types of junctions are 
considered: a uniform diffused junction, and an alloyed junction 
specifically designed to contain only one region of localized break- 
down (microplasma). The results for the single-microplasma junc- 
tion are as follows: (i) The voltage-current characteristic, which 
describes the relations existing during the instant the microplasma 
is on, consists of a negative-resistance unstable region and a posi- 
tive-resistance stable region. (ii) The multiplication characteristic 
indicates that the junction is most sensitive to light in the unstable 


breakdown region. (iii) The small-signal ac impedance character- 
istic exhibits an inductive component of current in the unstable 
breakdown region. 

The single-microplasma junction V-J characteristic is compared 
with a previous theoretical prediction which discusses the mecha- 
nisms underlying the properties of a microplasma; an explanation 
of the multiplication and impedance characteristics of the single- 
microplasma junction in terms of these properties is indicated; 
and lastly, the behavior of a uniform junction, which contains 
many microplasmas, is explained in terms of the results obtained 
with a single-microplasma junction. 





INTRODUCTION 


HE electrical properties of p-n junctions in silicon 

have been studied both experimentally and theo- 
retically over the complete operating range. The be- 
havior with forward and small reverse bias is in essential 
agreement with theory. At a sufficiently high reverse 
bias, carriers crossing the junction will attain enough 
energy to cause ionizations. The junction behavior in 
this region is understood as a particular case of the 
Townsend avalanche process originally proposed for 
gaseous breakdown.!.? A further increase in reverse bias 
results in a nondestructive breakdown characterized by 
a current increase of many orders of magnitude at es- 
sentially constant voltage. This region is not particu- 
larly well understood in that the junction “breaks 
down” in tiny spots (microplasmas).** It has been ob- 
served that very narrow junctions in silicon (with 
breakdown voltages less than about 6 volts) behave in 
a manner qualitatively different from that described 
above.’ We shall be concerned principally with higher 
voltage breakdown junctions. It is the purpose of this 
paper to present the results of some experiments on 
microplasmas which suggest a qualitative explanation 
of many junction properties in the breakdown region. 
We will consider, in particular, the voltage-current 
characteristic, the response to light (multiplication), 
and the junction impedance in the region of a few 
megacycles/second. 

If it is supposed that the breakdown region is a simple 
extension of the avalanche region, it is possible to make 
simple calculations of the V-J characteristic, as well as 
the multiplication vs current and the small-signal im- 
pedance characteristic. These calculations will not be 
done here since we shall show that the simple model is 


1K. G. McKay and K. B. McAfee, Phys. Rev. 91, 1079 (1953). 
2K. G. McKay, Phys. Rev. 94, 877 (1954). 
. 2a) G. Chynoweth and K. G. McKay, Phys. Rev. 102, 369 
1956). 
4D. J. Rose, Phys. Rev. 105, 413 (1957). 
057) G. Chynoweth and K. G. McKay, Phys. Rev. 106, 418 
1957). 


too idealized to represent an actual junction. It is suffi- 
cient to say that the simple model predicts a linear 
increase in multiplication with current, and that the 
small-signal ac impedance should be inductive, with the 
inductive current increasing linearly with average cur- 
rent. We shall first present measurements of the V-J 
characteristics of a uniform junction containing many 
microplasmas followed by similar measurements on a 
single-microplasma junction. We shall then relate the 
behavior of the single-microplasma junction to previous 
theoretical calculations of microplasma properties as 
well as present a qualitative explanation for the prop- 
erties of uniform junctions. Finally we shall use these 
results to explain the multiplication and impedance 
characteristics encountered in both junctions. 


VOLTAGE-CURRENT CHARACTERISTIC 
Uniform Junction 


The type of diode used is shown in Fig. 1. These 
diodes, made by the gaseous diffusion techniques, were 
mounted on a ceramic header and sealed with a brass 
cap containing a window so that light multiplication 
measurements could be taken. They were chosen for 
their low (under 5 ohms) ohmic resistance and sharp 
(current change of six decades in a fraction of a volt) 
breakdown. 

A schematic of the circuit used to obtain the V-J 
characteristics is shown in Fig. 2. The voltage and cur- 
rent of the diode consists of a dc component and a 
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Fic. 1. Cross section of uniform junction. 
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superimposed (positive or negative) pulse. The dc com- 
ponents are read on the microammeter and potentio- 
meter; the pulsed components are found from oscillo- 
scope measurement of the pulse voltage at two circuit 
points and a knowledge of the circuit parameters. The 
estimated 10% accuracy of the pulse measurements was 
checked by replacing the diode by a known resistance 
and measuring the pulsed voltage-current characteristic. 

The results for a 2-usec pulse with a 50-cps repetition 
rate are compared with the de characteristic in Fig. 3. 
In this case the de current at zero pulse voltage (oper- 
ating point) is 30 wa. The pulse characteristics were also 
obtained at higher operating points (not shown), yield- 
ing a family of parallel lines intersecting the de charac- 
teristic at the operating points. At currents below 100 
pa the two characteristics in Fig. 3 are similar, whereas 
at higher currents a pronounced deviation occurs. Since 
approximately the same results were obtained for a 
junction with one-fifth the area, this indicates that the 
deviation of the two modes of operation occurs at a 
specified current and not at a specified current density. 

The deviation of the dc characteristic from the pulsed 
characteristic is a result of heating. Since the junction 
is uniform except for statistical fluctuations of impurity 
density and other crystal imperfections such as disloca- 
tions, occlusions, etc., the breakdown voltage over every 
small element is essentially constant. Therefore, the 
increase in voltage of the dc characteristic of Fig. 3 isa 
reflection of the increase in breakdown voltage due to 
the heating of the wafer. If the wafer heats up in a non- 
uniform manner, then the breakdown voltage of the 
coolest part of the wafer must be increased sufficiently 
to give the result in Fig. 3. Therefore, the de character- 
istic is determined by the thermal resistance of the 
wafer mount to the ambient surroundings. Assuming 
Chynoweth’s® experimental result for the temperature 
coefficient of breakdown, 


B’=AV/(VAT)=5X10-*/°C, (1) 
we obtain at one-milliampere operating current 
AT=AV/(@’V)=20°C for AV/V=0.2/20, (2) 


or about one °C/mw internal temperature rise. This 
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Fic. 2. Schematic of circuit used to obtain V-J characteristic. 
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Fic. 3. ¥-I characteristic for pulsed and dc operation in 
uniform junction, showing heating effect. 


temperature rise is quite reasonable for the mount that 
was used. ' 

As the pulse duration is increased, it becomes possible 
to observe the time constants for the thermal effect. 
When the current pulse is applied, the operating point 
moves suddenly from C to A (Fig. 3), and gradually 
from A to B. As the operating point moves from A to B, 
a voltage change is detected during time intervals 
ranging from 10~* to 1 sec (and possibly longer) with 
the greatest change occurring in time intervals of the 
order of 10~* seconds. 


Single-Microplasma Junction 


A better understanding of the behavior of a uniform 
junction can be obtained if a single microplasma region 
is isolated and studied. To obtain a single microplasma 
it is necessary to have a junction in which breakdown 
is limited to an area of the same order of magnitude as 
the area of a single microplasma. According to Rose’s‘ 
estimate, this is 500 A in diameter. This is too small a 
diameter to isolate from a uniform junction. However, 
by a combination of the diffusion and alloying tech- 
niques in silicon, it is possible to obtain junctions which 
have a small region of high field and which conduct 
current in the breakdown region through a single 
microplasma. 

Pearson® found that metal impurities on the silicon 
surface will initiate local melting and produce various 
melt patterns. In particular, for the {100} plane the 
pattern will be as shown in Fig. 4. For forming the 
single-microplasma junction, aluminum is used as the 
initiating impurity. A sufficient quantity is used to fill 
the cavity whose walls are formed by the four {111} 





6G. L. Pearson, Acta Cryst. (to be published). 
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Fic. 4. Diagram of single-microplasma junction. 


planes. The patterns could be observed by etching out 
the aluminum. Lines rather than points are quite often 
observed at the bottom of the cavity, indicating a rec- 
tangular rather than a square base. By changing the 
amount of aluminum in question, various-size squares 
and related depths of penetrations were obtained. The 
original 10 ohm-cm material had phosphorus diffused 
in’ from one side with an estimated surface concentra- 
tion of 10”° atoms/cm* to make a p-n junction as shown 
in Fig. 4. The aluminum was then alloyed in from the 
p side to the desired depth of penetration. For the ex- 
periments considered, the conductivity was of the order 
of 0.04 ohm-cm at the maximum penetration. 

The field should be highest at the point since that is 
the region of the highest charge concentration. The fact 
that breakdown does occur at the point was substan- 
tiated experimentally by etching away the aluminum 
and observing light emission*:* from the bottom of the 
cavity. 

The question of whether more than one region is 
breaking down can be answered by means of oscilloscope 
observations.’ If the diode is biased by a constant volt- 
age source in series with a low (4-ohm) resistance and 
the pulses across the resistance are observed with a 
scope, the traces shown in Fig. 5 will result. As the 
average current is increased, the pulses increase in 
amplitude and duration until they are on continuously. 
A further current increase to one ma does not disclose 
any new pulses. It is also noted that for a given dc con- 
dition the pulse height is invariant, which would not be 
the case if two regions were breaking down simultane- 
ously. We therefore conclude that there is only one 
localized breakdown region. 

The conclusions drawn from the scope measurements 
were confirmed by another technique. The microplasma 


7 The diffusion was kindly performed by C. J. Frosch of the 
Bell Telephone Laboratories. 
8 R. Newman, Phys. Rev. 100, 700 (1955). 
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pulses were amplified by broadband SKL Model 202D 
amplifiers and counted by a Hewlett Packard Model 
524B counter. The result is the solid curve shown in 
Fig. 6. The dotted curve, for comparison, refers to a 
unit with more than one breakdown region. Considering 
the solid curve we see that at currents higher than 100 
ua the count drops to a value slightly above the ampli- 
fier background and stays at this level as the current is 
further increased. 

The de and pulsed characteristics are shown in Fig. 
7. The rather abrupt change in the dc characteristic is 
noted at the transition between the unstable region 
(intermittent microplasmas) and stable region (sus- 
tained microplasmas). The pulsed characteristic is ob- 
tained in the stable region by techniques similar to those 
used on the uniform junction. Unlike the uniform junc- 
tion, the pulsed characteristic shows only a slight devia- 
tion from the dc characteristic. The V-J characteristic 
is linear in the stable region with a slope corresponding 
to a 1000-ohm resistance. 

In the unstable region, the instantaneous current is 
either essentially zero, or approximately 100 ya. The 
observed rate of transition from one current to another 
is limited by the time constants of the observing equip- 
ment, which has a bandwidth of about 50 Mc/sec. This 
fact is confirmed by an experiment which was performed 
in conjunction with A. Uhlir’ of this laboratory and will 
be very briefly described here. A single-microplasma 
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Fic. 5. Oscilloscope traces showing microplasma current pulses 
for different average currents. Four 5-ysec sweeps are shown for 
each average current. Low resistance in series with unit. 


* Uhlir, Moll, and Senitzky, Proc. Inst. Radio Engrs. (to be 
published). 
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Fic. 6. Pulse count as a function of average current. Solid curve 
refers to single-microplasma junction and dotted curve to junction 
containing more than one microplasma. 


diode, operated in the unstable region, was mounted in 
a 3-cm waveguide and the microwave power output 
from the guide was mixed with a 9300-Mc/sec signal 
and detected by a receiver with a 1-Mc/sec bandwidth. 
The receiver output consisted of randomly distributed 
pulses of roughly one-usec duration. When these pulses 
were compared with the current pulses (measured across 
a 50-ohm resistance) through the diode, it was found 
that the microwave pulses occured at the leading edge 
of the microplasma pulse. From Fourier transform 
theory we have the approximate condition that AwA/= 1, 
where A/ is the pulse rise time and Aw is the bandwidth 
of the Fourier transform. Applying this condition to 
our experiment, we find that the pulse rise time could 
be of the order of 10~" sec. This agrees with the require- 
ment that the pulse rise time should be of the order of a 
transit time of a carrier across the junction which is 
roughly 10-" sec. The decay time of the microplasma 
current pulse is longer, for reasons to be discussed, and 
therefore will not result in microwave pulses. 

The dc characteristic gives only a rough indication of 
the actual voltage required to sustain the microplasma 
at any specified current. Let us designate as the instan- 
taneous current voltage characteristic the relations 
which exist during the time the microplasma is on. We 
see that the dc characteristic and the instantaneous 
characteristic merge at currents greater than 100 ya 
(stable region). It is possible to obtain the instantaneous 
characteristics at currents less than 100 ya as follows: 
A constant-voltage source is placed across the unit in 
series with a high (11 400-ohm) resistance and the 
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-microplasma pulse currents” as well as the dc conditions 


are measured. Knowing the resistance it is a simple 
matter to obtain the instantaneous and dc characteristic 
shown in Fig. 8. It is necessary to follow this procedure 
since, for example, a direct connection of an oscilloscope 
across the diode, or the 11 400-ohm resistor, causes the 
diode to go into relaxation oscillations. This behavior 
arises because the diode has an internal negative resist- 
ance in the 0-100 ya range and this in combination with 
the added capacity can oscillate. This was avoided in the 
technique used above by maintaining low capacity 
across the diode terminals. Only data in which the 
pulses show flat tops and (qualitatively) a reasonably 
wide distribution in pulse widths are used. Another 
effect of the negative resistance is to limit the range 
over which instantaneous data can be obtained. 

The relation of the dc and instantaneous character- 
istic can be described by considering the source voltage 
at point A (Fig. 8) with the load line shown. This will 
be the operating point of the unit before the micro- 
plasma has switched on, C will be the operating point 
after it has switched, and B is the average voltage and 
current position which must lie on the same load \line. 
The ratio of AB to AC is the duty cycle of the micro- 
plasma. As the source voltage increases, the dc curve 
also moves up at first but is eventually depressed by 
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Fic. 7. V-I characteristic for pulsed (dotted curve) and dc 
(solid curve) operation in single-microplasma junction. 





The currents were measured across a 10-ohm resistance in 
series with the unit and the 11 400-ohm resistance. 
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Fic. 8. Instantaneous and dc characteristic for single- 
microplasma junction. 


the increase in duty cycle. This accounts for the undu- 
lations in the dc characteristic and shows why these are 
suppressed when the series resistance is low. Considering 
the instantaneous characteristic, we note that there is 
an indication of negative resistance at the low-current 
end and an agreement (as there should be) with the dc 
characteristic at the high-current end. 

With the high resistance in series with the unit, the 
pulses shown in Fig. 9 are no longer rectangular as in 
Fig. 5. This is reasonable since the RC time constant, 
where C is the junction capacity, involves the low 
dynamic resistance of the microplasma itself on the 
pulse rise and the high external resistance of the circuit 
on the pulse decay. This would suggest that even with 
low series resistance the pulses would not have equal 
rise and decay times if observed with sufficiently fast 
sweeps. This is in agreement with the results obtained 
previously from the microwave measurements. 


Discussion 


The fundamental voltage-current characteristics in 
the unstable region are the instantaneous characteristics 
of the microplasma. As was previously mentioned, these 
characteristics show a negative resistance at the low- 
current end. The reason for a negative resistance of a 
microplasma in p-intrinsic-m junctions has been dis- 
cussed by Rose.‘ A very brief explanation follows: As 
the current increases in the intrinsic region, the peaking 
of the field at either end of the discharge (due to current 
space charge) makes it possible to have an increased 
multiplication with a decreased voltage. Thus, as the 
current is increased, the voltage decreases. At high 
enough current densities the ionization rate becomes 
less sensitive to field and a positive-resistance character- 
istic results. The difficulties involved in applying this 
mechanism to a highly doped p-n junction (no intrinsic 
region) has also been discussed previously. 

Irrespective of the difficulties in explaining the nega- 
tive resistance itself, the reasons given by Rose for the 
associated instability of the discharge seem plausible. 
If, owing to a statistical fluctuation, the current sud- 
denly decreases, the voltage would have to increase to 
support the discharge. Sufficient capacity across the 
diode terminals to keep the voltage constant could 
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cause the discharge to extinguish. As the current in- 
creases, the probability of a large percentage fluctua- 
tion decreases; a positive-resistance region is reached 
in which the instability mechanism is inapplicable, and 
the discharge becomes stable as is seen experimentally. 

One of the reasons for the positive resistance at the 
high-current end of the characteristic is the temperature 
increase in the microplasma region. Using the previously 
given value of 6’ and Rose’s estimate for the relation 
between current and temperature in the microplasma,‘ 


AT/AI=1.2X10°°C/amp, (3) 
we obtain 


AV /AI= (6’AT)/AI = 600 ohms for V=10 volts, (4) 


which is of the right order of magnitude to account for 
the observed effect. 

The above calculation relates the breakdown voltage 
to the temperature increase caused by the current 
through the microplasma. This calculation asumes that 
the 500-A diameter of the microplasma remains con- 
stant with current, an assumption which is at present 
open to question. The thermal effect is not the only 
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Fic. 9. Oscilloscope traces showing microplasma pulses for two 
average currents and sweep durations, High resistance in series 
with unit. 


possible significant contribution to the positive resist- 
ance. There is some spreading resistance from the ends 
of the microplasma. In 0.04 ohm-cm material, the 
spreading resistance from a sphere of diameter of 500 A 
is approximately 600 ohms so that this effect is com- 
parable to the thermal effect. 

Because of the size involved, the thermal time con- 
stants in the microplasma region are extremely short. 
Rose estimates 10~° sec. This is substantiated by two 
experimental facts: one is the flat tops observed on 
microplasma pulses, some of which are of the order of 
10~7-sec duration, and the other is the close agreement 
in the stable region of the pulsed and dc characteristic 
in Fig. 7. ta 

Considering the voltage-current characteristic for the 
uniform junction shown in Fig. 3, we note that the 
diode resistance at the high-current end is of the order 
of 300 ohms. Most of this resistance, as was previously 
pointed out, is due to the general heating of the wafer, 
with a time coustant of the order of milliseconds. The 
pulsed characteristic for the uniform junction must be 
explained as the effect of many potential microplasmas 
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in parallel. When the voltage is suddenly increased, any 
one microplasma can turn on to about 100 wa. At this 
point the voltage across the microplasma begins to in- 
crease so another one begins to conduct. Thus the slope 
of the pulsed V-J characteristic for the uniform junction 
must be determined by the statistical distribution of 
the breakdown voltage of all the small areas of the junc- 
tion that are potential microplasmas. 


MULTIPLICATION CHARACTERISTICS 


Charge multiplication is defined on the basis of the 
avalanche theory of breakdown by McKay.!’? If carriers 
are injected into the junction by light, the multiplica- 
tion can be experimentally obtained as the difference of 
two voltage-current characteristics; one with light on 
and the other with light off, normalized to the low- 
voltage value. This difference is conveniently obtained 
by the chopped-light technique (see Fig. 10) where an 
ac signal proportional to the difference is developed 
across R and fed into the phase-sensitive detector which 
is synchronized (450 cps) with the chopper. Since a 
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Fic. 10. Schematic for multiplication measurement. 


current change at constant voltage is desired, the only 
requirement on the impedance of the external circuit 
is that it be less than the dynamic resistances of the 
two voltage-current characteristics. Consequently, as 
the multiplication is decreased, R may be increased to 
obtain more sensitivity. 

Besides convenience, another reason for using chopped 
light arises from the temperature dependence" of the 
breakdown voltage. Light, focused on the junction 
from a 30-watt tungsten source, can cause sufficient 
heating within a period of several minutes to yield en- 
tirely erroneous results for the multiplication measure- 
ments. Because of the times involved, this difficulty is 
eliminated when a chopped-light technique is used. 

McKay and McAfee' have investigated multiplica- 
tion in silicon at relatively low values (1 to 20) and have 
made observations in the higher range of multiplication 
(M> 100).!* Our attention will be centered here on the 
range of high multiplication. 


 G. L. Pearson and B. Sawyer, Proc. Inst. Radio Engrs. 40, 
1348 (1952). 

2K. G. McKay, Bell Telephone Laboratories (private 
communication). 
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Fic. 11. Multiplication for uniform junction. 


The results for a uniform junction are shown in Fig. 
11 where the multiplication is plotted for currents 
ranging from 50 wa to 2 ma. These curves vary widely 
from unit to unit with respect to the location and magni- 
tudes of the peaks; nevertheless certain properties are 
common to all units, namely, the initial increase of 
multiplication with current in accordance with the 


- simple model which results in multiplication propor- 


tional to current, and then the drastic oscillations in the 
multiplication vs current curve with several peaks in 
the measured range. The reasons for this behavior will 
be considered later. 

The multiplication for a single-microplasma junction 
shown in Fig. 12 first increases and then, at 100 ya, 
decreases to nearly its prebreakdown value and remains 
constant at this level as the current is increased to one 
ma. As was mentioned previously, the multiplication in 
the breakdown region is considered to be proportional 
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Fic. 12. Multiplication for single-microplasma junction. 
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Fic, 13. Instantaneous and dc characteristic showing the 
effects of light on single-microplasma junction. 


to the difference between two characteristics: one with 
light on and the other with light off. The actual multi- 
plication for any single carrier crossing the junction 
must be very high at the high dc currents. It is not 
possible, however, to measure this multiplication. Both 
the heating effect and the spreading resistance appear 
in the V-J characteristic and have the same effect on 
the multiplication data as the addition of 1000 ohms in 
series with the junction. The significant fact of these 
data is that the junction is strongly sensitive to light 
in the unstable region and has the same relatively low 
sensitivity in the stable region as in the prebreakdown 
region. It is difficult, even in the unstable region, to 
relate the multiplication measurement to actual multi- 
plication of a single carrier, since the primary effect of 
the light is to trigger more pulses and leave the pulse 
amplitude unchanged. It would be more appropriate to 
consider the photosensitivity of the junction in terms 
of the number of microplasma pulses triggered by the 
light. 

The multiplication characteristics shown in Fig. 12 
can be interpreted in terms of the instantaneous char- 
acteristics. From Fig. 13 we see that the light does not 
affect the instantaneous characteristic but it does have 
a pronounced effect on the duty cycle. Let us for the 
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Fic. 14. Block diagram for impedance measurements. 
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present assume that the number of microplasma pulses 
is proportional to the number of chance carriers that 
appear in the localized breakdown region. This propor- 
tionality is reduced at long pulse durations where there 
is a high probability that the carriers enter the region 
when the pulse is on. Further, if we make the assump- 
tion that the pulse duration is unaffected by the light, 
then at low duty cycles, the ratio of the dc current with 
the light on to that with light off should be dependent 
on the ratio of the photocurrent to the reverse satura- 
tion current. The current difference of the two character- 
istics will increase with the source voltage because the 
average pulse duration increases. This increase will con- 
tinue until the number of pulses becomes insensitive to 
the number of carriers and the multiplication will 
decrease. 
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Fic. 15. C’ »s current for uniform junction for a 
limited current range. 


The assumption that the number of microplasma 
pulses is proportional to the number of carriers appear- 
ing in the junction is verified as follows: The junction 
is illuminated by a source whose intensity is measured 
by the photocurrent induced in the junction in the pre- 
breakdown region. The number of pulses in the break- 
down region is counted by a technique previously de- 
scribed. The pulse count, as a function of average 
current, has a broad maximum extending from approxi- 
mately 5 to 20 microamperes. The decrease in count at 
the lower currents is partly due to the inability of the 
amplifiers to pass the extremely short pulses encoun- 
tered. The maximum count is then plotted against 
photocurrent and a linear relation is found over a three- 
decade range in pulse count. 














The multiplication characteristic for the uniform 
junction in Fig. 11 is seen to be a superposition of 
several individual microplasma characteristics. Since 
more than one microplasma is involved in the uniform 
junction, a given light intensity will trigger more pulses 
and the multiplication will be greater. 


IMPEDANCE CHARACTERISTICS 


To make rf impedance measurements independent of 
signal amplitude, signals of the order of 10 mv or less 
had to be applied across the diode. At these signal levels, 
obtaining a satisfactory null indication in a bridge 
measurement with breakdown noise present required 
the use of the detection scheme shown in Fig. 14. The 
bridge element of the RX meter receives a signal from 
an audio (450 cps) modulated signal generator. The 
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Fic. 16. C’ 2s current for uniform junction for an 
extended current range. 


bridge unbalance is then detected by the radio receiver 
and the phase-sensitive detector. 
Writing the diode admittance as 


Y=1/R+joC, (5) 


the two quantities R and C can be measured on the 
bridge. Before breakdown the term 1/R is negligible and 
C, the displacement current capacity, is 7.4 uyf for the 
uniform junction. After breakdown it is found that the 
conductance becomes significant and the susceptance, 
after going through zero, becomes negative. The above 
expression can then be rewritten as 


Y=1/R+jw(C—C’, (6) 


where the terms (C—C’) and R are measured directly 
on the bridge. The results will be left in these terms 
since an equivalent circuit which represents this phe- 
nomenon over the entire range has not been found, 
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Fic. 17. Resistance os current for uniform junction, showing 
resistance at 7 Mc/sec and resistance obtained from Fig. 3. 


although for a limited range (frequency and current) 
the frequency dependence could be somewhat reduced 
by using an equivalent parallel-inductance representa- 
tion. For the uniform junction it is noted in Fig. 15 that 
at low frequencies where C’>C the current is inductive, 
and as the frequency is increased and C’ <C the current 
becomes capacitive. At currents of the order 500 ya, C’ 
begins to decrease and goes through a minimum as 
shown in Fig. 16. Again the remarks made about the 
multiplication data are applicable here; the shape and 
position of the peaks vary from unit to unit but the 
general characteristics at low currents are similar. 

The behavior of the resistance is noted in Fig. 17. As 
the frequency decreases from 7 Mc/sec to 200 kc/sec, 
the resistance decreases to the characteristic which is 
the slope of the pulsed curve in Fig. 3. The resistance 
increases over the entire current range as the frequency 
is increased from 7 to 20 Mc/sec, but at no point is this 
increase greater than 30%. 

The behavior of the impedance for the single-micro- 
plasma junction is shown in Fig. 18. The inductive cur- 
rent first increases and then decreases, so that above 
100 wa the current drawn is mainly capacitive and ap- 
proaches its value in the prebreakdown region. 

The inductance of the single microplasma shown in 
Fig. 18 is a direct result of the mechanism of the dis- 
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Fic, 18. C’ vs current for single-microplasma junction. 
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charge. A qualitative explanation of this characteristic 
follows: assume that the breakdown voltage is suddenly 
applied. The current will not increase until a chance 
carrier enters the junction and triggers the microplasma. 
In general there will be a lag between the current and 
the voltage, which will be a function of such factors as 
the operating point on the instantaneous characteristic, 
the temperature, and the degree of illumination. Since 
the measurement involves the average inductance, the 
significant variable will be the average lag of the current 
with voltage. As the pulse duration increases, the in- 
ductive current will increase; but when the pulse dura- 
tion is sufficient, a voltage increase will not trigger any 
new pulses and the lag between voltage and current 
will disappear. Thus the inductive current would be 
expected to go through a maximum and then go to zero 
when the microplasma becomes stable, as is shown in 
Fig. 18. The same characteristic would be expected to 


SENITZKY AND’ J. 


L. MOLL 





go through several maxima for the uniform junction, as 
is shown in Fig. 16. 


CONCLUSION 


Although the detailed mechanism of localized break- 
down in silicon is not fully understood, the terminal 
characteristics of a single microplasma suffice to give a 
qualitative explanation for some of the terminal char- 
acteristics of p-n junctions in this region. 
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A calculation is given of the intensity distribution in a beam of plane polarized or circularly polarized 
infrared light after transmission through a crystal of silicon containing a single-edge dislocation or a simple 
tilt boundary. It is apparent that care must be taken to differentiate between an edge dislocation and the 
region around the extremum of an inclusion, since both give similar intensity contours, the only difference 


being one of absolute magnitude. 


1. INTRODUCTION 


OND and Andrus! (referred to as B.A.-in the 
sequel) have recently successfully utilized photo- 
elastic methods to investigate the stress distribution 
in the immediate neighborhood of an edge dislocation 
in silicon. The purpose of this paper is to calculate the 
expected intensity distribution near a single-edge 
dislocation and a simple tilt boundary in silicon when 
plane-polarized or circularly polarized infrared light is 
used. We are then in a position to criticize certain of the 
theoretical results and experimental conclusions quoted 
by B.A. In Sec. 2, we consider the single-edge dis- 
location. The intensity distribution around an edge 
dislocation has been given by B.A. where it appears, 
however, to have suffered an anomalous reflection 
about the slip-plane (compare Fig. 2 with Fig. 1 of 
their paper). The simple tilt boundary is discussed in 
Sec. 3, and, as might be expected, the intensity near 
such a boundary falls off exponentially with distance 
from the boundary ; by a suitable choice of the type and 
density of the discrete edge dislocations within the tilt 
boundary, the results of this last section can, of course, 


1 W. L. Bond and J. Andrus, Phys. Rev. 101, 1211 (1956). 


be used to estimate the intensity distribution near a 
simple twin interface.? In both the latter sections, the 
analysis is carried out using the isotropic elastic ap- 
proximation. Finally, in Sec. 4, a brief discussion of the 
various numerical magnitudes is given. 


2. SINGLE-EDGE DISLOCATION 


We erect a system of orthogonal Cartesian coordi- 
nates x; (i=1, 2, 3) in the crystal, such that x, is 
parallel to the slip direction, and x2 is normal to the 
glide plane. The strains around a positive edge dis- 
location, of strength }, situated at the origin are then 


Axe 
en=— a ot 2v)+a2(1 as 2v) |, 


Ax» 
ofA 9 29) 5 (1) 
2A x;(x;?— x2") 
a Sis bene cies aaa as 
r 


2 R. Bullough, Proc. Roy. Soc. (London) A241, 568 (1957). 
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where r?= x;°+2,°, A=b/[42(1—y) ] and » is Poisson’s 
ratio. These strains are well defined at all points in the 
body, apart from the singular points along the x; axis 
and here a cylinder of material, of small radius 7, must 
be removed. The principal strains e,;’, é:2’, and the 
angle 6(x,;) between the principal axes x,’ and the fixed 
axes x; can be found from (1): 


A 
Se aa (1—2y) x2], 
A 
ex’ = nin eines (2) 
xe— xy? 
6=4 tan-( ) 
2x Xe 


To be specific, @ is defined as the angle between the slip 
direction (the x; axis), and the x,’ principal axis. 





Plane-Polarized Light 


If the crystal plate is set up between a polarizer and 
analyzer which are crossed, so that in the absence of the 
doubly-refracting plate no light is transmitted by the 
system, then the intensity of light transmitted 7 may 
easily be shown to be 


T =a’ sin*(2y) sin?(6/2). (3) 


In the above expression, 6 is the phase difference in the 
two principal directions at any point of the crystal 
plate, a is the amplitude of the incident plane-polarized 
light, and y is the angle between the incident plane- 
polarized light vector (polarizer) and a principal 
direction. We define 8 as the angle between the polarizer 
and the slip direction; then 


2y = 20428. (4) 
The phase angle 6 is proportional to the thickness of 


the plate /, the birefringence An, and inversely pro- 
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Fic. 1. Intensity plot when the slip direction is parallel 
to the polarizer. 
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Fic. 2. Intensity plot when the slip direction makes an angle 
of 15° with the polarizer. K =1. 


portional to the wavelength of the incident light A. We 
have, therefore, 
5= (2xt/d)An, (5) 


where the birefringence produced by the principal 
strains (2) is 

An= C{e11'—€22'} = 2CA x,/r*, (6) 
and C is the mean strain-optic coefficient.* Since the 
birefringence is always small (except at the core of the 
dislocation and here the elastic approximation breaks 
down anyway), we make the approximation: 

sin (6/2) 6/2. (7) 

Then from (3), using (4), (5), (6), and (7), we obtain 


4a°AePC x}? 
T=. — sin*(20-+-28). (8) 
a. 


It is convenient to introduce polar coordinates (r,y), 
defined by cos(y—8)=%,/r, sin(y—8)=2/r, and thus, 
from (2), 

20= 2¥~—26—4r. (9) 
With this choice of coordinates, Y=0 is the polarizer 
direction and 


T (r,~) = (B*/r*) cos*(2p) cos?(y—8), 


where B=2aAniC/X. 
The contours. of constant intensities are given, 


(10) 


therefore, by the polar equation: 


r= K? cos*(2y) cos?(y—8), (11) 


where K?= B*/T. The results are plotted for K=1 in 
Fig. 1 (8=0), Fig. 2 (@=15°), Fig. 3 (8=45°), and 
Fig. 4 (@=90°). A plot for 8=15° has been given by 





3 Since the strains (2) have been deduced using the isotropic 
(elastic) approximation, it would clearly be inconsistent not to 
use a mean isotropic value for C. Strictly, for a cubic crystal, C 
will be a function of 6. 
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Fic. 3. Intensity plot when the slip direction makes an angle 
of 45° with the polarizer. K=1. 


B.A. but they appear to have used 27=26—28 which, 
with our definition of 6 and 8, is certainly incorrect and, 
in fact, represents an anomalous reflection about the 
glide plane (or a rotation of 180° about the slip di- 
rection). One of the interesting points concerning these 
contours is that the intensity apparently vanishes at 
45° to the polarizer, no matter what angle the latter 
makes with the slip direction. 


Circularly-Polarized Light 


In this case, the intensity distribution of transmitted 
light is simply 
: CF art 
T=@ sin?(6/2)=—_= 
4 ? 





[An f. (12) 

The intensity is therefore proportional to the square of 
the actual birefringence, and, from (6), we have 

T(r,y) = B cos*y/r’. (13) 

The curves of constant intensity are given, therefore, 

by the polar equation: 

r’= K? cos*y. 

£2 = K?cos? (V-9Ocos? 2Y = sin? ¥ cos?2 y 
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Fic. 4. Intensity plot when the slip direction is 
perpendicular to the polarizer. 
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This is plotted in Fig. 5 for K=1, and in this case the 
intensity (birefringence) is zero normal to the glide 
plane. Equation (14) is, in fact, for each value of K, 
the polar equation of a pair of circles touching at the 
origin with their centers on the 2 axis. Since with 
circularly-polarized light the intensity is always a 
minimum in the slip direction (Fig. 5), the method 
could well be used to identify the slip direction as- 
sociated with a particular edge dislocation, when, say, 
the presence of such a dislocation had previously been 
established by other means. 


3. SIMPLE TILT BOUNDARY 


This we define as a vertical array of parallel-like 
positive edge dislocations, equally spaced a distance h 
apart along the x2 axis. The required difference of the 
principal strains and the angle @ are given by 


€1:' — 29 = [ (e11— 22)? 12" J}, 
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Fic. 5. Intensity plot round a positive edge dislocation when 
circularly polarized light is used, This is the actual variation of 
An (the birefringence). K =1. 


where ¢11, €22, €12 are the strains associated with the tilt 
boundary. 
It follows from (1) that 
+o (x2—nh) 


(€11— €22) = —4Ax?? 
11~ €22 2 [x1?+ («2—mh)* P 


+n [x2— (%2— nh)* | 


eyo 2Ax 


wma [a2 (a2—nh)?P 


and these sums can be obtained by standard methods 
of contour integration ; we obtain 


4Ar*x, sinhX,sinX, 
(€11— €22) Pee Se ee eee nt saint 
k? ~ [coshX,—cosX, 
(16) 
4An’x, [1—coshX, cosX» | 
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where X,=29x,/h and X:=21rx2/h. Thus, from (15) 
and (16), 
4A rx, 
e11 — €22. =—_______, (17) 
h*LcoshX ,—cosX» | 


1—coshX,; cosX. 
tan296= —____— , 
sinhX, sinX, 


(18) 





Plane-Polarized Light 


With the polarizer inclined at an angle 8 to the glide 
planes of the dislocations in the boundary, the trans- 


mitted intensity is 
re 


X? 


hk? [coshX,—cosX2 > 





sin?(20+28), (19) 


where 6 and B are given by (18) and (10), respectively. 
Therefore the equation for contours of constant T is 
given by 


[coshX ;—cosX» P= (#*K*/h®)X 2 sin?(20+-28). 


Note: if h—» , then @ in the above equations [given 
by (18) ] becomes @ for the single dislocation [given by 
(2) ], and the intensity (19) becomes identical to (8) 
for the single-edge dislocation. This, of course, provides 
a check on the veracity of the above expressions. 


(20) 


Circularly-Polarized Light 
In this case, the transmitted intensity T is, from (17) 
and (12), 
2B 


X? 


‘ . Ta 
kh? [coshX,—cosX. P 


(21) 





and therefore the contours of constant intensity are 
[coshX—cosX 2 P= (#*K?/h?)X /’. (22) 
When i — «, the above expression tends to the single 


dislocation expression [ Eq. (14) ]. 


4. DISCUSSION 


The magnitude of the maximum intensity 7,, near 

a single positive edge dislocation when plane-polarized 

infrared light is used can be calculated from (8). Thus, 
at a distance r from the dislocation, 

Tn= CAA *WEC?/Mr’, (23) 

A=b/[4r(1—y7)] 


where /=thickness(~2 mm), 
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(~4X10-* cm), b is the magnitude of the Burgers 
vector of the dislocation (equal to the width of the 
“extra half-plane” above the positive edge dislocation), 
v is Poisson’s ratio, \= wavelength of incident light 
(=10-* cm), C=mean strain-optic coefficient, and 
a=amplitude of plane-polarized light. With the above 
values, we obtain 


T n= 2.6X10°C%a?/r’. (24) 


B.A. state that the intensity 50 microns from the 
dislocation is about a thousandth of what it would be 
in the absence of Nicol prisms. According to (24), the 
maximum intensity at a distance r=5X10~* cm from 
the dislocation is 


Tn=10C%a?, (25) 


and therefore the ratio of this itensity to the intensity 
of the incident light 7;= 2a? is 


T »/T:=5X10-°C?. (26) 


The ratio given by B.A. is thus 20/C? times greater 
than our estimate. This discrepancy factor varies from 
20(C=1)* to 4(C=2.3).5 The latter figure almost 
removes any discrepancy in magnitude with B.A. and 
confirms that their Fig. 2 does, in fact, represent the 
intensity distribution around an ordinary dislocation. 
However, the large difference in measured C and the 
consequent larger effect on the value of 20/C? empha- 
sizes the care that must be taken in identifying a 
photograph, such as Fig. 2 of B.A., as being associated 
with an ordinary dislocation. For, if we assume C=1, 
then the discrepancy disappears if the photograph is 
not the intensity around an edge dislocation with a 
single extra half-plane, but is, in fact, the intensity 
distribution around a macrodislocation with an “extra 
half-plane” about 4 A wide.*® 
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Quadrupolar splittings of the Li? nuclear magnetic resonance have been detected and measured in powders 
of LiOH, LiOH-H,0, LiNO;, LiNO;-3H,0, LilO;, LisPO,, LizTiO;, and LizZrO;. The theoretical powder 
pattern for a nonvanishing asymmetry parameter, n, has been checked by observations in spodumene, 
LiAl(SiOs;)2, and applied in the analysis of several of the observed spectra. It was found necessary to shorten 
the Li’ spin-lattice relaxation time, 7, in most of the compounds before successful measurements could be 


made. 





I. INTRODUCTION 


HE splitting of nuclear magnetic dipole resonances 
by quadrupole interactions has been studied in 
many compounds!” since the investigations by Pound.’ 
Little work has been done on lithium resonances, how- 
ever, other than the investigations of LigSO,-H,O and 
LizCO; by Pound,’ a study of spodumene,‘ and recent 
work‘ on the still unsettled! structure of lithium sulfate. 
The studies have been made unattractive by the long 
relaxation time exhibited® by the Li’ nuclear spin system 
in many compounds and by the lack of single crystals 
(e.g., LiNO;; see reference 3). 

The present work is an investigation of lithium- 
containing powders in which the spin-lattice relaxation 
time has been lowered by gamma irradiation’ where 
necessary. A successful check of the theory for first- 
order quadrupolar splittings when the asymmetry 
parameter is not zero is reported, and the theory and 
experimental results are used to deduce probable local 
configurations around the lithium atoms in unknown 
crystal structures. 


Il. THEORY 
A. Line Shape in Powders 


The general theory of quadrupole effects in nuclear 
magnetic resonance is readily available’ in the litera- 
ture. Hence, we confine ourselves to remarks which are 
of special pertinence to the study reported in this paper. 

The quadrupole coupling constant of Li’ in solids 
would be predicted as small because (a) the quadrupole 
moment of the Li’ nucleus is relatively small (|Q| =0.10 


*This work was supported by the U. S. Atomic Energy Com- 
mission. 

+ Now at Atomics International, Canoga Park, California. 

1M. Cohen and F. Reif, in Solid State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, Inc., New York, 1957), 
supplement to Vol. 5. 

2T. P. Das and E. L. Hahn, in Solid State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, Inc., New York, 1957), 
Vol. 5. 

3R. V. Pound, Phys. Rev. 79, 685 (1950). 

4 Volkoff, Petch, and Smellie, Can. J. Phys. 30, 270 (1952). 
( 5 E. Hirahara and M. Murakami, J. Phys. Soc. (Japan) 11, 608 
1956). 

6 R. V. Pound, Phys. Rev. 81, 1956 (1951). 


barn’); (b) the Sternheimer':* factor y,, is negative’ for 
Li’, leading to a small shielding of the field gradient 
from charges external to the lithium ion; and (c) the 
bonding is normally ionic. If the coupling constant is 
sufficiently small, quadrupolar splittings of the Li’ 
nuclear magnetic-dipole resonance should be observable 
in powders and an analysis involving first-order effects 
of the coupling constant should be sufficient. 

The line shape for the nuclear magnetic resonance 
with first-order quadrupole splitting and vanishing 
asymmetry parameter in a powder sample has been 
developed by Pound.’ The characteristic shape for spin 
=} without dipolar broadening is displayed in Fig. 1. 
(The large m=}—>m= —} response at vo is omitted in 
Figs. 1 and 2.) The coupling constant is given by 


e’g0/h=4dn. (1) 


It is theoretically possible to obtain measurements of 
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Fic. 1. The theoretical powder line shape for a nuclear spin of 
} and a vanishing asymmetry parameter ». Dipolar broadening 
effects are not » tend and the large m=}—+m=—}4 response 
(unaffected in first order by quadrupolar effects) is omitted. 

7 This value is based on a calculation by Dr. Richard Bersohn of 
the electric field gradient at the lithium position in LiNO; and the 
value of 39.2 kc/sec reported in this paper for the Li’ coupling 
constant in that compound. We wish to thank Dr. Bersohn for 
this communication. 

( 956) M. Sternheimer and H. M. Foley, Phys. Rev. 102, 731 
1956). 
®T. P. Das and R. Bersohn, Phys. Rev. 102, 733 (1956). 


624 








NUCLEAR 


two frequency increments, Av; and Ave, but Av: has 
never been observed. Fortunately, a measurement of 
Ay, is sufficient to determine the coupling constant. 

The powder line shape for a nonvanishing asymmetry 
parameter is given by Cohen and Reif! and is displayed 
in Fig. 2 for J=4%. It is based on the solution of 
Bloembergen and Rowland" for the theoretical line 
shape due to anisotropy of the Knight shift in a 
polycrystalline powder of a conductor with less than 
axial symmetry. The coupling constant e’gQ/h and 
asymmetry parameter 7 are given by 


e*gO/h=2(Av,+Ar2), (2) 
n= (Av2—Avy)/(Ave+An): (3) 


The number of experimentally observable responses 
when »~0 depends on the size of n. It is convenient to 
consider three ranges of 7: 

(a) n<1. The pattern is that of Fig. 1 for 7=0 except 
for some splitting of Av; (Fig. 1) into Ay, and Ave 
(Fig. 2) and consequent probable broadening of the 
peak in this region. The responses at votAvs will be 
unobservable. 

(b) n almost unity. The divergence at vo+ Ar; of Fig. 2 
moves to vp and Avy~Av;. A three-response pattern 
similar to the »=0 case is observed but the satellite 
intensity is considerably reduced. 

(c) m has an intermediate value. » and e*gQ/h can be 
evaluated from Eqs. (2) and (3). The responses at 
vot Av; are probably not observable (Fig. 2). 


B. Spin-Lattice Relaxation Time 


It has been shown by Pound* that the spin-lattice 
relaxation time is determined by electrical quadrupole 
interaction in cases of nuclei displaying sufficiently large 
coupling constants. The expected and measured coupling 
constants for Li’ are small, however, and the relaxation 
times may be long. Pound’ found this to be the case in 
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Fic. 2. The theoretical powder line shape for a nuclear spin of $ 

and 70. Dipolar broadening effects are not shown and the large 


m=4—+m= —} response (unaffected in first order by quadrupolar 
effects) is omitted. 


1 N. Bloembergen and T. J. Rowland, Acta Met. 1, 731 (1953). 
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Fic. 3. The Li’ resonance in powdered spodumene, LiAl(SiO;)s, 
in a magnetic field of 8500 gauss. The recorded signal in this and all 
subsequent figures is the derivative of the absorption line. 


LiNO;, where only a transient response was observed 
during a traversal of the resonance frequency region. 
The same saturation condition was found in several of 
the compounds reported in this paper. In cases such as 
this, the introduction of paramagnetic impurities can 
reduce 7; sufficiently to render the resonance observable. 


Ill. EXPERIMENTAL METHOD 
A. Equipment 


The radio-frequency spectrometer employed was a 
Pound-Watkins recording type purchased from the 
Nuclear Magnetics Corporation and modified to yield 
greatly increased signal-to-noise ratios. Two magnets 
were used: a permanent magnet with six-inch diameter 
pole faces, a gap of one and a half inches, and a nominal 
field of 5250 gauss from the Indiana Steel Products 
Company ; and a Varian Model V-4007 six-inch electro- 
magnet and V-2200 power supply. 

The quadrupolar splittings were measured by super- 
posing 10-kc/sec markers from a General Radio Unit 
Crystal Oscillator (Type No. 1213 AB) on the recording 
of the resonance. ; 


B. Procedure 


In order to check the validity and applicability of the 
powder pattern theory for 70, a natural crystal of 
spodumene, LiAl(SiO;)2, was ground into a fine powder. 
The recorded resonance” is shown in Fig. 3. The 





MA previous effort to find the Li’ quadrupolar splittings in 
polycrystalline spodumene was not successful. See the communica- 
tion from R. M. Cotts and W. D. Knight quoted in reference 1. 
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Fic. 4. The Li’ resonance in LiOH powder in a magnetic field of 
5250 gauss. The sample was not y irradiated and the lowest 
available radio-frequency power was employed. 


satellite responses are much smaller in intensity relative 
to the central line than the splittings in LiOH (Fig. 5) 
which is known to be a case of n=0. Hence, 7 is non- 
vanishing and the fact that a three-response pattern is 
observed indicates 7 to be large, causing the divergences 
at ro+Ar; to be in the central line and the outer peaks 
(vo Ave and vy+Avs) to coincide. Upon using the data 
of Volkoff, Petch, and Smellie* for Li’ in spodumene, 
e?g0/h=75.7+0.5 kc/sec and »=0.79+0.01, the Av 
values should be 


A= (e’gQ/h)}(1—n) =3.972.0.22 kc/sec, (4) 
Avo= (e’gQ/h) 4 (1+) = 33.8+0.4 kc/sec, (5) 


and 
Av3=}(e’¢Q/h) = 37.85+0.25 kc/sec. (6) 


The small difference of 4 kc/sec between Av2 and Ay; is 
insufficient to resolve the outer peaks when the effects 
of dipolar broadening are considered. Experimentally, 
the maximum derivative in the unresolved peak occurs 
at Av=34.94+2 kc/sec. This value lies between the 
calculated values of Ave and Av; [Eqs. (5) and (6) ] as 
expected. 

The central line in Fig. 3 has been broadened by the 
modulation necessary to reveal the satellites. Smaller 
modulation yields a maximum positive derivative to 
maximum negative derivative separation of 3.8+0.4 
kc/sec for this central response. Thus the divergences at 
vot Ay, lie within the central line and are unobservable 
because of dipolar broadening and their relatively small 
intensity in comparison to the response at vo. 

Most of the compounds studied exhibited a long 7; 
which causes saturation of the resonance as in the case’ 
of LiNO;. In order to decrease T;, the samples were 
irradiated with gamma rays from the Co® source at 
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Rensselaer Polytechnic Institute,’? the dosage being 
6X 10’ roentgens. The effectiveness in decreasing 7, and 
hence the saturation can be seen by comparing the Li’ 
resonance in LiOH before irradiation (Fig. 4) with the 
resonance in the irradiated sample (Fig. 5). In the case 
of LiNOs, the resonance still saturates in the irradiated 
sample (as can be seen from the recorder trace in Fig. 7). 
The line is in the process of saturating as the resonance 
is being recorded so that the central line appears quite 
asymmetric. However, the reduction in saturation was 
sufficient to permit determination of the quadrupolar 
splittings. 


IV. RESULTS AND DISCUSSION 


A summary of data for the compounds which have 
been studied is given in Table I. A possible error of 


Fic. 5. The Li’ reso- 
nance in LiOH powder 
in a magnetic field of 
5250 gauss. This and all 
subsequent figures (ex- 
cept Figs. 11 and 12) are 
for samples which have 
received 60 megaroent- 
gens of Co gamma 
irradiation. 





+10% should be ascribed to each coupling constant in 
those cases where the asymmetry parameter is known to 
vanish. This is larger than the measurement error and 
takes into consideration the fact that the frequency at 
maximum slope in the experimental absorption curve 
does not occur at exactly the edge or divergence fre- 
quency because of the dipolar effects. Larger uncer- 
tainties are inherent in those cases for which 7 is not 
known to vanish. 


LiOH 


The structure of LiOH is tetragonal." The principal 
axes of the electric field-gradient tensor coincide with 
the crystal axes since there are two perpendicular planes 


2 We are indebted to Dr. Dwight Wilson of Rensselaer Poly- 
technic Institute for the use of their facility. 
8 Th. Ernst, Z. physik. Chem. (Leipzig) 308, 65 (1933). 
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of symmetry defined by the c and 5 axes and the c and a 
axes. It is not apparent that the asymmetry parameter 
vanishes since the local environment of the lithium 
atoms displays only twofold rotational symmetry. How- 
ever, a 90° rotation about the ¢ axis plus a reflection 
through the a—b plane leaves the crystal unchanged, so 
that »=0. The coupling constant is given by Eq. (1) and 
the measured splitting. 


LiOH -H,O 


The structure of LiOH- H,0 is monoclinic.“ The local 
environment of the lithium atoms is an irregular 
tetrahedron formed by two water molecules and two 
hydroxy] groups. A nonvanishing asymmetry parameter 
would be expected. If the observed line (Fig. 6) is 
compared with the line for LiOH (Fig. 5) run under 
identical conditions, there are indications of an addi- 
tional response between each outermost satellite and the 
central peak. This cannot be explained by dipolar effects 


Tasie I. Summary of data. 





Measured Coupling constant Asymmetry 
"g0/h 





splitting € parameter 
Compound (ke/sec) (ke/sec) ” 
LiOH 27.5 110 0 
LiOH-H,O 28 ~S84 ~%0.3 
~14 
LiNO; 9.80 39.2 0 
LiNO;-3H,O 9.85 ~394 ~~ 
LilO; 11.3 45.2 0 
Li,PO; 32.4 ~91.6 , ~0.42 
13.4 
LigTiO; 22.9 ~70.4 ~A%.29 
12.3 
Li,ZrO; 27.0 108 0 
16.4 65.6 0 
LigCO, None 
Li,SiO; None 
LiBH, None 


since the central line is more narrow in the hydrated 
compound. It appears reasonable to identify the outer 
satellite frequencies with vo Av and the inner satellites 
with vo+Avr;. The estimated values (Table I) of e*gQ/h 
and » are obtained with the very approximate relation 
Av,=4Avr2 obtained from inspection of Fig. 6. 


LiNO; 


The hexagonal crystal structure’® of LiNO; is iso- 
morphic with that of NaNOs, the metal ions residing on 
an axis of threefold rotational symmetry. Pound’ has 
confirmed that 7=0 from a study of the quadrupolar 
splitting of the Na™ resonance in a single crystal of 
NaNOs. Equation (1) and the observed splitting (Fig. 7) 
yield the coupling constant in LiNO;. 

The quadrupolar splitting for LINO;-3H,0, discussed 
in the next section, is practically the same as in LiNOs. 


“4 R. Pepinsky, Z. Krist. 102, 119 (1939). 
1R. W. Wyckoff, Crystal Structures (Interscience Publishers, 
Inc., New York, 1948). 
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Fic. 6. The Li’ reso- 
nance in LiOH-H,O 
powder. 

















Since the latter compound is quite deliquescent™and 
could take up enough water to form LiNO;-3H,0, the 
purported LiNO; sample was baked at 90°C for three 
days. This treatment should have removed any water 
originally present. Subsequent investigations of the 
baked sample showed no change from the line shape first 
observed (Fig. 7). 


LiNO;-3H,0 


The splittings (Fig. 8) in this compound are, within 
the limits of experimental error, equal to the splittings 
in LiNO;. Precautions undertaken to insure that the 


Fic. 7. The Li’ resonance 
in LiNO; powder. 
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Fic. 8. The Li’ reso- 
nance in LiNO;-3H,O0 
powder. 





LiNO; sample was not in fact LINO;-3H,0 were given 
in the previous section. There remains the possibility 
that the LiNO;-3H,O sample was actually LiNOs. 
Saturation behavior was quite different in the two 
samples, however, the hydrated material displaying a 
shorter spin-lattice relaxation time 7). This is consistent 
with the expected influence of the large proton magnetic 
moments. However, the comparison of saturation be- 
havior was made after irradiation. The possibility exists 
that the different 7, values arise from a difference of 
radiation damage in the two compounds. It is also 
possible that inclusion of water of hydration in the 
structure opens up the lattice, allowing more impurities 
to be present. 


Fic. 9. The Li’ resonance 
in LiIO; powder. 
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BRAY 


The -structure of LiNO;:3H,O is apparently not 
known. From comparison of the observed line shape 
(Fig. 8) for the compound, with the lines in LiOH 
(Fig. 5), LiNO; (Fig. 7), and LilO, (Fig. 9), all of which 
have n=0, it is probable that » is zero or very small in 
LiNO;-3H;0. Perhaps the three waters of hydration 
arrange themselves in threefold symmetry with respect 
to the lithium sites. 


LilO; 

The structure’® of LilO; displays threefold rotational 
symmetry about an axis through the lithium site. Hence 
n=O and the observed splitting (Fig. 9) yields the 
coupling constant directly [Eq. (1) ]. 


Though the LilO; and LiNO; structures are similar, 
the spin-lattice relaxation time is so much shorter in the 





Fic. 10. The Li’ resonance in Li;PO, powder. 


former than in the latter that the Li’ line can be 
observed without benefit of gamma irradiation. The 
signal-to-noise ratio is increased by a factor of 3 or 4, 
however, if the sample is irradiated. The response shown 
in Fig. 9 is from a specimen which received the same 
gamma dosage as the LiNO; sample of Fig. 7. It is clear 
that LilO; again shows much smaller saturation effects, 

At least two explanations can be advanced for the 
shorter Li’ spin-lattice relaxation time in the iodate. The 
magnetic moment of I'*’ is almost seven times as large 
as that of N“. This should greatly increase the influence 
of spin-spin interactions"’ on 7). It is also the case that 
the quadrupole moment and antishielding factor'-** of 

1°W. H. Zachariasen and F. A. Barta, Phys. Rev. 37, 1626 


(1931). 
17 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 
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Fic. 11. The Li’ 
resonance in Li,TiO; 
powder. The sample 
was not ¥ irradiated. 





I'?? are much larger than the corresponding values for 
N". The ['*" spins are then coupled strongly to the 
lattice by quadrupolar interaction and can relax into the 
lattice energy transmitted from the Li’ spins by spin- 
spin interaction. 


Li,PO, 


Two pairs of satellites are observed in the nuclear 
magnetic resonance of this compound (Fig. 10). Either 
there is one Li position with 70, or there are two 
inequivalent Li positions. The structure of the com- 
pound has not been determined. However, comparison 
of the intensity of the satellite responses with that of the 
central line indicates that this is a case of »~0. The 
values of e’¢Q/h and given in Table I are calculated on 
this basis. 


Li,TiO; 


Both ordered and disordered structures have been 
reported'* for this compound. The presence of observable 
satellites indicates that the sample is predominantly of 
the ordered form. This is in agreement with a powder- 
pattern x-ray picture’ which indicates an ordered 
structure with perhaps a small amount of the disordered 
material as well. 

18 F, Barblan, Schweiz. mineral. petrog. Mitt. 23, 295 (1943); 


Barblan, Brandenberger, and Niggli, Helv. Chim. Acta 27, 88 


(1944). 
9 We are indebted to Dr. Virginia Ross for this information. 
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Fic. 12. The Li? 
resonance in LiZrO; 
powder. The sample 
was not ¥ irradiated. 





As in the case of LisPO,, consideration of the intensity 
ratios (Fig. 11) leads to a tentative conclusion that the 
effects of n~0 are being observed. The values of e*¢Q/h 
and 7 given in Table I are obtained with this as- 
sumption. 


Li.ZrO; 


The structure of lithium zirconate is apparently unde- 
termined. It would appear from the intensity of the 
satellites (Fig. 12) that there are two inequivalent Li 
lattice sites with a quite small or vanishing asymmetry 
parameter. The x-ray powder pattern” confirms this 
evidence that the structures of Li,ZO; and Li:TiO; are 
different. 


Li,C,0,, Li,SiO;, LiBH, 


Finally, we list three compounds whose over-all 
crystal symmetry is lower than cubic and which would, 
therefore, be expected to exhibit satellites—but did not. 
In view of the success in finding satellites in spodumene, 
we might conclude that though the over-all symmetry 
of the lattice is lower than cubic, the local environment 
of the Li site is cubic and the field gradient is zero at the 
Li nucleus. 

In the case of LiBH,, the line is extremely broad and 
small splittings would not be observable. The line 
breadth presumably arises from the large magnetic 
moments of the hydrogen nuclei. 
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Occasionally an electron paramagnetic resonance absorption line is accompanied by satellite lines which 
result from a weak magnetic dipole-dipole interaction coupling the electron spin to a neighboring nuclear 
spin. The satellites correspond to a change in spin state of the neighbor nucleus concurrent with the change 
in spin state of the electron. Expressions for the energy levels and transition probabilities for a spin-only 
electron coupled to neighboring nuclei are given. An example of atomic hydrogen in a glassy solid coupled to 
nearby protons is treated, and some of the more general consequences of the interaction are pointed out. 





INTRODUCTION 


N an earlier, preliminary report! attention was called 
to extra satellite absorption lines that’ appear in the 
paramagnetic resonance spectrum for atomic hydrogen 
produced in various acids at a low temperature by 
irradiation with gamma rays. Each of the two atomic 
hydrogen hyperfine lines had a pair of satellite lines. 
The frequency spacing from satellite to main line in 
each case was close to the appropriate proton magnetic 
resonance frequency for the applied field of 3000 or 
8000 gauss. The ratio of the satellite to main-line 
intensity varied approximately as the inverse square of 
the applied field strength. These observations were 
interpreted as the occasional concurrent spin flip of the 
electron and a nearby proton because of their magnetic 
dipole-dipole coupling. By using transition probabilities 
derived from this interpretation, under certain simplify- 
ing assumptions it was possible to compute an effective 
distance of the atomic hydrogen to its neighboring 
proton(s), and a preliminary value for this distance, 
1.8 A assuming a single near-neighbor proton, was 
reported. 

The appearance of such satellite lines is not restricted 
to atomic hydrogen in the presence of nearby protons, 
and in this paper formulas are given for the spacing and 
intensities of satellites in terms of the probability dis- 
tribution function of the unpaired electron and the 
spins and positions of the surrounding nuclei. For sim- 
plicity, the interaction of the electron with the applied 
field is assumed to be much stronger than interactions 
involving nuclei, the orbital angular momentum of the 
electron is assumed to be either zero or completely 
quenched, internuclear dipole-dipole interactions are 
neglected, and quadrupole forces on the nuclei are also 
neglected. The derived formulas are then applied to the 
case of atomic hydrogen. 


THEORY 
The appropriate spin-dependent part of the Hamil- 
tonian is 
=—y.H—D(H+h.,)-y:, (1a) 


* This work was performed for the U. S. Atomic Energy Com- 


mission. 
1H. Zeldes and R. Livingston, Phys. Rev. 96, 1702 (1954). 


where e¢ and i refer to electron and nuclei, respectively, 
u is the magnetic moment operator, H is the applied 
field (taken in the z direction), and h,, is the field of 
the electron at the ith nucleus. More explicitly, the 
Hamiltonian may be written as 


8r 
R= —gBSeoH— gBvSi.H— L £6 7 SA leed 


1 3(S.- res) Fei 
fg A says, 


Tec Tec 


where g is the gyromagnetic ratio, 8, and By the Bohr 
and nuclear magneton, S the spin operator in units of h, 
and r,; the vector joining the electron and ith nucleus. 

For the type of system being considered, we have 
u.-H>w,;:(H+h,,), and thus the eigenstates and 
eigenvalues of 5 differ by only small amounts from 
those of #»=—wp.-H and may be well approximated by 
first order perturbations. Since complete quenching has 
been assumed, the zero-order state vector may then be 
represented by 


| Uo) - la; M.; «:(M.), M;), (2) 


where a represents the quantum numbers which serve 
to fix the spatial distribution of the electron and where 


h.(M.)+H 
+(M,) =——___., (3) 
|h..(M.)+-H | 
Sex| U0)=Me|U0), Me=+}, (4) 
S;-2,;|U.)=M,| Uo), M;=S;, S;—-1, ---, —S;, (5) 


Sr 
h,.(M,)= Mes.| I(t)" 


~(--==))}- © 


Here h,;(M,) is the magnetic field of the electron, in 
state M,, at the ith nucleus; ¥(r,); is the electron wave 
function evaluated at the ith nucleus; and the angular 
brackets, { ), indicate the expectation value is taken 
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for the spatial part of the wave function for the unpaired 
electron. Note that +, is a unit vector giving the direc- 
tion of the total field acting on the ith nucleus while 
, is a unit vector along the direction of H. The mag- 
netic fields at a nucleus are indicated vectorially in 
Fig. 1 for the two states of the electron (M, and M,’). 

The zero-order state vectors [Eq. (2) ] have the 
property that among states with the same value of M., 
K is diagonal, and its diagonal elements, the energy 
eigenvalues to first order, are 


E(M..M,)=—g8M H-SY; ¢8nM;|H+h,,(M.)|. (7) 


These zero-order states are states of good M, and M,. 
The effect of the first-order correction will be to admix 
states of different M,and M;,. A zero-order state of given 
M, (+4) will have added to it states with the opposite 
M, with weight approximately >>; h.i-yi/(H-y.). For 
simplicity this admixture has been neglected in this 
paper. As indicated later, this restriction leads to neg- 
ligible error for atomic hydrogen for fields in excess of, 
say, 3000 gauss. 

If an oscillating field of the proper frequency is 
applied to a sample containing some unpaired electrons, 
transitions are induced between the levels with energies 
given by (7). The transition probabilities between levels 
of the same M, but with one M, differing by one unit 
are proportional to g;*8n*LH.(1+,) }*, where H.(1+,) 
is the component of the oscillating field which is per- 
pendicular to 2; [Eq. (3) ]. In general +, is not in the 
direction of H (the z direction) and transitions can be 
induced by an oscillating field along H. The transitions 
observed in electron spin resonance are for levels of 
different M,. Here the transition probabilities are pro- 
portional to g87[H.(1H)]}*, where H.(1H) is the 
component of the oscillating field perpendicular to H. 
When the transition is made each +;, in general, changes 
direction according to Eqs. (3) and (6) (see Fig. 1). 
This change in the direction of quantization for S,; 
permits changes in M; to occur. In particular the 
transition probability from state |M.,M,) to|M.’,M/’), 
where M,,’ is different from M,, is given by 


T(M,.’,M;; M,,M,) 


2.8 H4( 1H) }? 
Ap Atcha. ants PT Daaaee5(8,)|2 (8) 
deh? 


where D*‘ is the rotation matrix? for a particle of spin 
S;, By is the angle between +,(M,) and +,(M,’), and 
2H.(.1H) is the strength of the sinusoidal magnetic 
field perpendicular to H and oscillating at angular 
frequency w. , 

In terms of the fields (see Fig. 1), 


H?— hee 
[he +4h te 


2 See, for example, M. E. Rose, Elementary Theory of Angular 
—" (John Wiley and Sons, Inc., New York, 1957), pp. 
62, 73. 


(9) 
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Fic. 1. (a) The magnetic fields at a nucleus for the two states 
of the electron. The symbols are defined in the text. (b) The 
corresponding unit vectors. 


where /,, is the component of h,; perpendicular to H. 
For | 2h,,H/(H?—h,2)| small, then 




















2hywH 
= |——_-| if &..:<dH, (10) 
H?—h.? 
and 
2hiwH 
aw—B,=|———| if h.i>H. (11) 
\H?— he? 
Then for 8; small, 
2h:,H |!M-™" 
Dy 5 «Bi M—¥ = Papel , (12) 
H?—h,;?| 
and for (r—8,) small, 
Qh \'Mee'l 
Dum’ = (x—B,)'!Mt¥ 1 = |— . (13) 
|H?—h,.* 





If 8; is small for a particular nucleus, then according 
to Eqs. (8), (10), and (12) the most prominent transi- 
tions are ones in which AM =0 for the nucleus. Transi- 
tions for which AM #0 will be reduced in intensity by 
a factor 67/4™!. According to Eq. (10), for 8; to be small 
it is necessary for h,; to be less than H; it is sufficient 
for 4,; to be small compared to H, but not necessary 
since 4;, may be small. This situation will be realized 
for nuclei sufficiently far from the electron. Similarly, if 
8; is near x for a particular nucleus, then according to 
Eqs. (8), (11), and (13) the most prominent transitions 
are ones in which M=—M’ where the corresponding 
directions of quantization are essentially +; and 
2;/=—+,. This would correspond to the usual AM,;=0 
transitions where the axis of quantization is fixed in 
space. Transitions for which M is not equal to —M’ 
will be reduced in intensity by a factor (r—§)?/”#+™"!, 
It is necessary now for /,; to be greater than H; it is 
sufficient for h,; to be large compared to H, but again 
not necessary, since 4;, may be small compared to H. 
This situation is often realized when the electron spends 
considerable time on the atom of the nucleus. If 8; is 
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not near zero nor 7, then the full expression for the D 
matrix must be used, and transitions involving any AM 
may occur with appreciable probability. 

The components of h,; [Eq. (6) ] are given by 


8r 
“<r i|?— M gb <(1-3 cos’ )) 


: (14) 
(— sind; cose’), 
r3 


where r;, 6;, ¢; are polar coordinates of the electron 
with respect to the ith nucleus with the applied field 
as the polar axis. Or, alternatively, 


hi=3M gb. 





8x 
h(t) =Meg8,|—I(t)l*et-20-(V0)6(0| ,(15) 
where 
” p(t.) 
¢(r)= cor Te, p(t.) = ly (re) |?. (16) 
€ a Ee 


In (16) the e indicates that a small spherical region 
surrounding r,=r is excluded in computing ¢(r) and 
its derivatives, and then the limit as e— 0 is taken. 
The problem in calculating h,; then involves that of 
calculating the electrostatic potential ¢ contributed by 
the unpaired electron. The first term in (15) is isotropic 
whereas the second term is anisotropic and depends 
upon the symmetric tensor, with zero trace, [VV@ ]r=r;. 

If the unpaired electron is concentrated on a single 
atom or if it is distributed over several atoms but with 
negligible probability of being found between them 
(overlap region), then p(r,.) may be written 


p(t) =D 5 ps(te—F5); (17) 


where p; is obtained from simple atomic orbitals 
centered at the jth site. This leads to simplifications 
in the calculation of h,; from Eq. (15). Of course p(r,) 
may be written in the form of Eq. (17) in any case, 
but only if there is negligible overlap are the p,’s 
expressible in terms of a few simple atomic orbitals. By 
using (17) and (16), @ at (or near) the site of the ith 
nucleus may be written 


V im(Gij,0:3) =” 
i 4 Fad 
o(r=2 z (21-+1)r,;"4! f ap 


x VY, o (8 05,be5)P; (8 05,be5,%ej)dQ.jA7 ej 





7i'VimOiidis) 6° 4m 
+p SO f 
l,m 21+1 ¢ Pee 


x Y;, if (cides) Pi(Oeiheis%e dQ. drei. ( 18) 
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Here (r;;,0;;,6:;) and (r4:,9:,64) are polar coordinates 
giving the location of the point described by r; with 
respect to nuclei j and i, respectively. Polar coordinates 
(rejPeibej) AN (1¢i,8ci,6e:) describe the atomic orbitals 
centered on the nuclei j and i. After the differentiations 
indicated by VV¢ are performed, 7;; is allowed to go to 
zero. 

As an example, the contribution of the jth atom to 
the potential at the ith nucleus under the assumption 
that the jth orbital is a hybridized S-P orbital is 


(as?)*+(ap)? 2 <a e 
-—(+» V— asap 
Vij v3 Vij 





$;(r)= 
xf Ss(rei) fe 105) oi( 4m 3?) dr 6; 


1 1 
+ x9 [lan 


Vij 


x | fr’ (105) 05° (Aare ;*) dre; 
0 


1 os 1 
wer f pi(Tej)d*re5— (--v.~) 
rizo Vij 


on 1 1 
x f pj(Tej)tp* Ped rest | evo | 
° 4 rs; 


x f pi(Pes)L3(4p- tej)? 105? ld*re3. (19) 
0 


The |a|*’s give the probability of the electron being in 
the S or P states of the jth atom, the /’s are the radial 
wave functions, and ¢p is the direction of the quenched 
P orbital. The dipole and quadrupole terms (absent for 
a pure S state) are of the order of (the atomic radius 
+7; j) to the first and second power, respectively, times 
the monopole term, and although they may be im- 
portant for nearby atoms, for simplicity of discussion 
we shall assume they may be ignored. With this 
assumption, the field at the ith nucleus is 


(7))2 3 ij* ta) ij 
h.;=M Be {=~ —( wm Po 1) 


Vij 











+.(as\)?(8x/3)[ fs‘ (0) ? 
+ (32p" - 2,2p—2,) (ap\)*(%) 


x J L fp‘ ° (rei) P(A /1 3°) (4arr.;*)dre; . (20) 


In the above equation, the contributions of S and P 
orbitals on the ith nucleus have been included. Usually 
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[ fs‘ (0) }* is so large (and often (1/r*) for P electrons 
is sufficiently large) that if (a“”)* is greater than a few 
percent, the contribution to h,; from atoms other than 
i is negligible and moreover h,,>>H. According to Eq. 
(11) r—; would be near zero. If in addition (as)? is 
appreciable compared to (ap‘”)*, then h,, will be small 
compared to A,;, which will cause a further reduction 
in the value of r—;. Therefore the spin of such a 
nucleus will not reorient when the electron does, and 
only the normal hyperfine spectrum will be seen. Those 
nuclei which do not share the electron (or which have 
it only a small portion of the time) will have an h,, not 
very large compared to typical laboratory fields (say, 
10 000 gauss), and. may have an appreciable value for 
Hhj,/(H?—h,). Such nuclei will contribute extra lines 
to the electron-spin resonance spectrum corresponding 
to changes in spin orientation of these neighboring 
nuclei during the electron transition. These lines are 
what are here referred to as the satellite lines, and if h,; 
is small compared to H they will be equally spaced 
about the usual hyperfine lines with a spacing gy6nH. 
Of course, if 8; or (r—8;) is not small, the M=M’ or 
the M=-—AM’ transitions are not favored, and the 
distinction between “main” and “satellite” lines loses 
significance. 


EXAMPLE OF ATOMIC HYDROGEN 
NEAR A PROTON 


The atomic hydrogen spectrum in low-temperature 
gamma-irradiated sulfuric acid (5 moles of water to 
one of acid quick-frozen to a glass), as described earlier," 
consists of the two atomic hydrogen hyperfine lines, 
each flanked by a pair of satellites spaced from the 
central line by nearly the proton magnetic-resonance 
energy. At the concentration of acid used,’ the atomic 
hydrogen hyperfine interaction is within 1% of the 
free-atom value. Moreover there are no additional lines 
centering at g,=2. These observations indicate that 
the electron is concentrated on a single proton. For 
atomic hydrogen near a neighboring proton, consider- 
ation must be given to the additional interaction of the 
electron with the atomic hydrogen nucleus. The energy 
of this interaction amounts to 1420 Mc/sec (or 505 
gauss for the electron transition), and is exceeded only 
by the strength of the interaction of the electron with 
the applied field (several thousand gauss). Calculations 
have been made that show that the error in ignoring 
the effect of the atomic hydrogen hyperfine interaction 
on the satellite transition rate is negligible for strong 
fields, say in excess of 8000 gauss, while with fields of 
about 3000 gauss errors of about 10% in the transition 
rates (or 1.7% in distance) would be incurred. The 
treatment given here is for measurements made at 7982 
gauss and will ignore the hyperfine interaction. 

If Eq. (20) is specialized to the case of the unpaired 


’ Livingston, Zeldes, and Taylor, Discussions Faraday Soc. 19, 
166 (1955). 
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electron concentrated on a single atom, then 


1 3( 45-2) 8, 
ha Mg.—|— x] (21) 
r? r? 
or 
1 
h.@= M .*g.8.—[ (1 — 3 cos*6;)?+9 cos’6, sin’6; |, 
‘, 
1 
his =M gbe—(3 cos6; sind ;), (22) 


vi 
1 

hin =M gb.—(3 cos’6 ;— 1), 
‘; 


where r; is the vector distance between the ith nucleus 
and the nucleus of the atom containing the unpaired 
electron, and 6; is the angle between this vector and H. 
Experimental observations in strong applied fields show 
the satellites to be relatively weak and narrow compared 
to their spacing and hence h,,/H is small. Since the 
only magnetic nuclei in the system are protons, the 
appropriate rotation matrix is 


1/2). (cos(8/2) —sin(8/2) 
= (ee cos(8/2) ) 


Since h,; is small, the satellites will be spaced [Eq. (7) ] 
at +gvH from a central (unresolved) line at g.6.H. 
Now from Eqs. (8), (10), (22), and (23), 


T, 9 __ 6 
—me- S - sin’6; cos’6;, 
27, 8 i Hs 


(23) 


(24) 





where the ratio of intensity of either satellite line, 71, 
to that of the two superimposed central lines, 27>, is 
given. For a large number of randomly oriented systems, 
such as would be found on measurements of poly- 
crystalline or glassy materials, (24) gives 


T, 3 geBe 
ry . 
i H's 


2T, 20 
Here the average indicated by the angular brackets ( ) 
provides for the possibility that different hydrogen 
atoms have different environments. 
The experimentally measured ratio 7/27 was 0.030 
with an applied magnetic field of 7982 gauss. With a 
defined effective single-proton distance given by 


the calculated value is rer==1.73 A. This value is 
slightly smaller than the preliminary value of 1.80 A 
reported! earlier. If each hydrogen atom had m nearby 
protons at the same distance, this distance would_be 


(25) 





(26) 
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n'!®y.¢¢. It is likely, however, that in the glassy materials 
used the nearby proton environments of all the hy- 
drogen atoms were not the same. Hence an interpreta- 
tion of ref: in terms of actual distances would depend 
upon the assumed nature of the distribution. It should 
be noted that the satellite intensity, being proportional 
to 1/r®, is relatively insensitive to all but the nearest 
protons. If observations were made with a spectrometer 
of sufficient sensitivity, a second set of satellites (1/r'? 
intensity dependence) could be observed corresponding 
to two neighboring protons concurrently changing 
state. Such observations would give additional infor- 
mation on the nature of this proton distribution. 
Satellite lines have been seen in systems other than 
those containing atomic hydrogen. In gamma-irradiated 
materials at low temperatures, the paramagnetic- 
resonance lines are often sufficiently sharp that the 
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satellites from environmental protons are completely 
resolved at 8000 gauss, but they are often weak com- 
pared to the central line. At 3000 gauss they are much 
stronger because of the 1/H? dependence, but are often 
not clearly resolved. For the cases discussed here an 
intermediate field would be optimum. The transition 
probabilities can be appreciable for distances out to, 
say, 3 A. The satellite intensity does not depend upon 
the magnetic moment of the neighbor nucleus, but if 
the moment is small the satellites may not be resolved. 
They will however contribute to the width of the main 
absorption line. Van Vleck‘ purposely discarded terms 
giving rise to satellites in his second-moment develop- 
ment, and accordingly, if a moment analysis of a para- 
magnetic-resonance line is made, care should be taken 
to exclude the effect of satellite lines. 


"44. H. Van Vieck, Phys. Rev. 74, 1168 (1948). 
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The magnetic susceptibility of a sintered sample of aMnS was measured from 90°K to 550°K by an 
absolute Gouy method. The extrapolated susceptibility at 0°K was approximately equal to 7/10 the maxi- 
mum susceptibility at the Néel point (154°K). It was not possible to fit the data above the Néel point 
with a unique set of Weiss-Curie constants, probably due to the persistence of short-range ordering effects 
above the Néel temperature. Upon using the recent Wojtowicz application of the Ising-Bethe theory, 
a unique set of constants, Bs /k=—100.5°K and Cy=3.57, fitted the data satisfactorily between 175°K 
and 550°K. A diamagnetic correction of 58 10~* per mole was applied to the data before calculating the 
above values. Above the Néel point the susceptibility of the sintered specimen was less than the suscepti- i 
bility of a powder sample by a factor which was too large to be explained in terms of the standard correction : 
for powders or by differences in geometry. Multiple maxima in the susceptibility which were outside the 
range of experimental error were noted at 144°K, 151°K, 157°K, and 167°K. When considered in conjunction 
with the specific heat anomalies previously detected at 139°K and 147°K, it is suggested that a change 
in either spin ordering or crystal structure occurs in this temperature region and is responsible for the 
irregular susceptibility behavior. 


INTRODUCTION 


HE magnetic susceptibility of aMnS powder has 
previously been reported by the authors.' These 
data showed a Néel temperature of 154°K and a rather 
broad plateau of susceptibility between 154°K and 
170°K, and indicated that a single set of Weiss-Curie 
constants would not fit the curve up to 800°K. It was 
felt that there might be some interest in a study of the 
sintered type of sample with the same composition 
and structure. 


+ Assisted by a Frederick Gardner Cottrell grant from the 
Research Corporation. 
1 J. J. Banewicz and R. Lindsay, Phys. Rev. 104, 318 (1956). 


EXPERIMENTAL 


The aMnS powder! was prepared for sintering by 
being mixed with distilled water and then extruded as 
a paste into a long cylindrical rod. After initial drying 
at 100°C, the rod was sintered in a vacuum of about 
10~ mm for two hours at 1150°C. The result was a 
hard green-grey specimen with a slight metallic luster. 
Chemical analysis indicated the final composition to be 
better than 99% MnS. X-ray analysis showed the 
structure to be NaCl type with a lattice constant of 
5.20 A, the same as the powder sample. The sample 
had an average diameter of 0.41 cm and a length of 
10.0 cm. Its measured density was 2.6 g/cm’ which is 
65% of the crystalline density of 3.99 g/cm*. The 
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density of the original powder in reference 1 was ~1.2 
g/cm*. Magnetic susceptibility measurements were 
made by a Gouy method over a temperature range 
from 90°K to 550°K with the apparatus previously 
described.! 


RESULTS 


Figure 1 shows the gross appearance of the data 
taken over the whole temperature range. The data 
obtained earlier on the powder sample are also shown 
for comparison. The genera! patterns are similar except 
that the sintered susceptibility is about 5% lower in 
magnitude at temperatures above the Néel point and 
becomes more than 10% lower at 90°K. Because of 
small irregularities in the geometry of the sintered 
sample, the comparison of absolute values is probably 
uncertain by about 1%. The values of Xw and 1/Xy, 
where Xz is the molar susceptibility, are tabulated in 
Table I. Xs includes a diamagnetic correction of 58 
X10~* per mole.' The position of the Néel point is the 
same as for the powder sample, i.e., 154°K. 
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Fic. 1. The magnetic susceptibility of aMnS, power and sintered. 
The points were taken at H = 1080, 1545, and 1980 oe. 


Figure 2 shows some typical data when the behavior 
in the immediate vicinity of the Néel temperature is 
studied in detail. Examining first the dashed line which 
represents the cooling curve, we see that the main peak 
now appears to be split into four peaks, something 
which was not readily discernible in the same temper- 
ature region for the powdered sample. The estimated 
precision of relative measurement in this region is 
+0.25% or about +0.10 susceptibility units. We feel 
that these maxima are representative of the sintered 
sample and not the result of uncertainties in measure- 
ment. The solid curve is the warming curve taken after 
the sample had been kept at 90°K for about four hours 
following its initial cooling. There is evidence of thermal 
hysteresis here, since the third and fourth peaks occur 
at about the same temperatures as on the cooling curve, 
but are slightly higher in magnitude. This was the only 
warming run on which such hysteresis was observed. 

Figure 3 shows a composite curve with points based 
on the average of three cooling runs and one warming 
run (not the warming run in Fig. 2). The mean deviation 


Taste I. Values of x (molar susceptibility) and 1/xm as 
functions of absolute temperature. A diamagnetic correction of 
58X 10~* per mole has been applied to Xa. 











T°K Xa X10 1/Xu T°K Xu X10 1/Xu 
175 6189 161.6 248 5728 174.6 
180 6156 162.4 254 5686 175.9 
185 6131 163.1 290 5502 181.7 
191 6078 164.5 300 5401 185.2 
194 6032 165.8 368 4973 201.0 
204 5994 166.8 381 4922 203.2 
210 5966 167.6 406 4805 209.7 
214 5936 168.5 442 4577 218.5 
218 5901 169.5 467 4463 225.0 
232 5829 171.6 476 4401 227.3 
237 5795 172.6 520 4201 238.0 
241 5763 173.5 551 4093 244.3 








in the data for each plotted point is +0.17 unit. The 
maxima, although smoothed out by the averaging, 
still appear distinctive. It is also noted that the peak 
at 157°K is split. This leads us to suspect that there 
may actually be more than four peaks, some perhaps 
occurring very close together. 

Table II gives a best estimate of the positions and 
magnitudes of the four peaks based on the available 
data. 


DISCUSSION 


The observed fact that the susceptibility of the 
sintered sample becomes increasingly lower below the 
Néel temperature than the corresponding value for the 
powdered sample is possibly subject to interpretation 
in the light of a suggestion made by Bizette and Tsai.” 
The susceptibility of a rigid antiferromagnetic structure 
below the Néel temperature should be lower than that 
of a finely powdered form at the same field strength 
because there can be no twisting of microcrystalline 
grains so that their axes of magnetization are aligned 
in the preferred planes perpendicular to the external 
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Fic. 2. The magnetic susceptibility of sintered aMnS on a cooling 
and warming cycle in the Néel region. H = 1980 oe. 


?H. Bizette and B. Tsai, Compt. rend. 238, 1575 (1954). 
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Fic. 3. The magnetic susceptibility based on the average of 
points taken on three cooling runs and one warming run in the 
Néel region. H = 1080, 1545, and 1980 oe. 


field. In the powdered form, where such twisting may 
be mechanically feasible, the contribution from X, will 
become greater than that to be expected on the as- 
sumption of a random distribution of antiferromagnetic 
axes, thus leading to an over-all increase in the average 
value of x. If a random distribution does prevail, the 
average susceptibility is given by: x=$Xi,+3%X., and 
at O°K x should approach 3Xm.x as the contribution 
from X,, vanishes. When the susceptibility curve for 
the sintered sample in Fig. 1 is roughly extrapolated 
to 0°K, a value of about 0.71X,,,x is obtained. Hence 
these data seem to be consistent qualitatively with the 
implications of the above suggestions. 

An attempt was made to fit the data in Table I to 
the Weiss-Curie law Xy=Cy/(T+6), but it was 
impossible to determine a unique set of constants over 
the entire temperature range. As in our previous work 
on the powder, we feel this implies the persistence of 
short-range ordering effects to temperatures well above 
the Néel point. On the basis of a study of high-temper- 
ature power series, Danielian and Stevens* have con- 
cluded that it is necessary to use experimental data 
obtained at temperatures at least ten times the Néel 
temperature to calculate a proper 6 by the extrapolation 
method (1/X vs T). Very recently, Wojtowicz‘ has 
applied the Ising-Bethe theory to derive an expression 
in closed form for the susceptibility above the Néel 
point, and has shown that it is possible to fit the data 
of reference 1 with a single set of constants up to 800°K. 


TABLE II. Positions of susceptibility maxima. 











Peak T°K x X10* (per gram) 
1 144+1 70.28+0.20 
2 151+1 71.22+0.20 
3 157+2* 71.37+0.08 
4 16742 71.17+0.05 








* Possibly split. 


3 A. Danielian and K. W. H. Stevens, Proc. Phys. Soc. (London) 
B70, 326 (1957). 
4P. J. Wojtowicz, Phys. Rev. 107, 429 (1957). 
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His formulation does take into account short-range 
order, and at very high temperatures his expression 
reduces to the Weiss-Curie law. His equation has the 


form 
Cu n -J ee 
Xyw=—j1——| 1—exp —~) . (1) 
T 2 kt 


where Cy is the molar Curie constant, T is the absolute 
temperature, & is Boltzmann’s constant, m is the 
number of interacting neighbors with a given central 
ion, and J=45*J. S is the spin per magnetic ion and 
J the exchange energy of interaction between neigh- 
boring ions. From the data for the sintered sample and 
with n=6, values of the constants J/k and Cy in Eq. 
(1) were calculated. A value of @ can be calculated from 
the limiting high-temperature relation, 6= —nJ/2k, 
as noted in reference 4. These values and their com- 
parison with results on the powdered sample are shown 
in Table III. The values of J/k and Cy reproduce the 
data with a root-mean-square deviation of 0.6% and 
maximum deviation of 1.2%. Therefore the Wojtowicz 
application of the Ising-Bethe theory is capable of 


TABLE IIT. Ising-Bethe constants. 





Sintered 








Powdered* 
T/k(°K) —97.0 —100.5 
Cu 3.645 3.57 
6(°K) 291 300 
170-829 165-550 


Temperature range 
(°K) 








* As calculated in reference 4. 


reproducing the sintered data equally as well as the 
powdered data. 

The results of Table III indicate close agreement 
between the constants for the powdered and sintered 
data. Hence, even though the sintered particle aggre- 
gation possesses a bulk susceptibility different from the 
powdered aggregation, the Wojtowicz constants do not 
appear to be significantly affected by this difference. 
One would expect that the constants Cy and J/k 
should reflect intrinsic properties of the compound and 
not be sensitive to differences in type of bulk aggre- 
gation. It is to be noted in Fig. 1 that at higher temper- 
atures the powder and sintered data show signs of 
converging. It is also of interest to note that the values 
of Cy obtained by the above procedure are considerably 
lower than the theoretical value of 4.379 which an 
Mn?** ion with a spin of § and g=2 should possess. 

The difference between the x values for the powder 
and sintered samples poses the question whether the 
actual average magnetization itself is a function of the 
particle size or whether the accurate determination of 
this magnetization is affected by the particle size. 
Corrections to the powder data based on the filling 
factor and demagnetizing factor of the container® 


5B. Bleaney and R. A. Hull, Proc. Roy. Soc. (London) A178, 
86 (1941). 
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proved negligible. The data of Richardson and Milligan® 
on NiO indicate that the susceptibility values of an 
antiferromagnet at and below the Néel temperature 
can be affected by particle size, and they suggest that 
the magnetic environment is altered in terms of average 
number of next nearest neighbors as the particle size is 
changed. It is conceivable that such effects persist 
above the Néel temperature as long as some degree of 
short-range ordering exists. 

We do make the somewhat qualified suggestion that 
the experimental absolute susceptibility associated with 
the sintered sample is more nearly representative of 
polycrystalline aMnS above the Néel point than the 
corresponding powder data. This statement is based on 
the intuitive assumption that the sintered sample is 
probably characterized by a greater homogeneity and 
continuity of its magnetic environment and the ob- 
served fact that its density is closer to that of the 
single crystal than is the powder specimen. 

The apparent presence of multiple maxima in the 
Néel region is an unorthodox feature of these data. 
The specific heat data by Anderson’ indicated two 
anomalies in this same region, one at 139°K and the 
other at 147°K. These are quite close to the two lowest 
maxima observed in this investigation and have about 
the same separation. One possibility which suggests 
itself is that perhaps MnS is really characterized by 
two states of antiferromagnetic spin orientation, some- 
what similar to the situation which has been established 
as existing in aFe,O;.* Neutron diffraction studies on 
aMnS at 4°K® indicate that the spins are aligned 
alternately parallel and antiparallel in the (111) planes, 
with the moments in a given plane being ferromagneti- 
cally aligned in what is called ordering of the second 
kind. It is suggested that on heating, somewhere around 
140°K at least a portion of the substance undergoes a 





* J. T. Richardson and W. O. Milligan, Phys. Rev. 102, 1289 
(1956). 

7C. T. Anderson, J. Am. Chem. Soc. 53, 476 (1931). (His 
sample apparently consisted of particles of varying sizes with 
individual densities of 3.93 g/cm*.) 

§ Shull, Strauser, and Wollen, Phys. Rev. 83, 333 (1951). 

§ Corliss, Elliott, and Hastings, Phys. Rev. 104, 924 (1956). 
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change in spin orientation. This might then be expected 
to show up as an anomaly on the specific heat curve. 
The eventual breakdown of the antiferromagnetic 
coupling of this new state would then show up on the 
specific heat curve as a second anomaly. The fluctu- 
ations in the susceptibility at higher temperatures 
might then appear as a result of fluctuations in the 
short-range ordering of the two states. Another possi- 
bility which cannot be ruled out is that of an actual 
crystal structure change in this region. The cubic 8 
and hexagonal 8 forms of “{nS both have suscepti- 
bilities considerably lower than that of the a type.® 
Rooksby and Tombs” in their x-ray diffraction studies 
noted no change from the normal a structure at 200°K, 
although rhombohedral deformation was noted at 
90°K. These hypotheses with regard to the existence 
of more than one spin state or crystalline form are 
capable of experimental check. 

The multiple maxima effects described place aMnS 
in the category of antiferromagnetic substances which 
display some degree of irregular behavior in the vicinity 
of the Néel point. These include MnTe," which as a 
broad uneven transition region as well as some thermal 
hysteresis; MnCl," which has a double peak on its 
specific heat curve; UI;," which has a double peak on 
its susceptibility curve; and MnSe," which shows a 
pronounced thermal hysteresis. 


ACKNOWLEDGMENTS 


We would like to express our appreciation at this 
time to Southern Methodist University and the Re- 
search Corporation for their generous financial support 
of this study. We also thank Mr. Dan Aoki for his 
conscientious assistance with the chemical analyses 
and magnetic measurements. 





”H. P. Rooksby and N. C. Tombs, Nature 167, 364 (1951). 

" Uchida, Kondoh, and Fukuoka, J. Phys. Soc. Japan 11, 27 
(1956). 

R. B. Murray and L. D. Roberts, Phys. Rev. 100, 1067 
(1955). 

43. D. Roberts and R. B. Murray, Phys. Rev. 100, 650 (1955). 

™R. Lindsay, Phys. Rev. 84, 569 (1951). 




















PHYSICAL REVIEW 


VOLUME i110, 


NUMBER 3 MAY 1, 1958 


Neutron Diffraction Study of the Magnetic Properties of MnBr.} 


E. 0. Wotan, W. C. Koruier, AND M. K. WILKINSON 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 


(Received January 6, 1958) 


The antiferromagnetic structure of MnBrz (T7w=2.16°K) has been determined by single-crystal neutron 
diffraction measurements at temperatures down to 1.35°K and with magnetic fields (0-13 kilo-oersteds) 
applied to the sample. The antiferromagnetic structure appeared to have hexagonal symmetry in the 
absence of a magnetic field but this was found to be associated with a structure domain-growth property. 
The true magnetic structure was found to be associated with one or another of three hexagonal axes, the 
particular growth direction being determined by the direction of an applied magnetic field. Information 
relating to indirect magnetic exchange via the bromine ions in this crystal was obtained from a study of 
the domain growth properties. The antiferromagnetic ordering transition in this compound was found to 
be nearly first order rather than of the usual second order type. A small lowering (~2%) of Tw was observed 
for an applied field of 13.1 kilo-oersteds. Short-range order data were obtained from powder patterns. 





I. INTRODUCTION 


ANGANOUS bromide crystallizes in the Cdl, 

layer-type hexagonal structure with one molecule 

per unit cell with the Mn** ion at (000) and the two 

Br- ions in + ($3) with w=0.25 and with ap=3.868 A 
and co= 6.272 A. 

Measurements by Stout! have shown this compound 
to have a very pronounced specific heat anomaly at 
about 2.16°K, indicating a magnetic transition at 
this temperature. 

Neutron diffraction measurements by the powder 
method were carried out about two years ago on this 
and a number of other layer-type compounds of the 
iron group which were shown to have layer-type anti- 
ferromagnetic structures with the moments aligned 
ferromagnetically within each hexagonal layer and with 
the spins in alternate layers oppositely aligned.? The 
powder pattern of MnBry was also consistent with this 
interpretation. In particular the most prominent 
magnetic reflection at 26~5° was indexable as (00/) 
type. There was observed, however, in MnBrz short- 
range order above the Néel temperature suggestive of 
antiferromatnetic ordering in the hexagonal layers, 
whereas in the other bromides and chlorides (except 
MnCl.) studied, this short-range order had a ferro- 
magnetic character consistent with ferromagnetic order- 
ing within the layers. On the basis of these differences and 
the possibility that other index assignments could be 
made to the close-in magnetic reflection, it was decided 
to make a single-crystal neutron diffraction study of this 
compound. The magnetic structure has now been found 
to be of a more complicated type than first proposed. 


2. NEUTRON SPECTROMETER EQUIPMENT 
AND CRYSTAL PREPARATION 


The neutron spectrometer with associated magnet 
and cryostat has been described previously.*? Two 


+ Presented at the Pittsburgh Diffraction Conference, Novem- 
ber 6-8, 1957. 

1 J. W. Stout [private communication (see reference 2) ]. 

2See Solid State Physics, edited by F. Seitz and D. Turnbull 
(Academic Press Inc., New York, 1956), Vol. 2, p. 190. 

3 E. O. Wollan and W. C. Koehler, Phys. Rev. 100, 545 (1955). 


modifications have, however, now been made which 
are important for this investigation. 

The first involved replacing the previously described 
magnet by one of more efficient design in which high 
current oil-cooled coils are used with their axes along 
the center line of the magnet poles shown in Fig. 1. 
With this magnet, fields up to 17 kilo-oersteds for a 
§-in. gap can be applied to the sample. 

The second involved the development of a single- 
crystal goniometer device to operate at pumped helium 
temperatures. The constructional details of the cryostat 
with single-crystal goniometer are shown in Fig. 1. 
The crystal goniometer is inserted into the cryostat 
through the thin-wall central tube of the He container, 
and it ends up in a thin-wall Al end piece at the bottom 
of the cryostat. This end piece is sealed to the brass 
body of the He container by a pressure fit over a narrow 
annular contact area between the shoulder of the Al 
end piece and a 45° beveled surface at the bottom of 
the brass container. This pressure seal has been found 
very satisfactory for containing liquid He even below 
the A point. The goniometer mechanism which holds 
the crystal is located in the Al container at the bottom 
of the inner cryostat and the liquid He surrounds the 
goniometer mechanism and the crystal. The gear 
wheel to which the crystal is attached can be 
rotated about a horizontal axis by another gear which 
is directly attached by a thin-wall tube to the knob 
at the top of the cryostat. One turn of this knob 
rotates the crystal 60°. The whole bottom assembly can 
be rotated about a vertical axis, the torque in this case 
being transmitted through the larger thin-wall tube 
which attaches at the top to a scale with a worm-gear 
drive. The shafts for transmitting the motions pass 
through O-ring seals at the top of the cryostat. By 
pumping on liquid He in this cryostat the lowest 
working temperature was about 1.35°K. Under these 
conditions a charge of He (1.8 liters) lasted about 15 
hours. 

The cryostat and magnet are mounted on the crystal 
table of the spectrometer which allows the magnetic 
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field to be placed along the scattering vector or at an 
angle with this vector in the scattering plane for a 
given crystal orientation. The usual BF; counter was 
used to count the scattered neutrons. 

The MnBry crystal used in this investigation was 
grown by slowly moving the material contained in a 
sealed quartz crucible through the heated region of a 
specially constructed furnace.‘ Several attempts were 
made before a satisfactory crystal was obtained. The 
best results seem to be obtained for crystals of this 
type if the inner walls of the crucible are coated with 
aquadag. 

Since this material forms very soft crystals, care 
must be taken in the process of cutting them to the 
proper size. To this end, a thin circular aluminum 
template of the desired size (;'s-in. diam) was glued 
to a smooth cleavage plane of a rather large piece of the 
boule. A fine jeweler’s saw was then used to cut a 
cylinder of the diameter of the template. The desired 
thickness was then achieved by cleaving thin layers 
from the back of this cylinder. The Al template was 
left in place and the cylinder was fitted into a thin-wall 
internally threaded (No. 80) cylindrical Al box into 
which was screwed a thin Al cover plate to ‘iold the 
crystal firmly in place. This box, which was made with 
a small stud in its back, was firmly screwed in place in 
the center of the gear plate of the goniometer. 

The crystal was thus mounted with the c axis 
horizontal and parallel to the axis of rotation of the 
gear. Any (iki) plane can be brought into a vertical 
position by rotation about the horizontal axis. For 
convenience the orientations about this axis will be 
referred to as the angle 8. After a given plane has been 
brought into the vertical position, it can be turned to 
the proper reflecting angle relative to the incident beam 
by rotation about the vertical axis within the cryostat. 
This orientation will be referred to as the angle a, 
the angle @ being reserved for the readings of the 
spectrometer table which orients the magnet and 
cryostat as a whole. 


3. ANTIFERROMAGNETIC STRUCTURE 


As was previously mentioned, the earlier powder 
data on MnBry were first interpreted.in terms of an 
antiferromagnetic sheet structure with the moments 
aligned ferromagnetically within each hexagonal layer 
and with oppositely directed spins in alternate layers, 
in which case the first strong magnetic reflection would 
be the (001) of a cell doubled along the ¢ axis. 

From the single-crystal measurements it was, 
however, quickly ascertained that this first magnetic 
reflection was not of the (00/) type and later this was 
identified as an (h0/)-type reflection. Several other 
antiferromagnetic reflections of this type with different 
spacings were also observed and these were all found 

4 The single crystal of MnBr2 was grown for us by J. J. Man- 


ning, Division of Applied Nuclear Physics, Oak Ridge National 
Laboratory. 
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Fic. 1. Cryostat, single-crystal goniometer, and 
magnet pole pieces. 


to have 120° symmetry about the c axis of the crystal. 
A concerted effort was then made to devise an anti- 
ferromagnetic array of moments which would account 
for the spacing and symmetry of the observed reflec- 
tions. This met with no success, and it was not until 
effects on the reflected intensities of magnetic fields 
applied to the sample were investigated that the 
character of the antiferromagnetic structure became 
understandable. 

It was observed that, if a magnetic field of about 
1000 oersteds or greater was applied along the scattering 
vector of a given (H0/)-type reflection, the intensity of 
that reflection increased by about a factor of three and, 
if this field was then turned off, most of this increase 
of intensity remained frozen in. It was also observed 
that, after the intensity had been frozen in for a 
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Fic. 2. The upper part of this figure shows the projection of 
the magnetic cell on a plane perpendicular to a [100] hexagonal 
direction. The lower part shows the hexagonal layers for the six 
possible directions of domain growth. The bolder regions represent 
the actual domain-growth directions. Two layers of bromine 
ions above the plane of metal atoms are shown by the open and 
shaded circles. The upper right-hand corner shows the actual 
spin assignments. Other features are discussed in the text. 


particular (H0/) reflection, all other (40/)-type reflections 
for a given value of the angle setting 8 of the goniometer, 
e.g., B=35°, possessed about the same permanent 
increase in intensity, a factor of about three, over their 
original no-applied-field values. It was then further 
observed that the other sets of (40/)-type reflections at 
120° intervals (8= 155° and B= 275°) around the c axis 
were essentially extinguished. It thus became evident 
that the antiferromagnetic structure did not possess 
threefold symmetry about the c axis of the crystal 
but only a onefold axis, which in the absence of an 
applied magnetic field could grow with equal probability 
along any one of three hexagonal directions. There is 
thus indicated a type of antiferromagnetic domain 
growth in this compound, the nature of which is 
different from that normally associated with this 
term in that it involves not only the orientation of 
spins within the structure but the direction of growth 
of the antiferromagnetic structure as well. The domain 
properties of this system and their behavior under 
applied magnetic fields will be discussed in more 
detail in the following section. For the purposes of 
determining the antiferromagnetic structure, it was 
necessary to determine the structure of a single domain. 
The fact that in this compound the crystal could be 
permanently prepared below Ty as a single antiferro- 


KOEHLER, 


AND WILKINSON 


magnetic domain was a simplifying factor in the 
determination of the magnetic structure. 

In determining the indices of the crystal reflections, 
the powder data were used to ascertain the counter 
setting (26) for a given reflection in those cases where 
resolved magnetic peaks had been observed. When 
the crystal was so adjusted as to bring intensity into the 
counter at a given 26, the counter was scanned over the 
peak to obtain the optimum 26 value for the reflection. 
This gives a check on the spacing value for the reflection. 

From the spacing values and the crystal orientation 
of the most intense reflections, which were determined 
to be of the (#0/) type, it was possible to obtain the 
projection of the unit cell on a plane perpendicular to 
an [400] direction. 

The orientation of some of the observed (A0/)-type 
reflecting planes are shown in the upper part of Fig. 2.° 
At this stage of the magnetic structure determination 
there was no information available on the orientation 
of the spins of the various manganese atoms relative 
to the crystal axes, and it was necessary to make 
deductions on the basis of phase relationships only. 
Since the smallest-angle reflection which was observed 
indexed as (101) on a hexagonal cell 4X4X4 times 
larger than the chemical cell, it was logical to assume 
that these planes passed through atoms of like spin 
orientation. The spins (or phases) of these atoms were 
thus labeled A, and correspondingly it was assumed 
that the intervening atomic layers were also of like 
spin and these were labeled B, C, and D. It should be 
noted that this figure represents the projection of 
atoms on the plane, atoms B and D being in a different 
plane than atoms A and C. From the characteristics 
of the cell represented by this figure, it became 
possible to predict the presence or absence of certain 
(hOl) types of reflections. It is interesting to note from 
the figure that planes of index (101), (103), (105), 
etc. are of a different type than those of index (101), 
(103), (105), etc. since the former pass through A- 
and C-type atoms. As will be seen, reflections are 
observed only for planes of the latter type. This fact 
has significance not only for the antiferromagnetic 
structure of a single domain but also for the domain 
properties associated with the structure. It is also to 
be noted that all (40/) planes for which reflections are 
observed have the same structure factor since, as can 
be seen from the figure, they correspond to spacings 
which always have the spin sequence A BCDA. 

Having thus determined certain properties of the 
magnetic cell from reflections of the (A0l) type, it is 
necessary to show the other cell dimension from the 
more general (hkl) type of reflections. The results up 
to this point are suggestive of a cell having a spin 
arrangement in the hexagonal layers corresponding 
to that shown in, for example, the upper right-hand 


5 Figure 2 was drawn such that the first reflection indexes as 
(101). Since it could equally well be made a (101) reflection, 
no distinction will be made except where it is specifically required. 





MAGNETIC PROPERTIES OF MnBr; 


section of the lower part of Fig. 2. If this is the proper 
spin phase arrangement, the antiferromagnetic structure 
is obviously not hexagonal. It can be conveniently 
represented by an orthorhombic cell for which the a 
and b axes are outlined in Fig. 2 in the hexagonal layers. 
Although we have chosen an orthorhombic cell, the 
antiferromagnetic structure is of lower symmetry. 

The reflections (indexed on the basis of the ortho- 
rhombic cell) for which intensities were observed are 
listed in the first column of Table I, and these reflections 
agree in angle of orientation and spacing value with the 
orthorhombic cell which was referred to in connection 
with Fig. 2 and for which a half of the cell is represented 
by the atoms outlined by dashed lines in Fig. 3. 
It should be noted that the magnetic cell determination 
depends also on the fact that no intensity was observed 
for reflections of the (101), etc. type. Note also that 
the orthorhombic indices are the same as for hexagonal 
indexing in the case of (0/)-type reflections. 

The second step in obtaining the actual antiferro- 
magnetic structure involves a determination of the 
orientation of the spins relative to the axes of the crystal. 
This can be obtained on the one hand from a determina- 
tion of the relative intensities of the various reflections, 
which are dependent on the values of g’=1—(e-S)? 
where e is the unit scattering vector and § is a unit 
vector parallel to the atomic spin vector, the assumption 
being made in this representation that all spins are 
parallel or antiparallel to a single direction in the crystal. 
To make significant relative intensity measurements on 
the magnetic reflections, it was first required that a 
check be made of the importance of absorption and 
extinction in the crystal. To do this, several nuclear 
reflections were studied and it was found that, for 
MnBr, crystals of the size used, neither absorption 
nor extinction has a significant effect on the observed 
relative intensities. The intensities of the magnetic 
reflections, as determined without any correction for 
these effects, are tabulated in Column 5 of Table I. 


TABLE I. Magnetic structure data.* 


Ortho- - 








rhombic Fovs? Feaic? 
hkl 26 ¢ ed (barns) (barns) 
101 ane Gi? Se 1 0.56 0.61 
103 ad” ie) de 1 0.54 0.56 
105 13°8° 20° 30’ 1 0.44 0.50 
16 a ot eee 1 0.35 0.39 
56k) ' 4S 79° 54’ 1 0.49 0.47 
303 | 1° a | Gs?’ 1 0.41 0.42 
RO:8 « ACA AIS 1 0.39 0.36 
3O7>\: 92°? SMe 19" 1 0.35 0.30 
ist wee er 0.07 0.028 0.039 
Li... ae, eo 0.31 0.092 0.085 
1.4.5.. 20°... $8° 26 0.35 0.110 0.126 
se? ere 46° 4’ 0.45 0.130 0.169 
52 oy as oe 0.134 0.134 








* Here ¢ is the angle between the normal to the plane and the c axis. 
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Fic. 3. Upper part of,figure shows half of the orthorhombic 
antiferromagnetic cell. The radial lines indicate antiferromagnetic 
coupling along lines of bromine ions, as shown in the lower part 
of figure. 


At the moment these values are to be considered on a 
relative basis only. These relative intensities are in 
good accord with corresponding values (Column 6, 
Table I) calculated on the basis of the spins being 
parallel to the short axis (0 axis) of the orthorhombic 
cell, the 6 axis being parallel to an [400] direction in 
the hexagonal layers. This point is further verified 
(see next section) by magnetic field measurements 
made on the crystal prepared as a single antiferro- 
magnetic structure domain. 

The third step in determining the antiferromagnetic 
structure involves the identification of the spin orienta- 
tion sequence associated with the letters ABCDA 
which up to now have been used to identify the 
various spins in the cell. To do this, it was necessary to 
make absolute intensity measurements of the magnetic 
reflections. This was done by determining these 
intensities relative to those of a number of nuclear 
reflections for which the absolute scattering power could 
be directly deduced from the known coherent neutron 
scattering cross sections of manganese and bromine. 
This requires, however, that the parameters of the 
bromine-ion positions in the crystal be accurately 
known. A check of several nuclear reflections involving 
different bromine-ion contributions gave good con- 
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sistency on the basis of the listed bromine parameter 
u=0.25. These measurements thus gave the instru- 
mental constants from which the intensities of the 
magnetic reflection could be determined on an absolute 
basis. The absorption correction, being small and having 
been shown to be rather insensitive to crystal orienta- 
tion, drops out in a comparison of nuclear and magnetic 
reflections in the same sample. There is, however, an 
additional factor involved in the absolute intensity 
determination ; namely, the degree of saturation of the 
spin system. It is to be expected in the first place that 
the Mn** ion will have a magnetic moment associated 
with a spin only value of $. The low Néel temperature 
in this compound, however, makes it impossible to 
attain saturation of the spin system at the lowest 
temperature (1.35°K) reached in this experiment. A 
reasonable estimate, however, based on the temperature 
saturation curve of Fig. 7, would suggest that one is 
within about 20% of saturation at 1.35°K, and also 
the frozen-in field saturation of a single domain was 
was found to be incomplete to ~10%. To within a 
reasonable limit of accuracy, then, the intensity 
saturation can be expected to be about 30% higher 
than the measured values. The intensities of the various 
reflections listed in Column 5 of Table I are the meas- 
ured absolute values at 1.35°K without correction for 
lack of temperature saturation. These intensities can 
then be compared with the calculated values listed in 
the last column of Table I, which have been reduced by 
30% to take account of incomplete saturation. These 
calculations are based on the spin assignment shown in 
the upper right-hand corner of Fig. 2, in which the 
spins A BCDA in each hexagonal layer have been taken 
in the sequence f4JJ¢ with the spin direction parallel 
and antiparallel to the short b axis of the orthorhombic 
antiferromagnetic cell. Half of the cell for this structure 
is shown in Fig. 3. It is evident that a smaller cell 
could be used to describe this structure, but indexing 
on the basis of the orthorhombic cell is somewhat 
simpler. 


4. DOMAIN STRUCTURE 


When the MnBr, crystal is lowered in temperature 
below the Néel point (2.16°K) in the absence of a 
magnetic field, it develops a threefold symmetry in its 
magnetic structure which, as has been inferred in the 
previous section, is associated with the formation of 
antiferromagnetic structure domains. These domains 
have been found to grow with equal probability along 
three of the hexagonal axes of the crystal. Most of the 
properties of these domains can be studied by the 
application of a magnetic field along the scattering 
vector of an (h0l) type of magnetic reflection. For 
convenience the strong (101)-type reflection has been 
used in most cases. 

6A fit of the data of Fig. 7 to a Brillouin function (see Fig. 9) 


is in agreement with this estimate within the accuracy of the 
measurements. 
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When the crystal is brought to a low temperature in 
the absence of a field, and a particular set of (101) 
planes (at 6=35°, e.g.) is brought into position to 
reflect, the effect of applied magnetic field strength on 
the intensity of this reflection is represented by the 
data plotted in the upper curve of Fig. 4. For small 
fields there is at first no noticable increase in intensity,* 
but after some critical field has been reached, which for 
this reflection is of the order of 400 oersteds, there is 
an abrupt increase in intensity associated with this 
reflection which breaks off at something like three 
times the no-field value. If the field is then turned off, 
a major fraction of this increase in intensity remains 
frozen in. If, then, one now investigates the (101) 
type of reflections at 120° in 8 (@=155° and 275°) 
away from this position, which before the application 
of the field had intensities comparable to that at 
8=35°, it is found that their intensities have dropped 
to essentially zero value. The fact that the crystal 
remains as a single antiferromagnetic domain after the 
field has been removed is undoubtedly related to the 
fact that there appears to be a definite energy associated 
with the structure domain reorientation, as evidenced 
by the requirement of a minimum field value to bring 
about the change. The fact that the over-all intensity 
increase was not exactly equal to three is evidence that 
the distribution of the domains among the three 
orientations was not exactly equal. It should also be 
pointed out that the very abrupt change in intensity 
shown in Fig. 4 is not always realized. When the 
crystal had already been prepared as a single domain, 
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Fic. 4. Domain behavior and intensity changes as a function 
of applied magnetic field for two temperatures. The drop in the 
lower curve at 10.5 kilo-oersteds corresponds to point at which 
T=Ty(H). 


* Note added in proof.—About the time this manuscript was sub- 
mitted it was realized that a constructional feature of the goniom- 
eter could influence the magnetic field in the region of small fields. 
This feature involved a small annular vanadium bearing surface 
for the gear on which the crystal was mounted. Since vanadium 
becomes a superconductor at 5.1°K, the field in the vicinity of 
the gear on which the crystal is mounted would be reduced at low 
temperatures until the critical field (~500 kilo-oersteds) was 
reached. It is thus possible that the features of the field effects on 
MnBr, at low fields would be modified if a nonsuperconducting 
bearing were used. 
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there seemed to be a washing out of the sharp break 
in the curve when the single domain was forced from 
one orientation to another. _ 

Curves similar to that of Fig. 4 were also obtained 
for other reflections of the (A0/) type. Reflections of 
the (hkl) type were, however, found to disappear with 
the application of a field along their respective scattering 
vectors. This is readily accounted for on the basis that 
when the field direction is along the scattering vector 
of these planes, it is more optimally oriented to stabilize 
another domain direction than that associated with the 
particular (Aki) reflection in question. 

It was shown in the previous section, on the basis of 
intensity measurements, that the spins are parallel to 
the short axis of the magnetic cell; i.e., parallel to a 
[100] hexagonal direction. It is thus of interest to 
determine the effectiveness of a magnetic field in 
reorienting the domains as a function of the angle of 
inclination of the field in the plane of the (101) scatter- 
ing vector and the c axis. To do this the crystal was 
prepared, by initial field application, as a single domain 
oriented along, e.g., 8= 155°. The (101)-type reflection 
at 8= 35° was then studied. The intensity was observed 
with no field and then in one case, for example, the 
crystal was tilted in a angle to bring the field vector into 
the (00/) plane with £ still equal to 35°, and a small 
field was applied and then turned off. The crystal was 
then returned to its (101) reflecting position and the 
intensity measured. This process was repeated for 
various field values, and for this case the results are 
represented by the upper curve of Fig. 5. Similar 
curves were then obtained with various orientations 
of the field vector H relative to the hexagonal plane of 
the crystal. Successive curves thus obtained are also 
shown in Fig. 5. An analysis of these data show that 
the field which is effective in orienting domains from 
one hexagonal axis to another is given by Hers=H cosy. 
This seems to be a reasonable result and it further 
substantiates the spin orientation assignment obtained 
from the relative intensity measurements discussed 
previously. 
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Fic. 5. Curves showing the effect of the magnetic field as a 
function of the angle y of inclination with hexagonal layers. 
The field effective in flipping domains is Hss=H cosy. 
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Fic. 6. Domain behavior as a function of angle 8 around the 
¢ axis at which magnetic field is applied. 


Another domain study was made by determining the 
intensity associated with each of the three domain 
directions as a function of the angle 8 at which a 
magnetic field was applied. The measurements were 
made on a (101)-type reflection for which the scattering 
vector makes an angle of 28° with the hexagonal layers, 
and the magnetic field (H=4 kg) was always applied 
at this same angle of inclination. The various (101)-type 
magnetic reflections appear at 8=35°, 155° and 275°. 
The field was applied at a given value of 8, say 30°; 
it was then turned on, and the intensities of the 
(101)-type reflections at all three 8 angles were then 
determined. This operation was then repeated with 
the field successively turned on and then off at other 
6 orientations of the crystal. The resultant data are 
represented in Fig. 6. It is observed that a single domain 
direction is stable as long as the field is applied within 
a range of 6 of approximately 30° on either side of 
the direction of the scattering vector for the particular 
domain in question. The fact that the data show 
pronounced irregularities is not too surprising since 
the intensity measurements were made at the peak of 
the diffraction lines and the single crystal used in this 
study was by no means perfect, the observed line widths 
varying somewhat from one orientation to another. 

Finally, there is one observation regarding the domain 
properties of this structure that has so far been passed 
over without comment. This property relates to the 
observation that these domains are found to growalong 
only three of the six hexagonal axes of the crystal. 
This situation is diagramatically represented by the 
six domain patterns in the lower part of Fig. 2, in which 
the three observed directions of domain growth are 
represented by the bolder lines and the directions of 
no observed growth are more lightly represented. When 
only the magnetic manganese ions are considered, 
all six directions in the crystal are identical. It is thus 
suggested that the observed threefold symmetry of 
domain growth must be associated with the bromine 
ions in the crystal. As an aid in considering this point, 
two layers of bromine ions above the hexagonal sheet 
of metal atoms have been represented in Fig. 2, The 
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Fic. 7. Antiferromagnetic transition versus temperature and 
applied magnetic field. The squares (H =0) correspond to three 
directions of domain growth, whereas circles (H>0) correspond 
to growth of a single domain. 


layer of Br** ions at the positions ($33) of the chemical 
cell are represented by the open circles and those at 
(343) are represented by the shaded circles. Inspection 
of the diagram shows that the bromine positions 
relative to the magnetic structure are different in a 
domain growth direction at, e.g., 8=35° than in the 
directions 60° on either side of this direction; i.e., 
B=95° or 335°. To determine the particular directions 
in the crystal which relate the bromine positions to the 
directions of magnetic domain growth requires that the 
8 angles and the intensities of a series of nuclear 
reflections of the (101) type (chemical cell) be correlated 
with the 8 angles of the observable magnetic domains. 
Data of this type were obtained and used in constructing 
the domain diagram of Fig. 2. These nuclear (101)-type 
reflections are alternately weak and strong as one 
progresses by 60° steps around the c axis of the crystal. 

The implications of the dependence of the directions 
of domain growth on the bromine ion positions will 
be considered in the later section on magnetic coupling. 


5. ORDERING TRANSITION—EFFECT OF 
MAGNETIC FIELDS 


The intensity of the single-crystal reflections from a 
(101)-type plane as a function of temperature and also 
of applied magnetic fields in the pumped He region is 
shown in Fig. 7. The open squares represent the 
intensity in the absence of a magnetic field. It is 
evident from the shape of this curve that the tempera- 
ture dependence of the magnetic ordering is not of the 
Brillouin type; in fact the very sharp rise near the Néel 
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temperature indicates a transition of nearly first order 
rather than of the usual second-order type. The temper- 
atures in these experiments were determined from 
measurements of the He vapor pressure and by the 
use of a calibrated carbon resistor. The absolute 
temperature is probably not accurate to more than a 
few millidegrees. 

When the transition data are obtained with a small 
field (H=2.7 kilo-oersteds) the same general type of 
curve is obtained, but in this case the intensity rises 
to about three times the no-field value. From the 
discussions in previous sections it is now evident that 
this increase with applied field arises from the fact that 
the intensity is distributed among three domains in 
the absence of a field, whereas with the field the domains 
are brought into a single orientation. 

When the strength of the magnetic field applied to 
the sample is increased, it is observed that the Néel 
temperature is lowered over the no-field value. This 
is shown for the maximum field of 13.1 kilo-oersteds 
in Fig. 7. The dependence on magnetic-field strength is 
shown in more detail in Fig. 8. 

Another representation of the field dependence of 
the antiferromagnetic transition is given in Fig. 4. 
The upper curve which represents the intensity of a 
(101)-type reflection as a function of magnetic field 
for an initially random orientation of magnetic domains 
shows only a small decrease of intensity at the maximum 
value of applied field. This curve was taken at 1.35°K. 
The lower curve which was taken at a temperature of 
2.128°K shows a very different behavior in that the 
intensity falls to zero at a field of about 10.5 kilo- 
oersteds. Reference to Fig. 8 shows that this is just 
the value of the magnetic field for which the corre- 
sponding Néel temperature becomes equal to the 
temperature of the sample, and hence for fields above 
this value no order is to be expected. 

Let us consider now what may be the cause of the 
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Fic. 8. Néel temperature versus applied magnetic field. 
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first-order character of the angiferromagnetic transition 
in MnBrz. Magnetic transitions of this type have 
previously been observed, as far as we know, only in 
cases where a crystallographic phase change takes 
place in the region of the ordering temperature. Such 
a situation is readily accounted for on the basis of an 
increase in the exchange coupling associated with the 
change in structure. Since the phase change is of first 
order, the magnetic transition could then also be of 
this type. 

In the case of MnBre, where no such phase change 
takes place, some other method of effecting the sudden 
rise in moment value must be sought.’ It seems that 
the first-order type of transition in this case is in some 
way associated with the domain character of the 
antiferromagnetic structure. 

Let us consider first the situation at low temperatures 
where long-range order has already developed. When 
once developed, the long-range order associated with 
the three directions of domain growth can be considered 
to be independent of each other and a two-sublattice 
molecular field picture for each of these directions 
should be approximately valid. The approach to 
saturation for T<7y would thus be expected to 
follow a Brillouin-type function, but this would be the 
function for which the onset of long-range order should 
have occurred at some higher temperature Ty’ rather 
than the observed Ty. The lower experimental curve 
(H=0) of Fig. 7 has the shape to satisfy this condition. 
Figure 9 shows the adjusted location of the experimental 
transition data fitted to a Brillouin-type curve. Since 
the data represent neutron intensities, the fit is made to 
B*(a). The data and the curve thus suggest that 
the effective exchange coupling in the region of long- 
range order is related to a Ty’3°K rather than the 
directly observed transition temperature 7.y=2.16°K. 
The equivalent exchange field for this case ($=) is 
thus given by Hexen=(k/u) Tyv’=9 kilo-oersteds. 

We consider now the question as to why the ordering 
transition is suppressed from 7'y’ to Ty. It is evident 
that in the region of T>7y» where only short-range 
order can develop that a two-sublattice model is 
unsatisfactory. Owing to the possibility of structure 
domain growth along any one of three equivalent 
hexagonal axes, a given spin is subjected to ordering 
forces which are not simply related to the exchange 
forces present in the ordered state. Qualitatively, it is 
to be expected that the tendency for ordering along 
any one of three directions will result in reduction of 
the effective exchange force over that observed for 
the ordered state. This tendency might thus be expected 
to effect a reduction in the ordering temperature in a 
fashion somewhat similar to that associated with a 
crystal phase change since, once ordering has abruptly 


7The situation encountered here may be very similar to 
order-disorder transitions in AB;-type alloys, which are of 
first order and which have been accounted for theoretically. 
See F. C. Nix and W. Shockley, Revs. Modern Phys. 10, 1 (1938). 
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Fic. 9. Antiferromagnetic transition data (H =0) fitted 
to a Brillouin function. 


set in, each domain becomes a separate entity and the 
normal exchange becomes effective. 

Let us return now to the observed effect of magnetic 
fields on the ordering temperature Ty. It was observed 
that a field of 13 kilo-oersteds, which is of about the 
same magnitude as the exchange field, reduces Ty by 
only about 2%. This small effect is undoubtedly 
associated with the fact that the field was always 
applied perpendicular to the direction of spin orienta- 
tion. This direction of field application was dictated by 
the fact that (a) a given domain growth direction is 
stable only for fields applied in the range of 30° on either 
side of the perpendicular to the spin directions and 
(b) the fact that the present apparatus did not allow 
the field to be applied at large angles with the scattering 
vector of the reflecting planes to be studied. 

Under the conditions of the experiment in which the 
field was applied perpendicular to the spin directions, 
it is found on the basis of simple molecular field con- 
siderations, neglecting anisotropy forces, that the 
energy associated with the ordered spin system is 
independent of the applied magnetic field. The observed 
small effect of the field on Ty can thus be accounted 
for only on the basis of a more refined theory including 
effects associated with some form of anisotropy energy. 
Although simple molecular field theory does not 
predict a change of Ty with applied field, it does 
predict a decrease with field of the observed intensity 
of the antiferromagnetic superlattice reflections; 1.e., 
the approach to paramagnetic saturation. The upper 
curve of Fig. 4 and similar curves taken with powder 
samples indicate a decrease of intensity at high fields 
which is undoubtedly to be associated with the para- 
magnetic saturation effect. 


6. SHORT-RANGE ORDER 


In powder patterns taken above the Néel temperature 
in the liquid He region very pronounced short-range 
order peaks are observed at the position at which the 
strong (101) magnetic reflection develops at lower 
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Fic. 10. Powder-data temperature dependence of (101) magnetic 
reflection and associated short-range-order peak. 


temperatures. It is only the width of these diffuse 
peaks (~2.5° at half maximum) that allows one to 
distinguish them from true Bragg reflections (~1.5° 
wide at half max). 

The growth of short-range order as one approaches 
the Néel temperature in MnBrze, as represented by the 
area of the diffuse peaks, is shown in Fig. 10 for 
T>2.16°K. 

Below the Néel temperature the powder data show 
the sudden onset of order by the growth of the coherent 
(101) reflections, as represented in the upper part of 
Fig. 10. These data are in good accord with the more 
detailed single-crystal results shown in the lower curve 
ot Fig. 7. These Bragg peaks are superposed on diffuse 
peaks of about the same width as the isolated peaks 
observed for T> Ty. It is difficult to separate the diffuse 
peaks from the true Bragg reflections since these are 
also quite broad. The results, however, are sufficiently 
good to indicate the first order fall-off character of 
the diffuse peak accompanying the first-order increase 
in the coherent reflection. These points were taken at a 
temperature of 2.15°K which is just below Ty. 


7. MAGNETIC COUPLING 


In a compound such as MnBrs, where the manganese 
ions are well separated from each other, any magnetic 
exchange between these ions must be of an indirect 
type via the intervening bromine ions. Although the 
over-all picture of magnetic coupling in a relatively 
complicated situation of this type would be very 
difficult to interpret in even a qualitative way, some 
interesting points in this regard have come from the 
study of the domain characteristics of the system. 
These are related to the observation that the domain 
growth follows only three of the six hexagonal directions 
in the crystal, all of which are identical for the man- 
ganese ions. The relation of the bromine ions to these 
six directions are shown in projection on the hexagonal 
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planes in Fig. 2. Consider in the domain at 8=35, 
e.g., the circle drawn around the B atom in the layer. 
This circle is drawn to represent the A atom in the 
next hexagonal layer of metal atoms above the plane 
of the paper. The three lines radiating out from this 
circle represent lines which join the A atom in the upper 
plane to metal atoms in the plane of the paper. These 
lines pass nearly through the centers of adjacent 
bromine ions in intervening layers. A three-dimensional 
representation of these radial lines is given in connection 
with the diagram of the structure in Fig. 3. It can be 
seen in this figure that the central A atom is joined by 
these lines to six metal atoms in adjacent layers and 
that five of these atoms have opposite spin orientation 
to that of the central atom and one has like orientation. 
The disposition of the bromine ions along these lines 
is shown in the lower part of this figure. At an angle in 
the crystal in which the domains are found to grow, 
this particular set of bond directions, which involves 
a nearly straight line connection between manganese 
and bromine ions, is then to be associated with a 
preponderance of antiferromagnetic exchange. Now, for 
comparison, if one looks at a direction in the crystal 
in which domain growth is not observed, e.g., B= 95° 
in Fig. 2, one observes that the orientation of the radial 
lines relative to the corresponding domain growth 
direction is different than in the previous case; and 
from a study of the arrangement one can readily 
determine that in this case a central A atom would 
have a predominance of ferromagnetic coupling along 
the specified bond directions, there being five ferro- 
magnetic and only one antiferromagnetic relationship 
to the central atom. 

The data thus suggest that indirect antiferromagnetic 
exchange coupling along nearly linear Mn**+ — Br-— Br- 
— Mn** bond linkages are of significance in determining 
the antiferromagnetic structure in MnBr2. The fact 
that this two-anion indirect exchange appears to be 
antiferromagnetic might be expected by analogy with 
the single-anion superexchange mechanism. 

It is evident in the case of MnBry that other signif- 
icant contributions to magnetic coupling must also 
exist, because the most optimum structure for the above 
type of indirect exchange would be for all six linkages 
between layers to be antiferromagnetic. If this were 
the case, an antiferromagnetic layer structure would 
have developed. This would also be true if the intralayer 
coupling were ferromagnetic. It would thus appear 
that some antiferromagnetic intralayer coupling is 
required to stabilize the MnBr, magnetic structure. 
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Hyperfine Interactions in F Centers* 
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A method of calculating the magnetic and quadrupole hyperfine interactions of an electron with neighbor- 
ing and next nearest neighboring nuclei in the vacancy model of the F center and the change in its spectro- 
scopic splitting factor are presented and carried out in the case of KCI. Two wave functions are used for the F 
electron in this calculation, one obtained from a point-charge treatment of the crystal lattice and the other 
from a square-well approximation of the vacancy. The results are shown to be nearly the same for these two 
widely different approximations and are found to be in good qualitative agreement and even fair quantitative 
agreement with experimental data of Feher and Kip e¢ al. 





I. INTRODUCTION 


ECENT magnetic resonance experiments of Lord 
and Jen’? and of Feher’ have conclusively shown 
that the vacancy model of the F center is the correct 
one. Several authors* have obtained theoretical wave 
functions for this model. Among the early workers were 
Tibbs, Simpson, and Krumhansl and Schwartz, all of 
whom used a central-field wave function in a potential 
that was constant within the vacancy but corresponded 
to that for a point charge in a continuous dielectric 
medium outside the vacancy. Various degrees of cor- 
rections were introduced for polarization effects due to 
the action of an effective charge at the vacancy and the 
F-center electron. Muto, and Inui and Uememura later 
made a LCAO calculation where they took account of 
the detailed nature of the electron distribution on the 
neighboring ions in estimating the potential field for the 
F-center electron. Kahn and Kittel’ and others have 
used this model for an interpretation of some of the 
early results of electron resonance measurement, par- 
ticularly the departure of the spectroscopic splitting 
factor g from the free-electron value and the second 
moments of electron resonance lines. None of these 
wave functions without modification give very good 
qualitative agreement with recent experiments of Feher 
on the hyperfine interaction of the F-center electron 
with the nearest and next nearest neighboring nuclei. 
Recently Gourary and Adrian® have made a detailed 
analysis of the vacancy model. They compute the po- 
tential about the F center, using a point-charge model 
for the lattice. By a group-theoretical procedure, they 
separate the various Kubic harmonic components of the 
potential. They do not assume a continuum model 
outside the vacancy as was done by most previous 
authors. They then solve the Schrédinger equation for 
the F-center electron in this potential by a variational 
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procedure. This will be referred to as the type A wave 
function (type III in the notation of Gourary and 
Adrian). See Fig. 1. They conclude that if overlaps of 
the F-center electron with electrons on neighboring ions 
is neglected, the ground state has almost one hundred 
percent s character with negligible admixture of g 
character. However, they point out that in calculating 
the expectation values of various operators describing 
the interaction of the F electron with neighboring nuclei, 
one must take into account the overlaps between the F 
electron and the orbitals on the ions by a many-electron 
technique. An alternative way of taking into account 
the overlap terms is to make the F-center orbital 
orthogonal to the neighboring orbitals by the Schmidt 
orthogonalization procedure as pointed out by Léwdin.’ 
We shall later see that this gives rise to an appreciable 
fraction of g character in the ground state. Gourary and 
Adrian have subsequently considered polarization and 
lattice-distortion effects and show them to have small 
influence on the F-electron wave function. 

The spherically symmetrical part of the potential 
used by Gourary and Adrian has a constant negative 
value in a spherical region, the radius of which is the 
lattice constant. There might be some objection to the 
use of a wave function obtained from this potential, 
since the only real vacancy is the size of the missing Cl- 
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Fic. 1. Graphs of the type A and B wave functions. The ordinate 
scale is not the same for the two functions. 


7 Per-Olov Léwdin, J. Chem. Phys. 18, 365 (1950). 
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ion, together with the interstitial space in a unit cell, 
which has about 50% of the volume of the spherical hole 
in the potential used by Gourary and Adrian. Thus, for 
comparison purposes, an arbitrary wave function was 
chosen which was similar in appearance to the wave 
function of a particle in a spherical square well the size 
of the Cl- ion and having the Madelung depth, yr=e*-"” 
—0.6e—", which will be referred to as the type B wave 
function. (See Fig. 1.) The form of the function was 
chosen for ease in performing the calculations which are 
to be described. The calculations based on this wave 
function are for comparative purposes only and are not 
to be taken as quantitatively meaningful. 

The aim of this paper is to show that there is very 
good qualitative agreement and, in some cases, a fair 
quantitative agreement between the various quantities 
predicted from the type A wave function and the 
magnetic-resonance data and that the agreement is 
essentially insensitive to the form of the wave function 
with which we start. 

Feher*® used the spin Hamiltonian, 


R=). Gala . S$+>. besa(3] ce52— la’ S) 
+ Da Qzza’ (31 24°—1,7), (1) 


to describe the magnetic and electrical hyperfine inter- 
action of the nuclei adjacent to the vacancy, with the 
F-center electron and the effective positive charge at the 
vacancy. The z axis is taken in the direction of the 
applied magnetic field. The form of the anisotropic 
interactions is taken to be axially symmetric about the 
line joining the vacancy to nucleus a, so that 


b.2a= ba(3 cos*@y—1)/2, 
Qiza' = Qa’ (3 C086 7 — 1)/2, 


where 6, is the angle between the applied magnetic field 
and the axis of symmetry. From his double-resonance 
measurements, Feher determined the magnitudes of the 
hyperfine constants dq, ba, and Q,’ for the nearest K+ 
and CI ions in KCl. 

Section II of this paper will deal with the procedure 
employed in our calculations and a comparison with the 
experimental data. Section ITI will include an analysis 
of the sources of error in the calculations and possible 
reasons for disagreement with the experimental data. 
Finally, we shall point out how these calculations sug- 
gest improvements which may be made in any subse- 
quent calculation of F-center wave functions. 


II. PROCEDURE AND RESULTS 


The Hamiltonian describing the magnetic hyperfine 
interaction between the F electron and a nucleus a is 
given by® 
38 -rale-Ta S-I, 
a : | (2) 


To Ta 








®See for example, H. A. Bethe, in Handbuch der Physik 
(Springer-Verlag, Berlin, 1933), Vol. 24, Part 1, p. 385. 
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where £ is the Bohr magneton, yu. and I, are the mag- 
netic moment and spin of nucleus a, S is the spin mo- 
mentum of the electron, and r, is the position coordinate 
measured from nucleus a. To get the ¢ and b terms in the 
spin Hamiltonian of Eq. (1), we must take the expecta- 
tion value of 5,"** over the F-electron wave function 
Wr. It is easily shown that 
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where 6, is the angle between the radius vector of the 
electron from the nucleus a and the line joining a to the 
vacancy. 

The wave functions we shall use for the F electron are 


of the form 
. ¢r— dai (ai| Fai 
[1 —Di« ’ (a; | Fy} 


where ¢r refers to the F-electron wave function (type A 
or B) before it is made orthogonal to the orbitals of the 
neighboring ions, and ¥,; refers to electron 7 on ion a. 
This orthogonalization procedure’ can be shown to be 
equivalent to taking an antisymmetrized determinantal 
wave function of all the relevant electrons since the 
operators we are considering are all one-electron opera- 
tors. More rigorously, the F-electron wave function 
should have been made orthogonal to both the neigh- 
boring K*+ and Cl ions before the variational calcula- 
tion was carried out by including in the Hamiltonian the 
effects of the detailed potentials and exchange. 

If we consider that the orbitals of one ion do not 
overlap those of other ions appreciably, we get, in cps, 
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where g, stands for the operator (3 cos*#,—1)/r.' and N 
represents the normalization factor of Eq. (5). It is 
clear that to obtain a, and 5, one must evaluate the 
various one- and two-center integrals in the brackets of 
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Eqs. (6) and (7). It happens in this problem that the 
first two terms in the brackets of Eqs. (6) and (7) are 
qualitatively insignificant. For example, in the case of 
ax these contribute respectively 0.06 and —2.3 Mc/sec, 
compared to a total of 34 Mc/sec. In the calculations 
using the type B wave function, the first two terms were 
omitted. It will be noted that the terms which make the 
greatest contribution were introduced as a result of the 
Léwdin orthogonalization procedure which we have 
used. Results of the magnetic hyperfine calculations are 
shown in Table I. 

To obtain the quadrupole coupling constants for the 
K® and Cl** nuclei, it is necessary to calculate the 
electric field gradients at the positions of these nuclei. 
The field gradient at the nucleus arises from the com- 
bined action of the effective positive charge at the 
vacancy and the F electron. The calculation of this field 
gradient is somewhat complicated by the fact that the 
vacancy charge and the F electron act not only directly 
on the nucleus but indirectly through the quadrupole 
deformation of the electron shells of the ion containing 
the nucleus. This leads to shielding factors of the type 
considered by Sternheimer® and Bersohn.’® The field 
gradient due to the vacancy is given by (2e/R,°)(1—7..) 
where y,, is the shielding factor and has been found by 
Wikner" to be —13.5 for K+ and —49.2 for Cl (i.e., 
there is antishielding in both cases). The field gradient 
due to the F electron acting directly on the nucleus 
would be 


— (¢/N*)[(F | ga| F)— 2(F \aayXF | ga| asp) 
+(F|asy)*asp|ga\a@sy)+similar terms inae,], (8) 


where we have not taken into account the effects of the 
antishielding. Only the first field-gradient term in Eq. 
(8) is subject to appreciable antishielding because the 
principal contributions to the others occur from the 
region within the ionic radius of ion a. The term 
(F\ga|F) has to be multiplied by a suitable factor 
(1—yr). We expect yr to be somewhat smaller in 
magnitude than y,, as the F electron is not entirely 
external to the ion a. We shall assume that + is equal to 
Y« reduced by the fraction of (F'| ga| F) which is external 
to ion a (considered as a sphere of radius equal to the 


TABLE I. Magnetic hyperfine interactions. 











Kt cl- 
a/h, Mc/sec Type A 34 10.4 
Type B 38 9.7 
Experimental 21.6 7.0 
b/h, Mc/sec Type A 0.99 0.13 
Type B 0.81 0.30 
Experimental 0.95 0.50 











®R. M. Sternheimer, Phys. Rev. 95, 736 (1954). 
”T. P. Das and R. Bersohn, Phys. Rev. 102, 733 (1956). 
1 E. G. Wikner and T. P. Das, Phys. Rev. 109, 360 (1958). 
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TABLE II. Quadrupole hyperfine interactions. 











Kt ci- 
Qz:'/h, Mc/sec Type A —0.23 +0.053 
Type B —0.42 +0.15 
Experimental +0.2 tee 
Q:2'/h, Mc/sec Type A +0.11 —0.026 
Type B +0.21 —0.075 
Experimental ¥0.1 +0.032 
Qyy'/h, Mc/sec Type A —0.11 —0.026 
Type B —0.21 —0.075 
Experimental ¥0.1 +0.045 








ionic radius). Thus we have, in cps, 
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It is seen from Eq. (9) that essentially the same integrals 
are needed in the evaluation of Q’ as in the case of b. 
Results of the nuclear quadrupole-interaction calcula- 
tions are presented in Table II. 

The procedure employed in evaluating the various 
integrals involved in Eqs. (6), (7), and (9) will now be 
described. The value of (F|g.|F) can be obtained in a 
straightiorward manner by expressing cos#@. and rq in 
terms of polar coordinates about the vacancy. The cross 
integrals (F|a) and (F\ga\a), however, present some 
difficulty. The classical method of expanding wp in 
terms of spherical harmonics about a cannot be used as 
it leads to elliptic integrals. Rather than approximate 
the functional form of the spherical harmonic expansion, 
it was found simpler to approximate the functional form 
of (F\a) and (F|g.|a) directly. This was accomplished 
by making a Taylor expansion, 

2 1 OW! 
(pia Bet ak 
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about a, where 6,.=0 is chosen as before along the line 
F—a, and R, is the distance from the vacancy toa. Then 
Vr(Ta9a,¢) can be obtained in the neighborhood of a by 
replacing r. with 


sf) We i 
s=R, (147 -—* cont _ i} 
RZ R, 


which is approximated by ra[cos0.—(ra/2Ra) sin’. }. 
The geometrical significance of 6 will be apparent from 
Fig. 2. Thus, with 
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Fic. 2. Geometry of the Taylor expansion of yr. Since yr 
is spherically symmetric about 0, it has the same value at B as at 
A. Thus y(r,0) = (6,0). 


expressed in powers of r., cos#., and sin#,, the required 
integrations are straightforward. The first three or four 
terms of this series were found sufficient to provide 
satisfactory convergence. 

Since Wr is a rapidly changing function within the 
ionic radius of the nearest K* neighbors, one cannot use 
for x the Slater functions which are usually employed 
in molecular calculations, since they represent only the 
peripheral regions of the ions satisfactorily. We there- 
fore used Léwdin’s" analytic approximations of the SCF 
functions in our calculations. At the nearest CI sites, 
Wr changes slowly, so less accurate wave functions may 
be used for Wc}. 

The shift in the spectroscopic splitting factor g was 
computed by a second-order perturbation calculation 
using the perturbing Hamiltonian” 


eh? 





eh 1 du 
K=—-—H-L+). ——L:S, 


2mc a 2m?C re Oa 


(12) 


where the zero-order Hamiltonian for the electron is 
P?/2m+eU. By assuming an average excitation energy 
Er (the F-band energy), one can compute the energy 
change due to the perturbation by standard matrix 
multiplication. The part of this second-order energy 
which is linear in H and Mg may be expressed as 
Ag8HM sg, where M jg is taken along H. This gives 


> (ne wu vr). 
mcEp « r. 9 





Ag=— (13) 





We may write this approximately as“ 


1 dU 
aa = (al= = és a.) (14) 
mc Ta Ala 


12 P, Léwdin and K. Appel, Phys. Rev. 103, 1746 (1956). 

13 F, J. Adrian, Phys. Rev. 107, 488 (1957). 

4 Here we have neglected the terms (yp |L,? |W) and (yr |L2 va) 
for the same reasons as advanced in the case of the magnetic 
hyperfine constants. 
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These matrix elements are essentially A.(a,| L.*|a;), 
where X, is the spin-orbit coupling constant for electron 
i onion a. For \, we have used 2162 cm™ and 881 cm™, 
respectively, for 3p K++ and 3p Cl as obtained from 
optical data.!® The evaluation of these matrix elements 
is invariant with respect to orientation of the magnetic 
field. Thus the [100] orientation may be used, where it 
will be seen that (as,|Z,*|as,) is zero for two of the 
nearest neighbor K+ and unity for the other four. For 
the nearest Cl- it is $ for eight of them and unity for the 
other four. The various values of Ag are presented in 
Table II. 


III, DISCUSSION 


It will be noted from Table I that there is good 
qualitative agreement between the experimental values 
and the values calculated from both type A and type B 
wave functions. The results for both types of wave 
function agree surprisingly well in view of the large 
difference in their functional form. It is therefore seen 
that the results do not depend in an accidental way upon 
the detailed nature of the particular wave function used. 

As has been mentioned, the a interaction depends 
primarily upon the term involving the density of ionic 
orbitals at the nucleus. These values, which were ob- 
tained from Hartree and Hartree'*” SCF calculations, 
do not necessarily give the most accurate measure of the 
electron densities at the nuclei. 

An important point to note in connection with the 
bc; interaction is that Feher observed it to be axially 
symmetric about the line joining the vacancy and the 
Cl ion. Had there been contributions to bc; from the 
electronic wave functions of the neighboring K* ions 
which we admixed with yy, the observed axial sym- 
metry would not have been found. 

For the same reasons, we expect that this model of the 
F center would lead to an axially symmetric quadrupole 
interaction. This is observed to be the case for the Kt 
interaction, and the qualitative agreement between Q,,’ 
as observed by Feher and our values is satisfactory. For 
Cl the value of Q.,’ was not definitely determined by 
Feher. If we assume that Q,,’=Q,,'’=—40.,.', we 
obtain values of Q,.’ and Q,,’ which are essentially in 
agreement with experiment. Both calculations for Q’ 
depend upon the difference between two comparable 


TABLE ITI. Shift in the specieneaapee eouny factor. 











Type A —0.0071 
Type B —0,0072 
Experimental —0.007 








18C. E. Moore, Atomic Energy Levels, National Bureau of 
Standards Circular No. 467 (U. S. Government Printing Office, 
Washington, D. C., 1949). 

16D), R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A156, 45 (1936). 

17PD. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A166, 450 (1938). 
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numbers and thus suffer somewhat in accuracy. How- 
ever, it must be noted that if one does not consider the 
antishielding effects of the electron in detail, the calcu- 
lated values of the quadrupole hyperfine constants will 
be grossly in error. For example, if the Sternheimer 
factor is applied only to the resultant field gradient at 
the nucleus due to the vacancy charge and the electron, 
one obtains Q,,’/4=5 Mc/sec for K*, which is too large 
by a factor of 25. 

It is possible that the observed asymmetry in Q’ 
arises from an anisotropic distortion of the lattice in the 
region of the Cl ions which has not been taken into 
account in this idealized vacancy model. Another possi- 
bility is that the contributions to the field gradient at Cl 
ions from the regions of overlap with its nearest neighbor 
ions may be appreciable compared to the various terms 
in Eq. (9). Since the Cl ion is only on a two-fold 
symmetry axis passing through the vacancy, the contri- 
butions from the overlap regions could possibly lead to 
an asymmetry in the field gradient. 

The numerical agreement of Ag with the experimental 
value"* is not to be taken seriously in view of the ap- 
proximations involved, but it does in fact strongly 
support the present approach to the problem. The 
procedure we have used is not rigorous in that there is no 
way to take into account terms containing the quantities 
(a;| (1/ra) (dU /dra)Lea?\aj). A better method of calcu- 
lating Ag has been given by Adrian,” but this requires 
the use of experimental magnetic hyperfine data. The 
procedure given here has the advantage that it can be 
used in cases where magnetic hyperfine data are not 
available. 

We have found that both type A and type B wave 


18 Kip, Kittel, Levy, and Portis, Phys. Rev. 91, 1066 (1953). 
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functions, after normalization, contain about 64% s 
character when expanded about the vacancy. The 
remaining 36% is almost all of g character. This is 
essentially in agreement with the amount of g character 
which Seitz'® estimated earlier. 

The result of these calculations definitely shows the 
applicability of the Léwdin orthogonalization process to 
the calculation of the hyperfine constant of F centers. It 
would be desirable to repeat this calculation (perhaps in 
a more rigorous manner) for a wave function obtained 
in the same manner as the type A wave function, using, 
however, a potential which would take into account the 
detailed ionic potentials of the nearest and next nearest 
neighbors and also the effects of exchange. The net 
energy term arising from an inclusion of detailed ionic 
potentials and exchange is positive and, for a given ion, 
roughly proportional to yr*(a) at the nucleus. Thus, 
inclusion of this energy term in the variational calcula- 
tion will tend to reduce ¥r*(a), improving the agreement 
between the calculated and experimental values for the 
isotropic magnetic hyperfine interaction a. However, 
these approximate wave functions, as orthogonalized, 
are a definite improvement over previous treatments in 
that they show at least qualitative agreement with all 
the currently observed magnetic resonance and quadru- 
pole interaction data in KCl. 
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A study has been made of the density changes which accompany plastic deformation in compression of 
potassium chloride crystals and of their annealing. Also hardness changes, their annealing, and slip-line 
formation have been investigated. Up to about 11% deformation, the slip is predominantly simple with 
some admixture of double slip, and no change of density is observed. At 11% deformation, multiple slip 
presumably sets in accompanied by a rapid decrease of density. The rate of formation of vacancies is 3.02 
X10'7 cm™ per percent deformation. A comparison of this value with the results of the experiments of 
Ueta and Kinzig leads to the ratio of about four vacancies per electron trap. Vacancies seem to have no 
measurable influence on hardness which thus appears to be primarily associated with changes in the dis- 
location density or their configuration during plastic deformation. 





INTRODUCTION 


HE question of the detailed mechanism of plastic 
deformation of single crystals has a long history, 
and a number of models and approximations, often of 
only qualitative significance, has been proposed. In 
particular, while the simple slip is reasonably well 
understood in terms of the dislocation model, such 
phenomena as multiple slip and work hardening still 
pose many problems. According to the dislocation model 
in simple slip, there should be little work hardening, 
mostly caused by exhaustion of Frank-Read sources, 
and the stress-strain curve should be linear.-* In 
multiple slip, characterized by slip on intersecting 
families of planes, work hardening should be strong‘ 
since it is caused by increasing intersections of disloca- 
tions, formation of sessile defects such as Cottrell dis- 
locations (these probably do not exist in alkali halides), 
and other defects. Here the stress-strain curve is roughly 
parabolic as predicted by theory.*~’ 

In alkali halides, slip occurs on {110} planes i in (110) 
directions, and thus, according to the maximum-re- 
solved-shear law, there should be always at least two 
sets of planes on which the resolved shear stress is the 
same. In spite of this, Pratt® reported single slip in 
sodium chloride crystals in compression. He found also 
that in some cases, even when the slip in these crystals 
did occur on two intersecting families of planes, one of 
these then became temporarily inactive. During this 
interval, the stress-strain curve was linear. This can be 
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mission contract. 

t Now at the Naval Research Laboratory, Washington, D. C. 
Submitted in partial fulfillment of the requirements for the degree 
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otherwise described as nonequal work-hardening of the 
two slip systems. Since intersection of dislocations 
acting on different slip planes may lead to the formation 
of a large number of vacancies and interstitials, one 
would expect that conductivity, ease of coloration, and 
density of alkali halides would behave differently in 
simple and in multiple slip. Here the energy of formation 
of vacancies and interstitials not only makes the inter- 
section of dislocations difficult, but also produces 
obstacles which may impede the motion of other dis- 
locations. The well-known experiments of Gyulai and 
collaborators’ on conductivity of sodium chloride 
already point in this direction, although some objections 
to such an interpretation have been raised by Tyler.” 
In metals, similar phenomena have been observed by 
many, for instance by Masima and Sachs on alpha 
brass.” 

An important recent work on the production of 
vacancies by plastic deformation is that of Ueta and 
Kinzig” who measured the number of electron traps 
generated by various degrees of plastic deformation, 
with the following results: Crystals which have been 
colored additively contain essentially only F-centers 
and if such crystals are irradiated with F-light, elec- 
trons are released and these can then be captured by 
other kinds of traps. If the trap is a negative-ion 
vacancy, another F-center will be formed, but if the 
trap is anything else, for example an M- or R-center, 
then the number of F-centers will decrease. Therefore, 
the initial bleaching rate of the F-band for a given 
intensity of bleaching light, a given concentration of 
F-centers, and a given thickness of crystal will be 
proportional to the number of unfilled traps other than 
negative-ion vacancies. By determining the initial 
bleaching rate and the final absorption coefficient for 
an additively colored crystal of a given thickness and 
degree of coloration, they determined the proportion- 


*Z. Gyulai and D. Hartly, Z. Physik 51, 378 (1928). 

10 Z. Gyulai and J: Boros, Math. u. naturw. Anz. ungar Akad. 
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ality constant between the initial bleaching rate and 
the absolute number of traps, which, in turn, was 
determined by subtracting the number of F-centers 
remaining after bleaching from the number present 
before bleaching. Additively colored crystals were thus 
deformed to various degrees and bleached by F-light, 
the initial bleaching rates giving the number of electron 
traps. A plot of their results is given in Fig. 1; we shall 
compare it with ours later. 

It should be also remarked that the hardening in- 
fluence of vacancies in alkali halides finds an appar- 
ently indirect confirmation in the experiments of 
Podashevsky,'* Westervelt,'° and others as discussed 
by Seitz.'® They found that hardness, yield stress, and 
fracture strength of alkali halides increased after x-ray 
or ultraviolet irradiation. Such irradiation is known to 
produce a high concentration of vacancies and an 
accompanying change of density.'*-* Seitz suggests 
that the hardness change is caused by clusters of 
vacancies of both signs which condense near dislocations 
during irradiation and during the bleaching that may 
follow. If this is so, as Pratt® has pointed out, a suffi- 
cient excess of vacancies, not absorbed as F-centers and 
V-centers, must be formed during the irradiation to 
saturate the dislocation atmospheres, since no further 
increase in the hardening is observed during the genera- 
tion of vacancies by bleaching. The lack of any yield- 
point phenomena argues against vacancy locking of 
dislocations as a strong contribution to the hardening. 
A calculation shows that few excess vacancies are 
created by x-irradiation and, since it was shown earlier 
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Fic. 1. Concentration of electron traps in KCI as a function of 
deformation (after Ueta and Kanzig"’). 
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that F-centers have no effect on hardness, the indica- 
tions are that vacancies themselves may have little 
effect on hardness. On the other hand, vacancies are 
believed'* to be formed through the climb of edge dis- 
locations during x-ray irradiation, and this can be a 
powerful source of hardening since it would be a dis- 
turbance of the equilibrium dislocation array. Harden- 
ing of this nature would not be effected by bleaching, 
as the vacancies are known to diffuse away from the 
dislocations to form F-centers™ and to cluster on bleach- 
ing so that the dislocations cannot climb back to their 
original positions. 

In view of these various results and interpretations, 
it seemed of interest to make a study of density changes, 
hardening, and slip-line formation which accompany 
plastic deformation of a well-known alkali halide such 
as potassium chloride. 


EXPERIMENTAL PROCEDURE 


The change in density of potassium chloride was 
determined by obtaining the difference in suspension 
temperatures between a deformed and an undeformed 
crystal. Hutchison, Johnston,™ and others developed 
this method which was adapted by Estermann, Leivo, 
and Stern’? to measurements on KCl. 1-3-dibromo- 
propane was used as the suspension liquid since near 
room temperature it has the same density as potassium 
chloride, and it satisfies the further requirement of not 
reacting chemically with the crystals. Although, in 
principle, this method is quite simple, it has several 
important experimental aspects which require special 
attention. These are described in some detail below. 


(a) The Crystals 


Previous experience indicated that crystals which 
were in contact with air during or after the cutting 
process did not yield reproducible density values. It 
appears that any moisture on the surfaces of the crystals 
or in the liquid can cause its hydrolysis. This produces 
HBr which acts as a catalyst in promoting a halogen 
ion exchange between KCI and the 1-3-dibromopropane. 
To avoid these difficulties, the cleaving was done in a 
glove box filled with dry helium at a slight positive 
pressure. 

Single crystals, measuring approximately 1 in. X1 in. 
X1 in., obtained from the Harshaw Chemical Company, 
were cleaved into four 1 in.X0.5 in.X0.5 in. crystals. 
The crystals were then placed in a press, in a holder, in 
such a way that they would be compressed in the long 
direction. To prevent barreling, very smooth }-in. thick 
plate-glass surfaces lubricated with water were used to 
press upon the specimen. The readings of two Federal 


3D. L. Dexter, unpublished work—mentioned by Seitz (refer- 
ence 16, p. 82). 
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0.00i-in. dial indicators were averaged to eliminate 
effects due to cocking of the holder. 


(b) Preparation of the Suspension Liquid 


The treatment of the 1-3-dibromopropane consisted 
of mixing it very thoroughly with sulfuric acid in a 
separatory funnel. Repeating this process until the 
sulfuric acid separates as a clear phase insures the re- 
moval of any reactive materials from the liquid. Traces 
of the acid are eliminated by washing with a saturated 
solution of sodium bicarbonate and the liquid is then 
given a prolonged washing in distilled water. The 
subsequent drying process involved intimate mixing 
with activated alumina in a slowly revolving container 
followed by vacuum distillation in which only the 
middle fraction was kept. A drop of mercury introduced 
into the liquid helped to stabilize it by precipitating 
any HBr or Br2 which may have formed by the action 
of light or heat. 


(c) The Suspension Cell 


The cell was made with a long neck which would fit 
through a hole in the bottom of the helium-filled glove 
box. In this position, the cap could be removed and 
first the liquid and then the crystals could be put into 
the cell without exposure to air. It was further found 
very helpful to make flat walls on that part of the cell 
where the actual suspension took place. This made it 
possible to identify every crystal in the presence of a 
weak red light. A U-bend in the neck of the cell served 
as a dry resting place in which the crystals could be 
outgassed by wrapping the U-bend with heating tape 
and heating between 60°C and 80°C. About five minutes 
were allowed for the crystals to cool before tilting the 
cell and sliding them into the liquid. After the measure- 
ments of the suspension temperatures had been made on 
one set of crystals, they were poured together with the 
liquid into a small arm on the side of the cell where 
they sank to the bottom, thereby allowing the liquid 
to be poured back into the cell proper. This made the 
cell ready for further measurements on other crystals. 


(d) Measurements of Suspension Temperatures 


Suspension temperatures were measured with a Beck- 
mann thermometer immersed in an insulated water- 
bath, controlled to 0.002°C, with windows for observing 
the crystals. Although the thermometer could be read 
to 0.001°C, the suspension temperatures were actually 
determined only to within 0.005°C to 0.01°C which 
corresponds to an error in relative density measurements 
of about 12X10~* g cm™* or 2.0X10" vacancies per 
cm*, The greatest limitations on the accuracy were the 
effects due to viscosity, the presence of density gradients 
due to slight residual differences in composition, and 
slight thermal fluctuations. To minimize these effects, 
the temperature was raised in increments of only 
0.005°C every hour and the actual suspension tem- 
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perature corresponded to a suspension for at least an 
hour. Although the thermal fluctuations could be cut 
down to less than 0.002°C for any short time interval, 
it appeared that a reproducibility of the suspension 
temperatures to 0.01°C from day to day was possible 
if a terhperature fluctuation of 0.004°C was allowed 
with a frequency of around two times a minute. 

Densities of crystals subjected to three or four 
different degrees of plastic deformation were measured 
in each experiment. The center of each deformed crystal 
was cleaved out of the sample and as many as twenty 
crack-free pieces were formed. Three or four of these 
pieces chosen to represent each specimen were placed in 
the suspension cell together with at least three, un- 
deformed, freshly cleaved crystals. As a means of 
identification, all pieces which came from a given de- 
formed crystal were of the same shape. This practice 
was also followed for the undeformed crystals. In addi- 
tion to all of the above-mentioned requirements, the 
suspension temperature for a given deformed crystal 
was considered to be the temperature at which two or 
more nontouching samples remained suspended at a 
given point for at least an hour. This eliminated the 
effect of accidental cracks and defects. Further, the 
accuracy of measurement was increased by having a 
large number of crystals in the liquid at the same time 
since in this way several comparisons could be made 
simultaneously. 


(e) Measurements of Hardness 


In addition to density, hardness was also measured 
by using a Tukon Tester with a 136° diamond indenter. 
Crystals were mounted on 1-in. diameter aluminum 
base with a rubber cement. The size of the indentations 
(about 70 microns) was so small that they were un- 
affected by the variation in the curvatures of the 
deformed crystals. A five-gram weight was used because 
preliminary measurements showed that it gave the 
most reproducible values. 


RESULTS AND DISCUSSION 
(a) Change of Density on Plastic Deformation 


Twenty-eight crystals were deformed to various 
degrees, and the density changes were measured on at 
least two samples from each crystal. Table I lists the 
results, including the approximate time between de- 
formation and the density determination. There is 
indication that some of the density change annealed 
out at room temperature, especially at the higher 
degrees of deformation. Figure 2 is a plot of all the 
points in Table I which correspond to two or more 
crystals. Some of the scatter is reduced if only points 
corresponding to measurement of the density change, 
taken within one day of the plastic deformation, are 
taken into account. 

Assuming that the density change is a linear function 
of the degree of deformation, an application of the least- 
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squares method indicates that the change in density 
starts at about 11% plastic deformation with a slope 
of 0.0122°C per percent deformation. This corresponds 
to a density change of 18.8X10-* g cm™ per percent 
deformation or to the production of 3.02 10"" vacancies 
per cm* per percent deformation on the assumption 
that the vacancies have the same size as the ions. 


(b) Annealing of Density Change 


In addition to density measurements of deformed 
crystals, annealing of the density changes was studied. 
This was done on crystals deformed 21.2% in which 
the density change resulting from plastic deformation 
was 1.85X10~ g cm™. The annealing, at temperatures 
under 400°C, was made in a Pyrex tube in a helium 
atmosphere. Higher-temperature anneals were carried 
out with the crystals in a clear quartz boat which was 


placed in a ceramic tube and constantly flushed with 


dry helium. The temperature was raised and lowered 
at a rate of 5°C/min. The crystals were given 10-minute 
anneals at 200°C, 240°C, 280°C, 310°C, and 350°C. 
All of the anneals gave no measurable change in density 
except the one at 350°C which gave a complete return 
to the original density within the accuracy of the 


Taste I. Change of suspension temperature (°C) as function 
of deformation. Asterisks indicate measurements made between 
one and two weeks after the compression; all others were made 
on the same day. 











Change in Number of crystals 
Percent suspension suspended at the 
deformation temperature same temperature 

5.4 0 5 
6.6 0 3 
7 0 4 
10 0 3 
13.1 0.045 4 
13.4 0.02 2 
0.045 1 

0.06 1 

13.4 0.035 1 
0.04 2 

0.06 1 

14.2 0.025 3 
14.5 0.01 2 
14.8 0.05 2 
15.8 0.05 3 
16 0.03* 1 
0.05 5 

16.3 0.75 2 
16.9 0.05 2 
0.08 1 

17.1 0.05 1 
0.065 2 

17.2 0.10 2 
0.115 2 

17.8 0.105 2 
17.9; 0.065 2 
18.3 0.10 5 
18.7 0.09* 2 
18.7 0.09* 2 
0.10* 2 

21.2 0.120 2 
21.2 0.09* 2 
0.11* 2 

24 0.12* 4 
27.3 4 


0.10* 
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Fic. 2. Production of vacancies, changes in density, and 
changes in suspension temperature of KCI as functions of de- 
formation. 


measurement. The 350°C anneal was repeated with a 
crystal which had been deformed 17.2%, and the same 
results were obtained, i.e., the original density com- 
pletely returned after the anneal. 


(c) Mode of Deformation 


The fact that there was always considerable harden- 
ing present, i.e., stress increased with strain, indicates 
that none of the crystals deformed exclusively by pure 
simple slip. On the other hand, density measurements, 
visual observations of slip lines and mode of cleavage 
described below indicate that in the first phase of 
deformation in any localized region only one slip system 
was operative. One may satisfy ali these observations 
by concluding that at low deformations there was a 
mixture of predominantly simple slip and of some double 
slip similar to Pratt’s results discussed earlier, but the 
amount of the latter was insufficient to show up as new 
slip lines or as changes of density. At higher deforma- 
tions only double or, in general, multiple slip occurred. 


(d) Slip Line Observations 


Slip in NaCl-type crystals occurs on {110} planes in 
(110) directions. It follows that slip lines observed on a 
single-crystal parallelepiped, whose faces are the usual 
{100} cleavage faces, are of the “screw type,” i.e., 
parallel to the Burgers vector, if they are at 45 degrees 
to the cube edge; and they are of the edge type, i.e., 
perpendicular to the Burgers vector, if they are parallel 
to the cube edge. Visual observations of the crystals 
used in the compression experiments described above 
indicate that up to about 15% deformation, slip lines 
corresponding to only one slip system were visible. 
Around this degree of compression a large number of 
new closely spaced edge-type slip lines appeared be- 
tween the screw-type slip lines of the original slip 
system, i.e., on one pair of faces of the parallelepiped. 
Curiously enough, no corresponding effect was observed 
on the other faces of the crystal, i.e., no new screw slip 
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lines appeared among the old edge slip lines up to the 
highest deformations used (27%). It seems as if the 
slip planes active in the initial slip blocked the motion 
of screw components of the Frank-Read loops generated 
in the new slip system but did not interfere with the 
edge components of these loops. 

If one cleaves a crystal deformed in compression, 
along a plane perpendicular to the direction of com- 
pression, then the cleavage plane is bent. On the other 
hand, cleaving along a cube plane containing the direc- 
tion of compression and the Burgers vector of the 
active slip system yields a flat cleavage plane as if the 
crystal were not deformed at all. This result confirms 
the deduction made by Nye” that the curvature of a 
plane is given by nb, where n is the number of disloca- 
tions, of the same sign, parallel to the plane and ail 
of the Burgers vectors 6. It follows also that whenever 
double slip occurs in the alkali halides, the cleavage 
planes will never be flat. If, before cleaving, a deformed 
crystal is annealed, then the cleavage planes, instead of 
being bent, consist of flat segments inclined at small 
angles to each other. One might interpret this as an 
evidence of the formation of large subgrains due to 
polygonization. 

Crystals which are short rather than long in the 
direction of compression deform with the formation of 
deformation bands parallel to the direction of com- 
pression. The deformation band boundary is a {110} 
plane which contains the compression direction. The 
slip systems operative on the two sides of the boundary 
are different but nct arbitrary: The deformation band 
boundary bisects the angle between the two slip planes 
and also the angle between the two slip directions. The 
deformation boundary is made up of dislocations lying 
in (111)-type directions (which are the intersection lines 
of the two slip planes) forming an angle 35°16’ with the 
Burgers vectors, i.e., they are partly screw-type, partly 


edge-type. 
(e) Hardness Measurements 


Hardness tests were made on crystals that were 
(a) undeformed; (b) deformed 21.2% and unannealed ; 
(c) deformed 21.2%, annealed at 350°C for 10 minutes 
with a rise of 5°C/min, and cooled at 5°C/min; (d) de- 
formed 21.2%, heated to 750°C at 5°C/min, and 
immediately cooled at 20°C/min; (e) prepared as in 
group (c) and rotated by 45° to check for a possible 
error due to anisotropy. Since hardness number has no 
particular physical significance, Table II lists the 
lengths of the diamond indentations in microns. The 
higher the hardness, the shorter the indentation. 
Apparently there is no significant change in hardness 
after a 10-minute anneal at 350°C and only a slight 
softening upon heating to 750°C at 5°C/min and im- 
mediately cooling at 20°C/min. The softened crystal 
showed a “polygonized”’ cleavage plane as discussed 


2% J. F. Nye, Acta Met. 1, 153 (1953). 
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above. All these observations were made on a crystal 
deformed 21.2%. 

The main results of the present investigation are as 
follows: 

1. Judging by the amount of strain-hardening, none of 
the crystals deformed exclusively by a pure simple slip. 

2. Up to a deformation of about 11% compression, 
there was presumably a mixture of predominantly 
simple slip with some double slip, with no accompanying 
measurable density change or new slip lines. This region 
is characterized by a low rate of production of vacancies 
and a probably large increase of the density of dis- 
locations. 

3. At about 11% deformation, multiple slip sets in 
accompanied by a rapid decrease of density of the 
crystals. The rate of this decrease is 18.6 10~* g cm™, 
or 3.02X 10" vacancies cm~* per percent deformation. 
This assumes that all interstitials which may be formed 
in this process, and which one expects to be highly 
mobile at these temperatures, are already absorbed by 
dislocations and subgrain boundaries. The above num- 
ber of vacancies is in agreement with the value 2X10" 
to 2X 10'* vacancies cm™ at 12% deformation predicted 
by Seitz on the basis of the experiments of Gyulai and 
collaborators. 

4. Ueta and Kianzig’s results, which are illustrated 
in Fig. 1, lead to the value of 0.7710" electron traps 
produced per cm* per percent deformation, and at the 
critical deformation of 11% the total number of traps 
reaches the value of about 1.2X10'’ per cm*. If one 
assumes that the ratio of the number of traps to the 
number of vacancies is of the order of unity, then this 
concentration of traps would not be easily observable 
as a change of density in the experiments here reported. 
This is in agreement with experiment. 

5. As the region of multiple slip sets in, the vacancies 
are produced at a rate about four times higher than the 
electron traps. From this point on, with increasing 
deformation, the efficiency of trap formation seems to 
fall off. This apparent contradiction, with the sudden 
onset of a high rate of production of vacancies, is to be 


TABLE II. Lengths (in microns) of diamond indentations in KCl 
crystals deformed 21.2% and variously annealed. 











Maximum 
effect of 
anisotropy 
Deformed on crystal 
and annealed Deformed deformed, 
Deformed at 350 and heated annealed 
Undeformed unannealed 10 min to 750°C at 350°C 
96 75 80 79 83 
90 77 78 76 85 
91 80 76 74 83 
92 75 74 78 81 
95 77 78 77 83 
90 76 76 76 83 
88 77 79 75 81 
88 78 76 80 83 
91 77 79 82 83 
95 78 77 81 84 
Average 90.5 77.0 77.5 78.0 82.8 
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interpreted as an evidence of the progressive formation 
of larger clusters of vacancies which are poor electron 
traps. It should be kept in mind too that each electron 
trap which is not an F-center must have at least two 
vacancies (the F’-center is not stable at room tem- 
perature). Ueta and Kinzig also observed the formation 
of the M and R bands during plastic deformation and 
the growth of the R band up to 48 hours after plastic 
deformation. Thus if one considers that there are some 
free positive-ion vacancies, the ratio of about four 
vacancies to one trap is not out of line. 

6. The annealing experiments indicate that the pres- 
ence of vacancies has no measurable effect on hardness: 
The vacancies anneal out completely at 350°C, while 
hardness remains unaltered up to about 750°C annealing 
temperature. In addition there was no correlation 
between the change of density and amount of work 
done in deforming the crystal, which probably reflects 
the fact that only a small amount of energy of deforma- 
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tion goes into creation of vacancies.”* It is thus quite 
likely that hardness is associated with a disturbance of 
the dislocation pattern, especially of the Frank-Read 
sources, during the process of deformation and not with 
the presence of vacancies as slip obstacles. This is in 
agreement with some of the experiments discussed in 
the introduction. It should be remembered, of course, 
that one has to be careful in drawing conclusions from 
hardness, an essentially surface property, about internal 
phenomena. 

7. Formation of deformation bands was analyzed in 
terms of the operating slip systems and the structure 
and orientation of the deformation band boundary. 
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Two types of contamiration, the adsorption of a monolayer of atmospheric gas and the deposition of 
carbonaceous material under electron bombardment, were found to affect the characteristic electron energy- 
loss spectrum of tungsten. Spectra were ubtained by analyzing with a 127° electrostatic spectrometer the 
energy distribution of §50-volt electrons scattered by the target through 90°. The deposition of the carbona- 
ceous material was associated with the growth of the carbon Auger peak. Each type of contamination could 
be removed by heating the target in vacuum to a suitable temperature. 


INTRODUCTION 


HE results of electron scattering experiments at 

low energies are markedly affected by the occur- 

rence of two common types of surface contamination of 
the specimen. One type arises from the adsorption of a 
monolayer of residual atmospheric gas, and many 
workers! in this field have recognized the need for 
thorough outgassing of the specimen. Some direct effects 
of this contamination have been reported by Harrower.” 
The other type of contamination, which has also been 
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observed in many systems,** is the deposition of 
carbonaceous material on those portions of the specimen 
irradiated by the electron beam. 

The purpose of this paper is to show how these two 
types of contamination influence the characteristic 
energy-loss spectrum® of tungsten. 


APPARATUS 


The specimen used in these experiments, a tungsten 
wire 0.01 in. in diameter, was the target for primary 
electrons from a Pierce-type electron gun.’ Scattered 


3 Webster, Hansen, and Duveneck, Rev. Sci. Instr. 3, 729 
(1932); A. E. Shaw, Phys. Rev. 44, 1006 (1933); R. L. Stewart, 
ibid. 45, 488 (1934); J. Hillier, J. Appl. Phys. 19, 226 (1948); 
K. M. Poole, Proc. Phys. Soc. (London) B66, 542 (1953); A. 
Lempicki, J. Sci. Instr. 32, 221 (1955). 

4A. E. Ennos, Brit. J. Appl. Phys. 4, 101 (1953); 5, 27 (1954). 

5 R. Castaing and J. Descamps, Compt. rend. 238, 1506 (1954). 

6 L. Marton, Revs. Modern Phys. 28, 172 (1956). 

7J. R. Pierce, Theory and Design of Electron Beams (D. Van 
Nostrand Company, New York, 1954), second edition, Chap. 10. 














POWELL, ROBINS, 


AND SWAN 





INTENSITY 


RELATIVE 
w 





(a) 


Fic. 1. (a) Relative in- 
tensity i of elastically re- 
flected primary electrons as 
a function of time. Point A 
corresponds to a clean tung- 
sten target and B, C, D and 
E to increasing degrees of 
contamination. (b) i—ig 
‘ for three different rates of 
contamination plotted on a 





a 








logarithmic scale as a func- 
tion of time. 








° -" 10 
TIME IN MINUTES 


and secondary electrons which left this target in a 
direction at right angles to the primary beam passed 
through the entrance slit of the 127° electrostatic 
spectrometer® into the space between the curved de- 
flector plates. These plates, made of aluminium, were 
3 in. wide and of radii 9.25 in. and 10.75 in., respectively, 
and were clamped between two Perspex sheets. The 
plates were maintained symmetrically above and below 
earth potential and the Perspex was coated with a thin 
layer of graphite in order to prevent accumulation of a 
surface charge. The adjustable aluminium entrance and 
exit slits, each 0.5 in. high, were grounded and the 
target also was maintained at earth potential. The 
temperature of the target could be raised by passing a 
heating current through it. 

The detector, a 17-stage beryllium-copper electron 
multiplier, was placed immediately behind the exit slit 
of the spectrometer and all electrons which were focussed 
on this slit passed directly onto the first dynode, the 


8 A. L. Hughes and V. Rojansky, Phys. Rev. 34, 284 (1929). 


resulting output pulses being amplified and counted. 
The potential difference between the deflector plates, 
which was measured with a Tinsley Vernier Potentiome- 
ter, was varied by fixed intervals and spectra were 
scanned by observing the counting rates at the corre- 
sponding electron energies. 

The spectrometer was constructed entirely of non- 
magnetic materials and the pumps were located at some 
distance from the deflector plates. In addition, the 
earth’s magnetic field was reduced to less than 0.1% of 
its normal intensity over the region between the de- 
flector plates using a two-coil system.’ The axis of the 
coils coincided with the axis of the deflector plates, and 
by tilting the apparatus this common axis was aligned 
with the earth’s field. 

With a target-entrance slit distance of 12 in., slit 
widths of 2.5X10~ in., and the target bombarded by 
electrons accelerated through 850 volts, the width at 


* Ference, Shaw, and Stephenson, Rev. Sci. Instr. 11, 57 (1940). 








EFFECTS OF CONTAMINATION 


half maximum intensity of the peak of elastically 
reflected electrons was 1.4 ev. 


RESULTS 


All measured counting rates were normalized in order 
to present undistorted intensity-energy spectra and the 
numerical results quoted are the best values of a large 
number of determinations. . 

The trap above the oil diffusion pump was left unfilled 
and the pressure in the vacuum system was normally 
about 3X 10-* mm of mercury. The net electron current 
to the target was maintained at 40 wa corresponding to a 
current density at the target of 1.5 ma/cm?, and the 
accelerating voltage was usually 850 volts, though some 
observations were made at 600 volts. The tungsten 
target was initially prepared for use by heating it to 
white heat to remove volatile impurities. 

At the commencement of each series of contamination 
measurements the target was heated to about 1500°C 
and the spectrometer controls were adjusted to focus 
elastically-reflected primary electrons (the elastic peak). 
Following rapid cooling of the target, the elastic peak 
intensity, 1, was observed to change with time as shown 
in Fig. 1(a). As the monolayer adsorption time” is less 
than one second at the normal operating pressure, it was 
concluded that the initial rapid change in counting rate 
resulted from contamination of the tungsten surface by 
adsorbed atmospheric gas. Since it was always possible 
to remove this contamination by heating the target to 
about 1500°C, it was assumed that the intensity at A, 
ia, corresponded to reflection from a clean tungsten 
surface. For 850-ev electrons it was found that when the 
surface was thus contaminated, the observed intensity, 
ip, was greater than i,, whereas for the same energy 
Harrower’s results’ indicate that tg is less than 1%. 
However, the large scatter of Harrower’s experimental 
points at 500, 800, and 1000 volts may make his 
interpolation unreliable. The ratio (is—ia)/ia was 
found to be 0.06+0.03." For a primary energy of 600 ev, 
the measured value of this ratio was —0.17+0.03, the 
sign being the same as that found by Harrower. 

It was found that the target surface could be kept in 
the condition represented by point B for an indefinite 
length of time by heating the target to about 400°C. 
The characteristic loss spectra of the target in the states 
corresponding to points A and B were recorded and 


TABLE I. Characteristic energy loss values for the target in the 
states corresponding to A, B, and E of Fig. 1(a). 











Desig- 

nation Characteristic energy losses (electron volts) 
A ee 10.6+0.4 24340.2 43.3405 52.8+0.4 
B - 11.7404 25.0+0.2 443405 53.5404 
E 5.8+0.6 24.8+0.8 . ree 





1H. D. Hagstrum, Rev. Sci. Instr. 24, 1122 (1953). 
4 The probable errors quoted here were determined from the 
differences between the observed values and their mean. 
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Fic. 2. Typical characteristic energy loss spectra obtained at 


stages of contamination corresponding to A, B, C, D, and E of 
Fig. 1(a). 


typical curves are shown in Fig. 2(a) and (b), re- 
spectively. The characteristic energy loss values and 
their probable errors" are given in Table I. The spec- 
trum obtained from the clean tungsten differs from that 
obtained by Harrower” in both shape and position of 
the peaks, possibly because of the different scattering 
angles in the two experiments. 

The differences between (a) and (b) of Fig. 2 could be 
due to other effects dependent on the target tempera- 
ture. However, the fact that the target had to’be heated 
to 1500°C to obtain spectra of the type (a) is consistent 
with measurements of sorption of nitrogen and oxygen 
on tungsten at various temperatures,’”-*-* and suggests 
that the spectrum change is due to target contamination 
by atmospheric gas, probably nitrogen.’*.!* 

The second type of contamination is the deposition of 
carbonaceous material on the target under electron 
bombardment. Kénig'*® has shown that the deposit 
consists principally of carbon, while Ennos* has con- 
cluded that the contamination arises from the inter- 


2G. A. Harrower, Phys. Rev. 102, 349 (1956). 

3 J. A. Becker and C. Hartman, J. Phys. Chem. 57, 153 (1953). 

14 J. A. Becker and R. G. Brandes, J. Chem. Phys. 23, 1323 
(1955). 

15 J. Blears, J. Sci. Instr. Suppl. No. 1, 36 (1951). 

16H. Konig, Z. Physik 129, 483 (1951). 
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Fic. 3. The percentage height above background for the 53.5-ev 
(closed circles and full line) and the 44.3-ev (open circles and 
dashed line) losses plotted against the percentage height above 
background of the carbon Auger peak. The percentage heights are 
obtained from [ (height of peak—background)/background ]X 100. 


action of the electron beam with hydrocarbon molecules 
(originating from pump oils, vacuum greases, etc.) 
adsorbed directly onto the target surface from the 
vapor phase. The results of Castaing and Descamps,° 
however, indicate that the processes involved may be 
more complicated. / 

Figure 1(a) shows how the gradual deposition of this 
contamination affects the elastic peak intensity, which 
is seen to decrease exponentially with time from ig 
towards a steady value ig. Different contamination 
rates, due possibly to different partial pressures of 
organic vapors in the target chamber, were observed 
under the same conditions of bombarding current and 
voltage and in Fig. 1(b) three such series of values of 
i—tx are plotted on a logarithmic scale as a function of 
time. 

At any stage, formation of further contamination 
could be prevented by heating the target to about 
400°C. It was thus possible to record characteristic loss 
spectra for various degrees of target contamination. In 
Fig. 1(a), C and D are arbitrarily chosen points on the 
contamination curve and Figs. 2(c) and (d) are the 


POWELL, ROBINS, 


AND SWAN 


corresponding characteristic loss spectra. The charac- 
teristic loss spectrum of the target in the final stage of 
contamination corresponding to E in Fig. 1(a) is shown 
in Fig. 2(e), and the energy loss values are given in 
Table I. Curves (b) to (e) of Fig. 2 therefore show the 
changes in the characteristic loss spectrum of the target 
as the contamination proceeds. It is seen that the 
tungsten loss peaks gradually disappear and are re- 
placed by those of the contamination layer. Both the 
spectrum and the energy-loss values of this contami- 
nation agree with other results obtained for carbon." 

As soon as a characteristic loss spectrum had been 
recorded, the secondary electron spectrum in the region 
of the carbon Auger peak'* was scanned. This peak was 
observed to grow as the contamination proceeded; its 
appearance is corroborative evidence that the con- 
taminant is principally carbon. It was found that this 
Auger peak grew and the tungsten characteristic- 
loss peaks decreased exponentially with time at the 
same rate as the elastic peak intensity decreased. In 
Fig. 3, the percentage heights above background of 
the 44.3- and 53.5-ev loss peaks are plotted against the 
percentage height above background of the carbon 
Auger peak. From a least-squares analysis, the inter- 
cepts on the abscissa axis were found to coincide within 
the limits of probable error, and both lines are drawn to 
pass through the mean value. The intercepts on the 
ordinate axis are the percentage heights above back- 
ground of the appropriate tungsten loss peaks when the 
target is in a condition represented by B in Fig. 1(a). 
The scatter of the experimental points in Fig. 3 is 
mainly due to the difficulty in locating the continuous 
background of primary electrons that have suffered 
various energy losses by inelastic collisions. 

It was found that the carbonaceous contamination 
could be removed by heating the target to red-heat in 
vacuum, thereby returning to point B in Fig. 1(a). As 
it was possible to remove both types of contamination 
by heating the target to an appropriate temperature, 
the same target was used in all measurements. 
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A tensor notation for electric multipole interactions between molecular charge distributions is developed 
and applied to the evaluation of first- and second-order interaction energies. An equivalence theorem between 
cylindrically symmetric and linear assemblies of charge is established. The mathematical implications of 
using a multipole Taylor expansion in régions of configuration space where the series has no validity is 
discussed for the first and second orders of perturbation theory. 





I. INTRODUCTION AND SUMMARY 


ALUABLE information on the properties of Cou- 
lomb potentials may be inferred from develop- 
ments in series of certain types. In the literature 
pertaining to long-range molecular interactions it has 
been a practice, since the early papers of Debye' and 
Keesom,’ to expand the electrostatic potential at a 
distance R from the center of a charge distribution as a 
Taylor series of inverse powers of R. This expansion 
may be written explicitly in terms of Legendre’s func- 
tions (tesseral, sectorial, and zonal harmonics) or, more 
formally, as a sum of products involving tensors of 
increasing rank. The first general notation, given by 
Frenkel,’ was in tensor form. Later this notation was 
abandoned in favor of the Legendre functions. In either 
form for the electrostatic potential, part of the coeffi- 
cient of 1/R**' is a homogeneous polynomial of degree 
in the Cartesian coordinates of the elemenis of charge of 
the distribution. This term is associated with the 
multipole moment of order » of the charge distribution. 
The (ground state) expectation value of the potential 
then contains the expectation values of the multipole 
moment operators. These quantities will be referred to 
as (being associated with) the “molecular” multipole 
moments.‘ 

There is a great deal of confusion in the literature on 
molecular interactions regarding the general definitions 
of the moment operators and the molecular multipole 
moments. We mention that three different definitions 
for the molecular quadrupole moment are used in the 
literature.® It will be shown in Sec. IT of this paper that 


* This research was supported in part by the U. S. Air Force 
through the Air Force Office of Scientific Research, Air Research 
and Development Command, and by a grant from the National 
Science Foundation. 

1P. Debye, Physik. Z. 21, 178 (1920). 

2 W. H. Keesom, Physik. Z. 22, 129 (1921). 

3 J. Frenkel, Z. Physik 25, 1 (1924). 

4 For a detailed discussion of multipole moments and long-range 
interactions we refer to the review articles by K. F. Herzfeld, 
Handbuch der Physik (Verlag Julius Springer, Berlin, 1933), Vol. 
24, Part 2, and by H. Margenau, Revs. Modern Phys. 11, 1 (1939), 
which have become classics in this field. A recent quite complete 
treatment of the subject is found in Hirschfelder, Curtiss, and 
Bird, Molecular Theory of Gases and Liquids (John Wiley and 
Sons, Inc., New York, 1954), Chap. 12. 

5 Hirschfelder, Curtiss, and Bird, reference 4, Chap. 12. 


the moment operators of arbitrary order may be defined 
in an unambiguous manner on the basis of a tensor 
notation for the electrostatic potential. The explicit 
expressions for the molecular moments then follow from 
the expectation value of the potential. These definitions 
for the molecular moments depend on the symmetry 
properties of the distribution ; they are, however, iden- 
tical for all distributions with an axis of symmetry which 
is at least threefold. The tensor formalism is charac- 
terized by two sets of quantities: the interaction tensors 
T™ of rank n and the multipole moments N‘ of order 
n. It leads to a short notation for operators such as the 
electrostatic potential, electric field strength, and the 
perturbation Hamiltonian. Therefore, in contrast with 
the notation in terms of Legendre’s functions, it is easy 
to apply in problems involving the expectation values of 
general operators to relatively high orders of perturba- 
tion theory. The tensor algebra may be worked out in all 
relevant cases on the basis of two general theorems for 
solid spherical harmonics: a general theorem in differ- 
entiation and an integral theorem, both of which are due 
to Hobson.* Examples are given in Sec. III and Sec. IV 
of this paper, in a discussion of first- and second-order 
interaction energies. Interactions between three-dimen- 
sional distributions with “cylindrical” symmetry are 
often replaced in the literature by those between linear 
assemblies of charges. We shall prove that the equiva- 
lence exists in a multipole-type expansion for first-order 
interactions between distributions which have at least a 
threefold axis of symmetry (Sec. ITD). 

Since the Taylor series involved in a multipole ex- 
pansion converges uniformly only if the point of refer- 
ence lies outside the charge distribution, the multipole 
series is applicable only in a limited region of configura- 
tion space. If Taylor’s series are to be retained for the 
whole of space, then the above condition necessitates 
the use of two series for the electrostatic potential and 
four different series for the perturbation Hamiltonian. 
Instead, one often uses only the series applicable if the 
point of reference lies outside the distribution, but 
integrates over all space. The mathematical implications 
of this procedure have only recently received attention. 


‘E. W. Hobson, The Theory of Spherical and Ellipsoidal Har- 
monics (Cambridge University Press, New York, 1931), Chap. IV. 
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Brooks’ noted the divergent character of second-order 
series representing long-range interactions between a 
hydrogen atom and a proton and also for interactions 
between harmonic oscillators. He established that the 
divergent series are the asymptotic expansions (in in- 
verse powers of the separation R) of the true energy of 
interaction. Brooks ascribed the origin of the divergence 
to the use of the “multipole Taylor series” in regions of 
configuration space where it is not valid. However, 
Dalgarno and Lewis* pointed out that the exact second- 
order expression for the hydrogen atom—proton inter- 
action energy yields for large values of R, when ex- 
panded in inverse powers of R, identically the same 
divergent series as the multipole expression. Thus the 
divergence must be regarded as a characteristic property 
of the expansion in inverse powers of the separation. It 
will be shown in Sec. V of this paper that the same 
properties are exhibited by divergent firsi-order multi- 
pole series. 


Il. ELECTROSTATIC INTERACTIONS IN 
TENSOR NOTATION 


A. Interaction Tensors T‘” 


Suppose that we have a Cartesian coordinate system 
(x,y,z) with origin O,. Let a point charge e; be situated 
at vector distance r; from O,; then the scalar potential 
at a point at vector distance R from 0, is 


V(R)=e,|R—r,|—. 
For 7;<R this expression may be expanded as an 


absolutely-convergent power series in ascending powers 
of r;/R; we write the series as 
ao (— 


1)” 1 
V(R)= > alte w)"(—). (1) 


n=0 MN! 


ri<R: 





It is understood in (1) that ¥ operates on R but not on 
r;. On the other hand, the appropriate series for r;> R is 


1)" 1 
rs>R: V(R)=> (Rv )*(—), (2) 
ay 


n=0 n! 





For the following, it is convenient to write (1) in tensor 
form by introducing the mth-rank tensor® 


T= —V"(1/R); (3) 
the components of T are spherical harmonics'® of 


degree —n—1. The expression (1) for the potential may 
then be written as follows 


o (—1)"# 
r:<R: V(R)= > ——T[er (4) 
n=0 nn! 


7F. C. Brooks, Phys. Rev. 86, 92 (1952). 

8 A. Dalgarno and J. T. Lewis, Proc. Phys. Soc. (London) A69, 
57 (1956). 

*L. Jansen, Physica 23, 599 (1957). 

10 We shall use the name “spherical harmonic” as an abbrevia- 
tion for “solid spherical harmonic,” i.e., any function which is 
homogeneous in x, y, z and satisfies Laplace’s equation. 
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In this equation [» ] denotes that the product of the two 
nth-rank tensors T‘ and r," is contracted n times. 
Further, since we use only rectangular Cartesian 
coordinate systems, we shall not distinguish between 
covariant and contravariant tensors. 

In the course of the following calculations frequent 
use will be made of two general theorems, in a form 
given by Hobson.® The first is a special case of a 
theorem in differentiation and states that if f,(2,y,2) isa 
rational algebraic homogeneous function of degree n 
in x, y, 2, 


600 1 
290) 
dx dy dz/ \R 





2n)! 1 
— 
ani ee 
RV - 
{1 Soph faawe 


For example, we mention as a rather trivial application 
of (5) that any component of a tensor T, with n> 1, 
when averaged over the orientations of the coordinate 
system, vanishes identically. (This result follows also 
from the orthogonality properties of solid spherical 
harmonics.) An equivalent form of the theorem (5), first 
given by Maxwell in his theory of poles of a spherical 
harmonic, will be applied in evaluating first-order 
interactions between cylindrically symmetric molecules. 
Hobson’s integral theorem will be discussed in connec- 
tion with first- and second-order molecular interactions 
(Sec. III and Sec. IV). As a further useful property of 
the T tensors we note” that summation over one re- 
peated coordinate in any component of T™, with n>1, 
gives zero result. These identity relations will be used in 
the derivation of an expression for the (scalar) molecular 
multipole moments of arbitrary order for cylindrically 
symmetric distributions of charge. 

The expansion of (1) in terms of Legendre’s func- 
tions is well known and will therefore not be developed 
here; for details the reader is referred to the work of 
Hirschfelder e¢ al.* The expressions for the electrostatic 
potential are not yet in a suitable form for the calcula- 
tion of the interactions between two charge distribu- 
tions, since in that case one normally makes use of two 
Cartesian coordinate systems with origins O; and Oz, 
respectively. Let the position of a point in configuration 
space be specified by a vector r; with respect to Oi, a 
vector r; with respect to Oz, and the vector distance R 
between 0; and O>». Instead of | R—r;|~' we now have to 
evaluate |R—r,+1;|~', and instead of two Taylor ex- 
pansions we have four different series associated with 


4 These relations were already applied by Frenkel, reference 3. 
See also the review article by K. F. Herzfeld, Handbuch der 
~— (Verlag Julius Springer, Berlin, 1933), Vol. 24, Part 2, 
p. 444. 
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the different relative magnitudes of r,, r;, and R.!* The 
case equivalent to r;<R is that r;+1r;<R; we give only 
some formulas pertaining thereto.’* In the tensor 
formalism one has simply 


|[R—r,+r,|— 


o @ — ju 
— 7 i ed oe et (6) 


ni) n2=0 nN; !n»! 


It is expedient to specify the sign of the differential 
operator ¥ by the convention that it is directed from the 
charge distribution on the /eft of the symbol T‘"+™ to 
that on the right; thus, in (6), V is directed from 
distribution 1 to 2. We note that (6) does not contain 
the relative orientations of the two coordinate systems 
explicitly, in contrast with the expansion in terms of 
Legendre’s functions. The necessity of specifying at the 
outset the coordinate systems used does not arise in the 
tensor formalism. If Legendre’s functions are used, then 
the expansion of | R—r;+r,;/~' may be accomplished by 
direct application of Maxwell’s theory of poles. Alter- 
natively, this expansion can also be obtained from group 
theoretical considerations. The results depend on the 
relative orientations of the two coordinate systems with 
origins O; and O2, respectively. Carlson and Rushbrooke™ 
have derived such expressions for two special cases: 
(a) the two sets of coordinate axes are parallel, with 
coinciding z axes; (b) parallel sets of axes, the line 0,02 
has nonzero polar angles relative to the axes at Oy. 
They showed that the expansions may be obtained from 
group theory and expressed in terms of reduction coeffi- 
cients for the direct product of two irreducible repre- 
sentations of the rotation group (Wigner coefficients). 
The general expansion, valid for arbitrary relative 
orientations of the coordinate systems, and involving 
the representation coefficients of the rotation group, 
was given by Hirschfelder, Curtiss, and Bird.® 

The complete procedure of employing four different 
Taylor series for the expansion of Coulomb interactions 
between two distributions of charge has, to this author’s 
knowledge, not been applied in the literature. In the 
theory of molecular interactions it is often possible to 
avoid the series with complicated boundary conditions 
by using different mathematical methods for small 
values of the separation.'® In the region of relatively 
large values for R one uses only the Taylor series for 
rit+r;<R, and extends the integration over all space. 


#2R. J. Buehler and J. O. Hirschfelder, Phys. Rev. 83, 628 
(1951); 85, 149 (1952). The four possibilities are: R>r;+1;; 
r3>R+05; 75>R+1r;; and |ry—r;| RK rits;. 

8 Explicit expressions for the expansion in Legendre’s functions 
for all cases are given in Hirschfelder, Curtiss, and Bird, reference 
5, Chap. 12. 

4B. C. Carlson and G. S. Rushbrooke, Proc. Cambridge Phil. 
Soc. 46, 626 (1950). 

18 See, for example, J. O. Hirschfelder and J. W. Linnett, J. 
Chem. Phys. 18, 130 (1950); J. S. Dahler and J. O. Hirschfelder, 
ibid. 25, 986 (1956); E. A. Mason and J. O. Hirschfelder, ibid. 26, 


173, 756 (1957). 
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The limitation to one Taylor series leads to a simple 
expression of Coulomb potentials in terms of interactions 
between electric multipole moments of the two distri- 
butions. It is consistent with this procedure to assume 
that the wave functions need not be antisymmetrized 
with respect to interatomic exchange, so that no such 
exchange contributions appear in the result. We restrict 
ourselves in the following to large values of R, i.e., we 
use the tensor notation (4) or (6), or the equivalent 
expressions in terms of Legendre’s functions. 


B. Multipole Moment Tensors N“” 


To obtain the electrostatic interaction between two 
distributions of charge, (6) must be summed over all 
charges of the assemblies. To this end we introduce’ the 
multipole moment operator of order n, N™, as the nth- 


rank tensor 
N=) 5 en;"; (7) 


the summation extends over all charges. The tensors 
N‘”) define the multipole moments of the charge dis- 
tributions: V is the total charge, N® represents the 
dipole operator, N‘ stands for the quadrupole tensor, 
etc. The operator for the electrostatic interaction be- 
tween two distributions of charge, H’, is then 


@ eo (—1)"" 
H=-> > NOL ny TT) INO, 


m0 n2=0 !Ne! 





(8) 


Also, the expectation value, (V(R)), of the electrostatic 
potential at vector distance R from 0, is, from (3), 


«2 (—1) 
(V(R))= = | 


n=0 nN. 


T[n KN). (9) 





The expression for the electric field strength at R 
assumes a particularly simple form in this notation, 
namely 

(— n 


(F(R))=—¥(V(R)) = 5 Tn (IN). 


n=0 86! 


(10) 


The corresponding expressions in the notation involving 
Legendre’s functions will not be given here; they are 
usually considerably more complicated than (8), (9), 
and (10). They involve, in the general case of arbitrary 
relative orientations of the coordinate systems, products 
of complex operators Q,,” for the separate distributions, 
as well as the representation coefficients of the three- 
dimensional rotation group.° 

In contrast with the notation in Legendre’s functions, 
it is relatively easy to apply the tensor formalism for the 
evaluation of expectation values of general operators to 
relatively high orders of perturbation theory.!® The 
necessity of going beyond the first order usually arises, 
since the equations may only be applied for large 





16P. Mazur and L. Jansen, Physica 21, 193, 208 (1955); L. 
Jansen and A. D. Solem, Phys. Rev. 104, 1291 (1956). 
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separations. If the charge distributions are neutral and 
in their unperturbed ground states, the first order of 
perturbation theory often gives only trivial results. In 
the next section we show that the tensor notation gives a 
unique definition for the (scalar) molecular multipole 
moments of arbitrary order for cylindrically symmetric 
charge distributions.!” 


C. Cylindrically Symmetric Distributions 
of Charge 


Since the Taylor series (8), or its equivalent in terms 
of Legendre’s functions, is applicable only for relatively 
large values of R, its use is appropriate in problems 
which may be treated by perturbation methods. In that 
case the symmetry properties of the interacting charge 
distributions often cause a considerable simplification of 
the equations. Of particular importance in the theory of 
molecular interactions is the class of distributions with a 
symmetry axis which is at least threefold. The group 
includes spherically symmetric distributions, diatomic 
and “linear” polyatomic molecules, as well as certain 
nonlinear structures (such as ammonia). The following 
derivations pertain to this class of molecules; for our 
purpose we may call them “cylindrically symmetric 
distributions of charge.”’ To avoid complicated subscript 
notation we shall use the symbols 7‘) («*y’z*) and 
N“ (x*y*z*) to denote components of T and N‘™ 
which are a, b, and c fold in x, y, and 2, respectively. 
However, components of the lowest multipole moments 
(dipole p, quadrupole q and octupole I) will be written, 
following convention, as p., gzz OF gz*, ly, etc. We 
consider the expectation value of the electrostatic po- 
tential at distance R from the center (of positive charge) 
of a cylindrically symmetric distribution; the axis of 
symmetry is denoted by z. For symmetry reasons, only 
even powers of x and y will occur in the components of 
(N“). From repeated application of the relations 


T™ (2") = << T™ (x?g"-?) han T™ (y*s*-*), 


it is easy to show® that 


T[n KN) = YS bpT(2")(N (x27¢"-29)) (11) 
with in ad 
n! 
b,= (—1)>__—_. (12) 
: (2p) !(n—2p)! 


We may now define scalar molecular multipole moments 
MN” of order mn for cylindrically-symmetric charge 
distributions by 


N= FAN (atra"-*»)) 
pgn/2 
n! 
= > (-—1)>——_{(N (x? ?2""*9)), (13) 
pSn/2 (2p)!(n—2p)! 


17 Only the tensor T® appears to have been used regularly in the 
literature. See also A. D. Buckingham and J. A. Pople, Trans. 
Faraday Soc. 51, 1029 (1955), and R. W. Zwanzig, J. Chem. Phys. 
25, 211 (1956). 
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in terms of a combination of components of (N‘”). The 
potential then assumes the form 


—1 n+l 





(V(R))= > T™ (2*) NN. (14) 


n=( 


The general term in the expression for (H’) is, from (8), 
(NO) JT" ng KN) ; 
this term may be rewritten in a way similar to (14) as 
T (nitna) (2,292) MJP (m2), 


where J" and 9 are the molecular multipole 
moments of order m; and m2 of charge distribution 1, 2, 
respectively. The axes 2; and 22 coincide with the two 
symmetry axes. Thus 


we (—1)" 
(H')= > Ba re Ti oe... (15) 


ni=0 n2=0 Ny) !no! 


Equations (14) and (15) show that for interactions be- 
tween cylindrically-symmetric charge distributions, the 
multipole moment tensors occur only in certain combi- 
nations of their components. In addition, the expressions 
contain only components of the 7 tensor along the axes 
of cylindrical symmetry. 

There exists a very simple relationship between the 
molecular multipole moments Jt”, defined by (13), and 
the scalar coefficients 2," occurring in the expression for 
the potential in terms of Legendre’s functions. With the 
help of the definition for the Legendre polynomial of 
degree n, we write (14) as 


» P,(cosd 


(V(R))=  —— ne. sad 
R+ 


n=( 


On the other hand, the equivalent expression in terms 
of the Q,." reads 


VR)= 0.9 (14”) 
n=() 
It follows then that 
MN” =(0,.% =(D; ev i"Pn(cos8,)), (16) 


for cylindrically-symmetric distributions of charge. The 
identity (16) may also be proven directly by expressing 
x; and 2; (substituted for x and z) in (13) in polar 
coordinates, integrating over the azimuth angle, and 
making use of the alternate expression!® 


n! 
2?>(p!)?(m—2p)! 
X sin® 6; cos"~*?6;, 





P,(cos6i)= 2) (—1) 


p<n/2 
(17) 


for the zonal harmonic of degree m. Molecular multipole 
18 E, W. Hobson, reference 6, p. 23. 
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moments of order n> 2 may also readily be found on the 
basis of (13). If we abbreviate the octupole and 
hexadecapole moments by L and M, and the corre- 
sponding tensors by I and m, respectively, then 


mol. octupole moment L = (/,*)—3<1,1,), 


mol. hexadecapole moment M = (m,+)—6(m.z1,1)+(mz'), 
where 1,3= >>; e,2,7; m,:= >; ex 72,7; etc. It should be 
noted that the choice of J =(Q,°) for the (scalar) 
molecular multipole moments of cylindrically-symmetric 
distributions is consistent with the definition N‘™ 
=); ¢.," for the moment operators. For example, the 
expression (= (g,:)—(qzz) for the molecular quadrupole 
moment follows from the definition q= >; e,t,1; for the 
quadrupole moment operator. Often used is a definition 
for this operator as the traceless tensor (U is the unit 
second-rank tensor) 


q’= Ds e{3ra,—r7U], 


which shows some similarity’ with T®. For cylin- 
drically-symmetric distributions the molecular quad- 
rupole moment is then defined as (q.2)= —2(g22')= 20. 
A logical choice for the definition of multipole moments 
should, however, be based on a general expansion of the 
electrostatic potential. The tensor formalism and the 
expansion in terms of Legendre’s functions lead without 
ambiguity to the same definition. The multipole mo- 
ments associated with a given cylindrically-symmetric 
distribution of charge may be found by using the 
definition (13). However, if the charge density p(r;,0,) is 
given as a series of Legendre polynomials, it is simpler to 
employ the identity (16). In that case we write® 


(18) 


(7:,0:)= X pa(ri)P.(cosd,), (19) 
n=) 
with 


oe 
prl(ri)=— ; f P,(cos8;)p(r:,0;) sin® dé ;. 
0 


The molecular multipole moment of order m is then 
given by 


Mm) = (20) 





4dr ” 
f palrs)rs”dr;. 
2n+1 0 


The multipole series is finite if the charge density is 
represented by a finite series of Legendre polynomials; 
the order of the highest multipole moment is the same as 
that of the highest polynomial occurring in p(r;,0;). The 
three-dimensional anisotropic harmonic oscillator is an 
example of a charge density for which it is much simpler 
to use (13); this case will be discussed in the next 
section. 





19 The use of the Taylor series (2) for r;>R leads to multipole 
moments of negative order; the moment of order —3 has the form 
2; (e:/rs*)[3rir;—r2U], which is a traceless tensor similar to (18). 
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D. Equivalent One-Dimensional Distributions 
of Charge 


In the previous section it was shown that the expres- 
sions for (V(R)) and (H’) contain the multipole moment 
tensors only as certain combinations of their components 
if the distributions of charge are cylindrically symmetric. 
In addition only components of T“ along the axes of 
cylindrical symmetry occur. Consequently, such as- 
semblies of charge may be replaced by equivalent one- 
dimensional distributions for the determination of 
(V(R)) and (H’). The one-dimensional distribution may 
be obtained by solving the moment problem.” The axis 
of the linear distribution coincides with the axis of 
cylindrical symmetry of the three-dimensional assembly 
and the linear charge density p(z) must be chosen such 
that the associated linear moments t;'” are the same as 
the molecular multipole moments Jt for all n. We 
choose as the limits of integration (—«©, +) and 
expand p(z) as an infinite series of Hermite polynomials 
(for dimensionless 82) : 


p(z)=n-4 > a,H,,(82) exp(—§*2’), 
n=O 


with 
gn-tkt1. 


(- 1) Mr) 


in Athan (21) 
k<n/2 k!(n— 2k) !2?* 


ap 


For a chosen value of the scale parameter 8, the linear 
distribution p(z) can in principle be determined if the 
multipole moments of the three-dimensional assembly 
are known. A simple problem is to find the equivalent 
p(z) for a three-dimensional anisotropic harmonic oscil- 
lator. The normalized charge density for the ground 
state is given by 


p(x,y,2) =a*yx—! exp[ —a*(x*+y")—7*2?]. (22) 


The axis of cylindrical symmetry is again 2; a and y are 
positive and y<a. The multipole moments associated 
with (22) are, for even n, 


n! I he 
m= —"_(—--) . (23) 
2"(n/2)!\y> oe? 
After inserting this expression into (21), we find 
Brn 1 1 1 n/2 
cla 
2"(n/2)!IL\y* o& 2 
The simplest solution for p(z) is thus given by 
Ries 
ey a (24) 
ao=8; @,=0, for nO. 


” P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 947. , 
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The resulting charge density is that of a linear harmonic 
oscillator. The multipole moments associated with p(z) 
are 


n! 
2™(n/2) 18" 


When a approaches infinity the molecule reduces to a 
linear structure and 8 approaches y. For an isotropic 
oscillator the equivalent charge distribution is that of a 
6 function, etc. The equivalence between a three-dimen- 
sional and a linear distribution for large values of R 
applies in general only to the unperturbed expectation 
values of V(R) and H’. By combining (14’) and (25), we 
obtain 


(n) — 


(25) 


P,,(cos@) n! 
Re 2"(n/2) ign 





(V(R)= 5 (26) 


n=0 


It follows that the multipole series, representing the 
electrostatic potential at distance R from the center of a 
three-dimensional anisotropic harmonic oscillator is 
divergent for all values of R. It will be shown in Sec. V 
that the series (26) is the asymptotic expansion (in 
inverse powers of R) of the correct potential. 


III. FIRST-ORDER INTERACTIONS 


The electrostatic energy of interaction in the first 
order of perturbation theory is given by the unperturbed 
expectation value of H’. According to (8), the general 
expression is 





@ eo Se 
a ee 
ni=0 ne=0 1; 'n! 


X(N) [ny T+" [tg KN(™), (27) 
If the molecules are cylindrically symmetric, we may 
write instead 
(—1)™ 
——T (mrt na) (5 1Z9"2) JRC (ma) 
0 N,!nNe! 


oS ab > (28) 
ni=0 n= 


where 
onitne 


1 
a 
02," 020™ R 


and where Jt‘ and 9» are the molecular multipole 
moments of order m; and m2, respectively. The axes of 
cylindrical symmetry are denoted by 2, and z:. The 
“mixed” tensor components (29) may be evaluated 
directly by applying Maxwell’s theory of poles.” Sup- 
pose that in three-dimensional space the directions of n 
axes hy, ho, ---, hn are given with respect to a fixed 
Cartesian coordinate system. Let A; denote the cosine of 


T(nitne) (2,™22") =— 


21 E. W. Hobson, reference 6, pp. 129 ff.; T. M. MacRobert, 
Spherical Harmonics (Dover Publications, New York, 1947), 
p. 231 ff. 
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the angle between the radius vector R and the direction 
of A;, and let u,; denote the cosine of the angle between 
h; and h;. Then we have 


o" ( 1 ) 
OhOhe-+-0h,\R 


—1)" ! 
— ie 0s ™), (30) 


2"-™(n—m) 








where the summation extends over a range of integral 
values for m from m=0 to m= n/2 or (n—1)/2 according 
as n is even or odd. The symbol >> (A”-?"u™) stands for 
the sum of the products of m of the quantities u and 
(n—2m) of the quantities \, each suffix occurring only 
once. The T components in (29) represent therefore only 
a special case of (30), namely with m, coinciding axes 2, 
and m2 coinciding axes 22. 

If the charge distributions deviate from cylindrical 
symmetry, the first-order interactions are no longer 
given by (28). In such cases one may still derive ex- 
pressions similar to (28) by making use of the specific 
symmetry elements involved (for example for “planar” 
molecules). The scalar molecular quantities at which one 
arrives in this manner may again be defined as molecular 
multipole moments, although their definition will differ 
from that for the quantities Jt. In the most general 
case we may compute (7) and obtain a multipole series 
which consists either of a finite or an infinite number of 
terms, depending on the analytic form for the charge 
density. The expansion (19) of p(r;) now contains also 
the Legendre associated functions. The order of the last 
term of the series is the same as that of the highest 
Legendre function occurring in p(r,;). This property 
follows also readily from the tensor formalism. Note 
that in (27), 

(NY) f'n, JT! ni+ m2) 


is a spherical harmonic of degree m in x1, 1, 21, since it 
is proportional to 


(rn™)[m JV" v"(1/R)=((11-9)™) 0" (1/R); (31) 


we abbreviate this harmonic by Yn1(21,1,2:). We sup- 
pose that the charge density of distribution 1, p(x1,1,21), 
may be represented by an absolutely convergent power 
series, each term being of the form 


X1 Py, P25 39(71), (32) 
with ~:+p2+3<s. It is assumed that the radius of 
convergence is infinite and that the power series is 
uniformly convergent on the surface of a sphere with 
arbitrary radius. We multiply (32) by (31) and integrate 
over the surface of a sphere with radius r;. The result is 
given in Hobson’s integral theorem?*? (we omit sub- 
scripts 1): 


2 EF. W. Hobson, reference 6, p. 154 ff. 
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J fery-rr eterna 


2"(3(s+n) ]! 
= Apr? tet bibia 
[4(s—m)]!(s+n+1)! 


000 
xVe-*V (— 
ax dy dz 





-)aryman, (33) 


where x, y, and z are put equal to zero after the operation 
is performed. The result is zero if s<™m (and also if s—n 
is odd). Thus the multipole series (27,28) terminate with 
the term m,=s; this result holds, under the above 
conditions for the charge density, even as s approaches 
infinity. A characteristic property of first-order inter- 
actions between permanent multipole moments is that, 
if E, is averaged over the orientations of either one of 
the two charge distributions, the result is zero, except 
for the term = n.=0. This follows, as was established 
before (Sec. ITA), from the properties of the T tensors. 


IV. SECOND-ORDER INTERACTIONS 


In conventional perturbation theory, the second- 
order interaction energy is given by the matrix sum 
Hou’ Huo’ 
/—__—_—_, (34) 
“ Eo- E, 
where « labels the energy eigenstates of the system. EF, 
is the energy eigenvalue of the state x, and the summa- 
tion extends over all excited states. To simplify the 
evaluation of (34), it is assumed that the ground state is 
nondegenerate and that the excited levels lie in a 
relatively narrow band on the energy scale (narrow 
compared with the average distance to the ground 
level). In that case the energy denominators may be 
replaced by a single ‘‘average excitation energy” of the 
system,” and the problem reduces to the computation 
of the first and second powers of the perturbation 
Hamiltonian in the ground state. We need here only be 
concerned with (H”). For “nonoverlapping” charge 
distributions the general term in (H) may be written as 


(—1)'rth 


a ANON ha TO Lhe] 


Ry thot, Ve! 
X(NO@NCOL +1 ITt®, (35) 


We consider first spherical distributions. It follows from 
(35) that in this case k:=/, and k.=/,. This may be seen 
by noting that 


Neo[y Trae, (36) 


is a spherical harmonic of degree /, in x1, y1, 21; on the 


other hand, 
N@o[R, T+» | 


% A. Unsild, Z. Physik 43, 563 (1927). 
™ J.P. Vinti, Phys. Rev. Al, 813 (1932); A. Dalgarno and J. T. 
Lewis, Proc. Roy. Soc. (London) A240, 284 (1957). 
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is a spherical harmonic of degree k; in x1, 91, 21. However, 
the surface integral of the product of two spherical 
harmonics of unequal degree is zero. [The same result 
follows directly when we apply the integral theorem (33) 
twice to (35).] Accordingly, there are no “mixed” 
second-order multipole interactions between spherically 
symmetric distributions of charge. Next we choose an 
arbitrary component of N“”, say :?y1%,", multiply by 
the spherical harmonic (36), and integrate over the 
surface S of a sphere with radius r;. If we abbreviate 
(36) by Vn (x1,91,21), we obtain for the surface integral, 
according to Hobson’s theorem (33), 


J farresPalnonsdas 


24]! 00a 
= Agr 2ht2______ (— wihintoes — Jatt ; (37) 
(21,+1)! Ox, Oy O21 


evaluated at the origin*x;=y;=2,=0. After inserting 
(37) and (36) into (34), one obtains 


2 lat la(y 2h1)(p 212) 
(=) 2 
timo temo (2y-+1)!(2d2+1)! 


XT4+)1,4+-1,]T' htl2) 


Thus the scalar product of two_7 tensors occurs in the 
expression for the second-order energy between two 
spherically symmetric charge distributions. There are 
several methods for deriving a more explicit expression 
for the tensor product ; the simplest one is the following. 
Consider the identity 


(W-)*(1/R?) = (2n)!/R2"*, 
The left-hand member of this equation gives upon 
evaluation, remembering that 
V?(1/R)=0 
(V+ ¥)"(1/R?) =2"9"(1/R)[n]V"(1/R) 
=2°T™[n]T™. 





(38) 


Thus we find that 
T[n]T™ = (2m) !/2*R?*?, 
Substitution of (39) into (38) gives 
2 © —(2h;+-2)2) Kri?*)(r2?*) 


H")= . (40 
a” », 2% Gap piene (40) 


(39) 





If the distribution 2 consists of a point charge (a 
proton, for example), then /,.=0 and (40) goes over into 


° (ri?) 
| egy type (41) 
imo (2hy-+1) R242 


this expression was first given by Brooks,’ using 
Legendre’s polynomials. In case of a harmonic oscillator 
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it is found’ that the second-order energy is still pro- 
portional to (41), except that each term in the summa- 
tion is divided by (/;+/2). For a Gaussian distribution, 
p(r)~exp(—6r?), we have 


(7?) ~ (214-1) 1/2418"! ; 
whereas, for a charge density proportional to exp(—r), 
(r?")~ (21+2) 1/26*". (43) 


When (42) and (43) are inserted into (40) and (41), or 
into the expression representing second-order inter- 
actions between harmonic oscillators, it is found that the 
series diverge as | for a Gaussian distribution, and as /* 
for a charge density ~exp(—r), for all values of R. 
The divergent character of second-order multipole series 
was first pointed out by Brooks.’ 

The second-order interactions between nonspherical 
distributions of charge do not exhibit any new charac- 
teristics as far as the asymptotic properties of the 
multipole series is concerned ; we shall not discuss them 
in detail. To illustrate the use of the tensor formalism in 
this case, let z; and z2 denote the axes of cylindrical 
symmetry of two molecules. We suppose that these 
molecules are identical and do not possess permanent 
electric dipole moments. Further, let « denote the 
anisotropy factor of the polarizability; we indicate by 
(p*)w one-third of the sum (p,’)+2(p.’). For ki=h=khe 
=/,=1 (second-order dipole interactions) the expression 
(35) reads, if we replace the symbol [] for n=1, 2 by 


the more conventional notation (-) and (:), 


(pip:)- T® - (pope): T® 
= (p?)nif (1—«)?°T: T+ 3x (1—«) [ (T® -T) (2321) 
+(T®-T) (zoz0) J+? T (2122) 2}. (44) 


Ifit isassumed that the fundamental frequencies parallel 
and perpendicular to the length axis of the molecule may 
be taken as equal, then (44), divided by —2 times the 
average excitation energy, represents the second-order 
London dipole interaction. The equivalent form of (44) 
in terms of the orientations of the molecular symmetry 
axes was first derived by de Boer and Heller.** Aniso- 
tropic components of higher-multipole interactions may 
be evaluated in a similar manner. Note that the first- 
order expressions contain z components of one T tensor, 
whereas in second order the z components of the product 
of two T tensors occur. 


(42) 


V. ASYMPTOTIC PROPERTIES OF THE 
MULTIPOLE SERIES 


It was established before that the first-order multipole 
series (26), representing the electrostatic potential at 
distance R from the center of an anisotropic Gaussian 
charge distribution, is divergent for all values of R. In 
addition, the second-order multipole series (40) was 
found to be divergent both for a Gaussian charge 


26 J. H. de Boer and G. Heller, Physica 4, 1045 (1937). 
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distribution ~exp(—*r*) and for a simple exponential 
exp(—r). It is therefore important to analyze the 
relation between the multipole representations and the 
(correct) finite energy of interaction between distribu- 
tions of charge. 

Brooks’ asserted that the second-order series diverges 
because of the use of Taylor’s expansion for r;<R in 
regions of space where this condition is not satisfied. He 
removed the divergence by limiting the integration to 
the region (r;<R) of configuration space, neglecting 
contributions to the energy of interaction outside that 
region. The new series is then convergent for R>0O. 
However, it was pointed out by Dalgarno and Lewis‘ 
that Brooks’ assumption concerning the origin of the 
divergence is incorrect. The second-order energy be- 
tween a ground-state hydrogen atom and a proton had 
been evaluated by Roe*® without the use of Taylor’s 
expansions: the result, expressed in atomic units, is 


(H"*)—(H’)*= (2/R){(2R+1) exp(—2R) Ei(2R) 
+(2R—1) exp(+2R) Ei(—2R) 
—2/R+4(1+1/R) exp(—2R) 


—2R(1+1/R)*? exp(—4R)}. (45) 


In this expression Ei(x), Ei(—x) are the exponential 
integrals 


Bi(a)= f t exp(+2)dt; 


+0 
Ei(—<x) -f t exp(—2)dt. 


When (45) is expanded as a series of inverse powers of R 
and exponentially decreasing terms are neglected in the 
result, then it reduces to the same divergent series (41). 
Thus, if the point of reference lies inside the charge 
distribution, the second-order series diverges, whether or 
not a Taylor expansion is employed for H’. Apparently 
the divergence is inherent in the type of expansion used 
(power series in R~). It can now readily be shown that 
the series (41) is the asymptotic expansion in inverse 
powers of R of the true energy of interaction; this was 
already concluded by Brooks. If a real function f(R) of 
a real variable R can be formally expanded as 


f(R)= ¥ an/R”, 


n=( 


(46) 


and if fy represents the sum of the first V terms of this 
series, then (46) is said to be the asymptotic expansion 
of f(R) if 


lim R“(f— fv) =0, 


for all positive V (Poincaré). It follows that the series 
(41) is the asymptotic expansion of (45) and, since 





26 G. M. Roe, Phys. Rev. 88, 659 (1952). 
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asymptotic expansions are unique,” (41) is the appro- 
priate representation of (45) even though the series 
diverges. For each value of the distance R there is an 
optimal number of terms of the series to be used to 
represent {(R). The error involved is of the order of the 
last term retained; the smaller R, the larger the error 
and the smaller the optimal number of terms. To 
minimize the error it is usual practice to include for a 
given R all terms up to the smallest one and to add half 
of the smallest term.** If this proves too lengthy a 
procedure then other approximate methods are avail- 
able.” 

It will now be shown that similar properties are 
exhibited by the divergent first-order multipole series 
(26). Let x, y, z denote the Cartesian coordinates of an 
element of charge of an anisotropic Gaussian distribu- 
tion; the normalized charge density is given by (22) 
and the z axis coincides with the axis of cylindrical 
symmetry of the distribution. We evaluate the electro- 
static potential (V(R)) for convenience along the z axis, 
and we restrict ourselves to such large values of R that 
terms decreasing exponentially with increasing R may 
be ignored. In terms of the coordinates u= | R—r| and 
z, the expression for the potential is 


(V(R))=2a*yx exp(+a*R*) 


+00 
x f exp[_(a?—y*)2?— 2e?Rz ds 


oo 


x exp[ —a*u* jdu. 


| R—2| 


(47) 


Next, exp[ (a?— y*)z*] is expanded as a power series in 
z*, which gives 


oe ") n/2 


(V(R))=2a*ya-t exp(-+aR’) 5 ————I,, 


48 
niz=o (n/2)! ne 


27 H. Jeffreys and B. S. Jeffreys, Methods of Mathematical Physics 
(Cambridge University Press, New York, 1950), p. 500. 

%8 Jeffreys and Jeffreys, reference 27, p. 502. 

* J. Airey, Phil. Mag. 24, 521 (1937); D. Shanks, J. Math. 
Phys. 34, 1 (1955); Ph.D. thesis, University of Maryland, 1954 
(unpublished). 


COULOMB INTERACTIONS 669 


for even n, with 
+00 c) 
I,= f 2” exp(— 2a’Rz)dz f exp(—a’u*)du. (49) 
2 | R—z] 


When /, is integrated by parts and only those terms 
which do not decrease exponentially with increasing R 
are retained, then the result is 


/2 n! 





1.=exp(—a?R?) 3 
Tyne (n—2p)!(2a2R)??# 


+R 
x f exp(—a’s*)dz. (50) 


—R 


Next we insert (50) into (48), rearrange the resulting 
double summation, and find, after some minor manipu- 
lations (again ignoring exponentially decreasing terms), 


(V(R)== (—--) (2p)! 


r=0\y? 2p lRevt 





(51) 


This result is just the same as that obtained from the 
multipole expression (26) for cos#= 1. Since we have not, 
in the present derivation, made use of a Taylor expan- 
sion for V(R), we conclude that the divergent character 
of the first-order multipole series (26) is mot induced by 
the use of a multipole Taylor expansion in regions of 
configuration space where it has no validity, but that it 
is a characteristic of the series in inverse powers of R. It 
follows that (26) is the asymptotic expansion of (51). 
The smallest term in the series will occur approximately 
for the integral value of m nearest to 2(6R)*. The order 
of this term is the higher the larger the value of R; the 
error involved is of the same order of magnitude as 
that of the last term retained. 
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New measurements of the electron loss cross section for helium atoms in the kinetic energy range 100-450 
kev are reported. It has been suggested that previous discrepancies between observers have been partially 
due to the fact that the neutral beams used contained varying amounts of metastable 1s2s 8, atoms, 
depending on the pressure of the gas in which the He® beam was formed by electron capture from He*. 
It is established that the new measurements were made on helium atomic beams whose loss cross sections 
were independent of the pressure at which they were prepared over a 10-fold variation. The new values 
show the same trend with kinetic energy and the same relative values in He, He, and air as those previously 
reported in the 100-450 kev range, but their absolute values are lower. The new values agree with those 
obtained in other laboratories in the range 100-200 kev. The results are shown in the following table, in 


units of 10~!? cm* per atom of gas traversed: 


Kinetic 

energy 
(kev) H: 
100 4.2 
150 5.8 
250 37 
350 6.0 
450 7.0 

INTRODUCTION 


EVERAL papers have now reported electron loss 

cross sections of helium atomic beams prepared 
by allowing He+ beams from an ion accelerator to 
neutralize themselves by electron capture in a gas 
film.:? It has been suggested! that a complicating 
factor in such experiments may be that the electrically 
neutral helium beam, thus prepared, contains an 
unknown fraction of helium atoms in the metastable 
excited state 1s2s*S,. The electron loss cross section 
from such a state would presumably be larger than 
that from a 1s*4S9 normal helium atom, and might 
explain the fact that the previously reported data 
show discrepancies by factors ranging from 1.7 to 2, 
cross sections measured by Krasner invariably being 
the larger. 

In support of this suggestion, Barnett and Stier 
have found that for relatively low gas pressures (2-8 
microns) of hydrogen in the charge-changing chamber, 
the apparent electron loss cross sections of emergent 
He® and Ne® beams are higher than at higher pressures 
in the charge changer. Such an effect was absent in 
non-noble gas beams of H® and N° thus produced, the 
loss cross sections remaining constant as the pressure 
was raised from 2 to 35 microns. The experiments 
reported in the present paper were undertaken in the 
attempt to find out if Krasner’s measurements were 
influenced by this effect, and to repeat his measurements 
with the benefit of the technical experience gained 
since they were first performed. 


* Supported in part by the U. S. Atomic Energy Commission. 

1C. F. Barnett and P. M. Stier, Bull. Am. Phys. Soc. Ser. IT, 
7, 41 (1955); Phys. Rev. 109, 385 (1958). 

2S. Krasner, Phys. Rev. 99, 520 (1955). 
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Air 
7.5 16.4 
8.9 21.2 
9.7 23.2 
8.4 22.0 
8.2 24.5 


APPARATUS AND METHOD 


The total loss cross section (o9;+002) of the neutral 
helium beam was observed by passing it through a 
chamber in a strong magnetic field, so that any charged 
ions formed by electron loss’ were removed. The 
resultant attenuation at a known gas pressure in the 
chamber gives the cross section from the expression 


(cor+-o02) = (RT/plé) In(Io/T), (1) 


where / is the path length in the magnetic field, p is in 
dynes/cm?, k is the Boltzmann constant, and T is 
the absolute temperature. J) and J are the original 
(p=0) and the pressure-attenuated beam intensities, 
and £, the number of atoms per molecule in the gas, is 
introduced so that the cross sections are measured 
per atom of gas traversed. 

The essential parts of the apparatus are schematically 
indicated in Fig. 1. The inner cell in which the charge 
of the He*+ beam is changed and from which the 
emergent He® beam is selected is 20.63 cm long and 
has beam entrance and exit channels S2, 5; which are 
0.091 cm in diameter and 0.159 cm long. The channels 


* Strictly speaking, the total cross section measured here is 
(70 +o02-+o07;). He~ has been observed as a constituent of the 
emergent beam when a primary beam of He-* ions, in the kinetic 
energy range 17-140 kev, is passed through a collision chamber. 
See Dukei’skii, Afrosimov, and Fedorenko, Zhur. Eksptl. i 
Teort. Fiz. 30, 792 (1956); (translation: Soviet Phys. JETP 3, 
764 (1956)]. Also Windham, Joseph, and Weinman, Phys. 
Rev. 109, 1182 (1958). Only rough estimates of the fraction of 
the He* beam transformed to He™ are available; they indicate 
yields of less than 0.001. The cross section oor for moving helium 
atoms may be expected to be much less, at the same velocity, 
than og for moving hydrogen atoms. According to P. M. Stier 
and C. F. Barnett [ Phys. Rev. 103, 896 (1956) ], oot for 2.2 108- 
cm/sec hydrogen atoms (100 kev for helium atoms) is 8X10-!* 
cm? per target hydrogen atom. 
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ELECTRON LOSS 


Si, 54, and Ss, defining differential pumping compart- 
ments, were 0.226, 0.226, and 0.199 cm in diameter, 
respectively. 5; and S, were 0.159 cm long; the length 
of Ss was 0.317 cm. 

A new feature in the present experiments is the 
movable slit Se, a rectangular aperture in a thin metal 
strip. This opening is 0.198 cm in the plane perpendic- 
ular to the lines of force of the magnetic field and 0.5 
cm parallel to them. The plane of the slit was 12.2 
cm from the slit Ss and this distance was used as,the 
l of Eq. (1). The slit could be moved across the,He® 
beam, thus obtaining its profile, and the background 
under it, by direct measurement. A disadvantage of 
the previous work® was that the correction for back- 
ground had to be estimated by calculation, since the 
He® beam could not be moved aside by the magnet to 
reveal the background under it. In the previous work 
the calculated background effect (due to ions which 
had changed charge but which had not been swept 
out of the collecting aperture by the field) was quite a 
large correction and raised the cross sections, estimated 
from the observed attenuation ratios and the measured 
path length in the magnetic field, by 26%. 

A second improvement was the use of a fine mesh 
screen electrode, described elsewhere,‘ to intercept 
the beam at M (Fig. 1) and collect a fraction of the 
beam current for monitoring purposes. This has 
proved more reliable than the ionization-chamber 
monitor previously used. 

Due to the interest in the possibility that different 
pressures in the charge-changing cell might produce 
neutral helium beams of different loss cross sections, 
provision was made for measuring the charge-changing 
cell pressure with a McLeod gauge which could measure 
pressures as low as 5X10~* mm Hg. In the previous 
experiment only estimates of this pressure from 
thermocouple gauge measurements were made. 

The following tests were carried out: 


(a) Admission of gas into the measuring chamber 
produced no attenuation of the mixed beam in the 
absence of the magnetic field. 

(b) The attenuation of the He® beam was independ- 


Gos in 











TO. 
M°Leod 
Gouge 


To Pump 


To Pump 


Fic. 1. Schematic diagram of the apparatus. The neutral 
beam was detected by the secondary electron emission it caused 
in a beryllium-copper electrode. 


4 Allison, Cuevas, and Murphy, Phys. Rev. 102, 1041 (1956). 
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Fic. 2. Total charge-changing cross sectiops measured for 
neutral helium atoms prepared from a Het beam at various 
pressures in the charge-changing cell. 
ent of the magnetic field strength over a wide region 
which included the strength at which measurements 
were made. 

(c) Admission of gas into the measuring chamber 
did not affect the reading of the screen monitor M. 

(d) The ratio J,/J, was a simple exponential function 
of the pressure from J9/J,=1.2 to 2 [Eq. (1) ]. 


RESULTS 


A. Possible Dependence of the Composition of 
the Neutral Beam on Pressure in 
the Charge Changer 


The cross sections (¢9:+¢02) observed for neutral 
helium beams prepared with different charge-changing 
cell pressures are shown in Fig. 2. In testing the attenua- 
tion of the neutral beam, the same gas (air or Hz) 
was used in the measuring cell as in the charge-changing 
chamber. It is seen that, using air and a 350-kev 
neutral beam, there is a pressure region extending 
from 0.7 to 10 microns through which the attenuation 
cross section of the neutral beam shows no trend away 
from the mean value of 22 10~"’ cm?. Four attenuation 
observations on 150-kev neutrals produced in air show 
no decisive trend from the mean value 21X10” cm? 
between pressures of 1.5 and 19 microns in the charge- 
changing cell. A similar pressure independence is shown 
between 3 and 15 microns for He® beams produced in 
Hy gas. Barnett and Stier! found pressure independence 
for a 100-kev neutral beam produced from Het in H: 
extending from about 15 to at least 35 microns pressure, 
but below this the cross section for attenuation 
apparently increased. 

For lower pressures in the charge-changing cell, 
between 0.04 and 0.50 micron, Fig. 2 shows that 
apparently the cross section (co:+¢02) has decreased. 
A decrease is to be expected for the following reason. 
About 2.5 microns of air were admitted to the measuring 
chamber to test the attenuation of the neutral beam. 
The pressure drop from one differential pumping 
chamber to the next was about 10-fold; hence increases 
of pressure of the order of 0.254 and 0.025u were 
produced in the differential pumping compartments 
between the measuring and charge-changing chambers, 
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TABLE I. Electron loss cross sections for helium atoms 
(in units of 10- cm? per atom of gas traversed). 








Kinetic 





energy Hydrogen Helium Air 

(kev) (c01+e02) oor (701 +o02) oor (701 +02) oor 
100 4.2 7.5 16.4 tee 
150 5.8 tee 8. eee 21.2 0.2+0.2 
250 5.7 0.1+0.1 9.7 0.2+0.2 23.2 0.5+0.4 
350 6.0 <0.1 8.4 <0.2 220 0.8+0.5 
450 7.0 <0.1 8.2 <0.2 24.5 1.3+0.4 








and these were significant increases in the low pressures 
previously there. The low pressure in the charge- 
changing cell meant that the He® fraction was far 
below its equilibrium value ; hence the pressure increase 
produced more He’ in the beam incident on the measur- 
ing cell and the uncorrected attenuation would give 
low cross sections from this effect alone. Thus any 
increase in cross section due to a higher fraction of 
metastable atoms at these low pressures, as found by 
Barnett and Stier,! may have been masked by this 
pressure backup effect. The measurements of the 
cross-section sum (¢o:+02) reported below were made 
in the pressure-independent region as established in 
Fig. 2. 


B. The Electron Loss Cross Sections (9; +02) 


An investigation of the ratio 
= o02/ (01+¢02) (2) 


for helium ions has recently been reported,® showing 
that ¢’ is 0.02+0.02 in hydrogen, helium, and air for 
250-kev helium atoms, less than 0.01 in hydrogen and 
helium at 450 kev, and 0.06+0.02 in air at 450 kev. 
These values have been used in Table I, which contains 
the remeasured cross sections.*® 

It is estimated that the cross section sums (¢9;+- 02) 
are correct within 10%. 


5S. K. Allison, Phys. Rev. 109, 76 (1958). 
6 Some of these have appeared in Table VI of a previous paper.® 
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DISCUSSION 


Although the cross sections of Table I show the same 
trend with kinetic energy, and the same ratios between 
the gases He, He, and air as those previously reported,” 
they are systematically lower in absolute value. In the 
region 100-200 kev where they can be compared with 
the measurements of Barnett and Stier there is very 
good agreement. The results of Barnett and Stier’ 
have been used in Fig. 3 to construct curves of the 
total charge-changing collision of helium atoms from 
4 to 450 kev. 

Theoretical computations have been made for the 
electron loss cross section for moving hydrogen atoms, 


(Gy* %p)* 107 em? 
For Helium Atoms 


+-== Oak Ridge Group 
|—— Chicago Group 


Kinetic Energy In 
Electron Kilovolts 





Fic. 3. The total charge-changing cross section for helium atoms 
in the kinetic energy range 4 to 450 kev. 


and for He* ions in motion, but calculations on electron 
loss from moving helium atoms seem not to be 
available.’* 
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Semiclassical Limit for Excitation of Rotational Motion by Scattering 


Davip M. CHASE 
TRG, Incorporated, 17 Union Square West, New York, New York 
(Received January 6, 1958) 


The problem of scattering of particles by a quantum-mechanical symmetric top, with an interaction 
consisting of a potential well symmetric about the figure axis, is studied in an approximation in which the 
motion of the top is treated classically. The time-modulated adiabatic elastic scattering amplitude is 
Fourier analyzed, and the components are associated with rotational excitations. Cross sections, averaged 
over the azimuth of the target angular momentum, are directly comparable with results from the quantum- 
mechanical adiabatic approximation. Exact correspondence is found in the envisaged limit by virtue of a 
limiting form for Clebsch-Gordan coefficients. A similar limiting form is given for Racah coefiicients. 


1, INTRODUCTION 


HE subject of scattering of nucleons by strongly 

deformed target nuclei, such as exist in the rare- 
earth regions and in a certain region of light elements, 
leads to consideration of the following problem: struc- 
tureless particles are scattered by a target which is 
represented as a quantum-mechanical symmetric top, 
and the interaction is given by a potential well sym- 
metric about the figure axis. This coupling allows the 
particle to excite the rotational motion of the top. 

The adiabatic approximation for this problem yields 
the collision matrix very simply in terms of that for 
elastic scattering of the particle by the potential well 
considered fixed in space.' This approximation, for 
inelastic scattering, is based on the supposition that 
the time required for the particle to cross the region of 
interaction at the incident energy in question is small 
compared with the period of the rotational motion of 
the target. It corresponds to calculating results in the 
limit of an infinite moment of inertia. 

If the further assumption is made that the magnitude 
of the angular momentum transferred is small com- 
pared with the initial target angular momentum /, 
then a classical treatment of the target motion becomes 
appropriate. According to this picture, the elastic 
scattering amplitude for the fixed potential is modu- 
lated in time by the classical precession of the figure 
axis about the angular momentum vector I. The 
various terms in a Fourier analysis of this modulated 
amplitude correspond to outgoing waves of energies 
differing from the incident energy by multiples of the 
rotational level spacing,’ and the expansion coefficients, 
as in the classical theory of the Raman effect, are to 
be identified with the amplitudes for the corresponding 
rotational transitions. 

It is of some interest to carry through this semi- 
classical approximation and to see how the quantum- 
mechanical result (in the adiabatic approximation) 


1D. M. Chase, Phys. Rev. 104, 838 (1956). 

2 This spacing is proportional to J. The differences among spac- 
ings within an interval of / containing a fixed number of levels, 
however, vanishes relative to the spacing itself (in the limit of 
large 7) and need not be considered. 


reduces to it in the appropriate limit.* Computationally 
the semiclassical procedure has nothing to recommend it 
relative to the adiabatic and involves, moreover, a 
drastic further approximation; hence the results to be 
presented are of no value for actual calculation. 

The initial state of the target is characterized by the 
angular momentum / and its projections, M and K, on 
a space-fixed axis z and the symmetry (figure) axis 2’, 
respectively. Due to the axial symmetry of the scatter- 
ing potential, the z’ projection of the angular momentum 
of the incident particle in the collision to be considered 
is a constant of the motion; therefore, the target 
projection K likewise does not change in the collision. 
The rotational spectrum of target levels for a fixed 
band K is given by 


hh? 
ae ine barre (I=K, K+1,---), (0 
g 


where 9 is the moment of inertia about an axis normal 
to 2’. It is desired ultimately to compare the cross sec- 
tion for a transition (J,M)— (J’,M’) obtained from 
the adiabatic approximation with that for a corre- 
sponding classically defined transition in the limit of 
large J or, more precisely, of small |J’—J|/J and 
|M’—M|/I. 


2. ADIABATIC ELASTIC SCATTERING AMPLITUDE 


We proceed to consider the elastic scattering problem 
for fixed target orientation; this problem is adjunctive 
to both the adiabatic and semiclassical procedures.’ 
The incident wave is taken to be 


(= ¥ omjrlkr)¥m(0,0), (2) 


l=0 m=—1 


where & is the incident wave number. Angles 0, @ are 
measured relative to a space-fixed set of axes with 
polar axis z. If consideration were restricted to a plane 
incident wave e‘*'', the dim would be given by 


3 This work was reported in Bull. Am. Phys. Soc. Ser. II, 2, 
312 (1957). 
*D. M. Chase, Phys. Rev. 106, 516 (1957). 
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2x*(21+1)4i'5,0; to avoid specialization, however, we 
regard the aj», as arbitrary. 

The collision matrix {s} for the elastic scattering 
problem may be defined by the asymptotic form of a 
wave with ingoing part in channel J, w only, where is 
the projection of / on the 2’ axis*: 


krV i. (r,0’,¢’) pre! expl— i(kr— 3h) Vie (0’,¢’) 


— ¥ svete expli(kr—W'x)]¥v.(0'6). (3) 


V=|o| 


The sy;1 depend on the nature of the scattering poten- 
tial and need not be specified for the present purposes. 
Angles 6’, ¢’ are measured relative to a principal set of 
axes for the target with polar axis 2’. The Euler angles 
of this set with respect to the space-fixed set will be 
denoted by 6;.° Transformation between spherical har- 
monics in the two coordinate systems can be accom- 
plished by means of the relation 


Vim (0,0) = > iv *D'.., (0;) Yi (0’,¢’) ’ (4) 


w=] 


where the D functions are taken to be precisely as 
defined by Wigner® and the harmonics have the usual 
phase as given in Condon and Shortley.’? The matrix 
D! constitutes a (2/+1)-dimensional representation of 
the group of three-dimensional rotations and is unitary. 

Now the elastic scattering amplitude g corresponding 
to the incident wave (2) may be defined by writing for 
the asymptotic form of the total wave function 


V(1,01,02) ? (r)+g(0,6,01,62) (kr)“te***, (5) 


One can transform (2) to the primed coordinate system 
via (4) and use (3) to determine the scattered wave. 
Transforming back to the unprimed system via the 
relation inverse to (4), one then finds by comparison 
with (5): 


£(0,,01,02) - 4 > Imi mali © (dy i Ste; lw) 
Ki" Dino (Oi).D" mn’ c* (Oi) V vm (8,6), (6) 


where the sums extend over all meaningful values of 
the indices. 


3. SEMICLASSICAL APPROXIMATION 


The scattering amplitude g, in the classical view of 
the target motion, depends on time via 6; and @2; it can 


’ 5 (;,02,03) = (0,¢,~) in the notation, for example, of H. Gold- 
stein, Classical Mechanics (Addison-Wesley Press, Cambridge, 
1950). 

5 P. Wigner, Gruppentheorie und ihre Anwendung auf die 

mechanik der Atomspektren (Friedrich Vieweg und Sohn, 

Braunschweig, 1931). 

7E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Macmillan Company, New York, 1935), p. 52. 
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be Fourier analyzed as 


£(0,6,01(1),00(1)) = es enOpem, (7a) 
wo 29/wo 
£(04)=— J (0,0,01(1),02(t))e-*™td1, (7b) 


wo is identified with the classical frequency of pre- 
cession of the figure axis about the angular momentum 
vector I? The integer m in Eqs. (7) is identified with the 
difference J’—J, and gy; relates to the transition 
I— I’. (if K=0 and the scattering potential is sym- 
metric with respect to a plane normal to the 2’ axis 
[ie., V(r,6')=V(r, r—6’)], then the fundamental 
angular frequency of g is 2wo, and gr_;=0 for odd 
I’—I.) 

For evaluation of the integral in (7b), 6: and 62 
must be expressed as explicit functions of time. To this 
end let 6; be Euler angles of a set of axes with polar 
axis along I relative to the space-fixed set and 6,’ be 
Euler angles of the principal set relative to the former 
set. Then the rotation 6; is equivalent to successive 
rotations 6,’ and @,’, so that the rotational group-repre- 
sentation property of D' provides the decomposition 


t 
D nws(8s) = pm , Day (0,"")D a (6,’). (8) 


From their definitions, 6,’ and 6,” are seen to be given 
by® 
cos6,"’ = M/I. 


cosé,’= K/I, (9a) 


62'+-6;" is the angle of precession of the symmetry axis 
about I and may therefore be taken as 


62’ +03" =wol. (9b) 


6;’ is arbitrary. Finally, 62’, the aximuthal angle of I, 
is to be averaged over to render possible comparison 
with a quantum-mechanical result. 

The semiclassical approximation for the differential 
cross section for a process J — J’ at fixed 6;’, 6;", and 
62", say do(I—+ I’)/dQ, is identified from Eqs. (7) as 
| gr-—1(0,,01' ,01'",02'") |*.8 The average of this cross sec- 
tion over the azimuth 6,” of I will be denoted by 
do(I'—I, 6y',0;"")/ dQ: 


da (I'—TI, 0,’ ,0;") i ;** 
@6)-—[ 6," 
dQ 2x 
x lgr—r (0,6,01' 01" 02”) | . 
One can now use Eqs. (8) and (9) in Eq. (6), perform 





(10) 


® For finite J it would presumably be more nearly correct to 
replace M in (9a) and elsewhere by the average, (M+ M’), with 
respect to initial and final values, and similarly for J and I. In the 
limit, of course, expressions become correct as given. 

If a plane incident wave is assumed, then ¢(0,,0:,02) depends 
on ¢ and 62 only via ¢—62, and gy-_7(0,¢,01',6:" 62’) depends on @ 
and 6,’’ only via ¢—62”, as is clear from symmetry considerations, 








SEMICLASSICAL LIMIT FOR EXCITATION 


the integration over time in the resulting Eq. (7b) for 
gr—1, and, forming |g,_,r|*, perform the final integra- 
tion over 6,” in Eq. (10). The result, as one would 
expect, can be written as a sum of partial cross sections 
each of which corresponds to a definite change m’—m 
in the z projection of particle angular momentum or, 
by the conservation requirement for the total z pro- 
jection, to an equal and opposite change, M’—M 
=m—m’, in the target projection: 








do(I'—TI, 6,’ ,0;"") da(I'—I, M'—M, 6;' 01’) 
dQ woe dQ 


(11) 


Explicitly, the subcross sections can be written 


da(I'—I, M'—M, 6,',0;"")/dQ 
= (48) |S mt or Oimt" (8r1— S176; to) 
XD" y_1, *(01',0,0)D" s_1, (61’,0,0) 
XD" ny m—m’, J—1'* (01',0,0)D'n, s—1(81'",0,0) 


XVv,mpm—m’(0,6)|?, (12) 


in which the sums run over all values of the indices for 
which the summand is defined.® 


4. CORRESPONDENCE WITH THE QUANTUM- 
MECHANICAL RESULT 


In the quantum-mechanical adiabatic approximation, 
on the other hand, the cross section for a transition 
(I1,M) — (I',M’), computed for the incident wave (2), 


is! 40 


doy ,ru® /dQ= (4B) |S mtr dimt" (8v1— Sv-0; te) 
x (JI, K+w, —w|IK)(JV, K+w, —w|I’K) 
X (UmM | J, m+M)(U'l', m+M —M’', M'|\J, m+M) 
X Vv mem—m’ (0,0) |*. (13) 


From the anticpated correspondence between (12) 
and (13) in the limit of large 7, one would conjecture a 
relation between a limiting form of Clebsch-Gordan 


10 Equation (12) yields a nonvanishing result for all values of 
M'—M, due to contributions deriving from those terms of the J, /’ 
sums having /+/’ > | M’—M|. Accordingly, the sum over M’— M 
in (11) runs over all values independently of J and J’, ostensibly 
even values which violate the conditions | M| <J, | M’| <J’. In 
the limit of large J (with fixed /’—J) implicit in the present treat- 
ment, however, /+-/’<J for all significantly contributory /, 1’ at 
fixed energy, and hence only terms for which | M’—M|<I are 
of interest. 

U The factor 2,,(Jl, K+, —w|IK)sya:tw(Jl’, K+, —w|I’K) 
in the summand of (13) constitutes the adiabatic collision matrix 
element Sy-y;ry7 (K).4 
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coefficient and a D function. Such a relation is 


lim (11Mm| J, M+m)=D";_1, m(cos(M/T),0,0) (14) 


(1 fixed). This equality can be demonstrated directly 
from the usual explicit single-sum expressions for 
Clebsch-Gordan coefficients and D functions.** Al- 
though / must remain bounded in passage to large J 
(and hence J) in (14), M is unrestricted. 

In’ consequence of the relation (14), Eqs. (12) and 
(13) yield the correspondence expected on physical 
grounds between the adiabatic quantum-mechanical 
and the semiclassical results for the differential cross 
section for a transition (J,M)— (/’,M’) within a 
rotational band K, the transition being induced by an 
incident wave given by Eq. (2): 


— dovurru™ 
lim (6,9) 


do(I'—I, M’—M, 6;' 0”) 





(6,6) (15) 
(I'—I, M'—M fixed), where cos#;,/=K/I and cos@,’’ 
=M/I. 

The author wishes to thank Professor John A. 
Wheeler for suggesting this investigation. 


APPENDIX 


A limiting relation for Racah coefficients similar to 
that of Eq. (14) for Clebsch-Gordan coefficients is 
noted here: 


W(LIKJ ; L+c, J+a)— 
(—)*e r2. J2— J2 
— D.(cos-| Joo) (16) 
(2L)4(2J)! 2LJ 


for large L and J, to lowest order in L~, J. K may, 
but need not, also be large (of the order of L and J). In 
the special case a=c=0, Eq. (16) to this order reduces 
to a result previously given by Racah.™ 

















eo for example, G. Racah, Phys. Rev. 62, 438 (1942), Eq. 
(16). 
18 Equation (14) has been obtained also by P. J. Brussaard and 
H. A. Tolhoek, Physica 23, 955 (1957), who discuss a number of 
such classical limits, and by A. R. Edmonds, CERN Report 55-26, 
1955 (unpublished) ; the result for the special case M=m=0 was 
stated by L. C. Biedenharn and R. M. Thaler, Phys. Rev. 104, 
1643 (1956). 

4G. Racah, Phys. Rev. 84, 910 (1951); L. C. Biedenharn, 
J. Math. Phys. 31, 287 (1953). 
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Energy Distributions of Product Particles from Nitrogen-Induced 
Nuclear Reactions on Beryllium 


Cartes D. GoopMAN AND JoHN L. NEED 
Oak Ridge National Laboratory,* Oak Ridge, Tennessee 


(Received January 10, 1958) 


The energy distributions of protons, deuterons, and alpha particles from N™ bombardment of Be? were 
measured with a particle-selective counter. The apparatus is described. The results show approximate agree- 
ment with the simple statistical assumptions of continuum theory both in regard to the shapes of the spectra 
and to the relative yields of protons, deuterons, tritons, and a particles. Reasonable agreement with the 
level-density formula w(Z)= exp{2[a(E—6) }} is possible with a=1.1, b=0 for F®; a=1.4, b=0 for Ne*; 


and a=2.6, b=4.9 for Ne. 





INTRODUCTION 


UMEROUS attempts have been made to deduce 
from the energy spectra of reaction products the 
level density in nuclei as a function of excitation energy. 
A graphical summary of some of the results is given by 
Igo and Wegner.' In each of the experiments most, if 
not all, of the excitation energy imparted to the com- 
pound nucleus comes from the kinetic energy of the 
bombarding particle, and it is not certain that the bom- 
barding particle interacts with a large enough number 
of the target nucleons to produce a statistical sharing 
of the energy. Evidence has been found that the energy 
is not well shared in such reactions.” 

The availability of energetic nitrogen ions at Oak 
Ridge National Laboratory has made possible experi- 
ments in which the sharing of energy is probably good. 
It is possible, in certain nitrogen-induced reactions, to 
form a compound nucleus at an excitation of 30-40 Mev 
with more than two-thirds of the excitation derived 
from nuclear binding energy, rather than incident kin- 
etic energy. Moreover, even the incident kinetic energy 
is shared among many nucleons. Thus, if a uniformly 
excited compound nucleus ever exists, one might hope 
to find it in these reactions. 

If the excitation energy is statistically distributed 
among the nucleons, the energy spectrum of the “‘boiled 
off’”’ particle in a reaction should be given by® 


N(e)de=consteo,(€)w(E)de, 


where ¢ is the kinetic energy in the final system, o,(¢) 
is the cross section for the formation of a compound 
nucleus by bombardment of the residual nucleus with 
the particle at energy «, and w(£) is the density of 
levels in the residual nucleus at excitation energy £ 
which corresponds to the emission of the product parti- 
cle with kinetic energy «, i.e., E+«=Q+;, where Q is 


* Operated for the U. S. Atomic Energy Commission by Union 
Carbide Nuclear Company. 

1G. Igo and H. E. Wegner, Phys. Rev. 102, 1364 (1956). 

? Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 

2R. M. Ejisberg and G. Igo, Phys. Rev. 93, 1039 (1954). 

4R. M. Eisberg, Phys. Rev. 94, 739 (1954). 

5 See for example, J. M. Blatt and V. F. Weisskopf, Theoretical 
Nuclear Physics (John Wiley and Sons, Inc., New York, 1952), 

367. 
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the energy of the reaction and ¢, is the kinetic energy 
in the initial center-of-mass system. o,(£) can be calcu- 
lated under the assumption of the continuum theory.® 
Thus, it is possible to deduce w(£) from the experi- 
mentally measured energy spectra of product particles. 

Measurements of the energy spectra of protons, deu- 
terons, tritons, and a particles from nitrogen-induced 
reactions have been undertaken with the Oak Ridge 
National Laboratory 63-Inch Cyclotron. It is the pur- 
pose of the present article to describe the apparatus and 
to present results obtained at zero degrees from the 
bombardment of beryllium. 


APPARATUS 


The particle-selective energy-measuring system is 
shown schematically in Figs. 1 and 2. The beam of 27- 
Mev nitrogen ions emerging from the cyclotron strikes 
a thin (0.23 mg/cm?) beryllium target. A nickel foil is 
placed beyond the target to stop the nitrogen ions. 
Since the Coulomb barrier of nitrogen on nickel is well 
above the bombarding energy, no nuclear reactions 
giving rise to charged particles are produced in the 
nickel. 
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Fic. 1. Target and counter arrangement. 


























§M. M. Shapiro, Phys. Rev. 90, 171 (1953). 
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Fic. 2. Block diagram of circuits for dE/dx, E counter system. 


The product particles from the reactions in the target 
leave the target chamber through the exit foil, traverse 
the proportional counter, and stop in the Nal crystal 
of the scintillation counter. The proportional counter 
pulse height gives a measure of the rate of energy 
loss (dE/dx) of the particle, while the scintillation 
counter pulse gives a measure of the energy (£) of the 
particle. 

The dE/dx and E pulses are amplified, shaped to have 
flat tops, and fed, respectively, to the vertical and hori- 
zontal inputs of an oscilloscope. When both pulses are 
at their maximum heights, the cathode-ray beam is un- 
blanked and a spot appears on the cathode-ray tube 
face. Figure 3 shows a time exposure of the cathode-ray 
tube face during which many particles traversed the 
counters. Bands are seen corresponding to protons, 
deuterons, tritons, and a particles. The bands occur 
because the product of E and dE/dx is approximately 
proportional to MZ*, the mass times the charge of the 
particle, so that on a (dE/dx, E) graph, particles of 
different MZ? fall on different hyperbolas. 

The band corresponding to the type of particle to be 
counted is cut out of one such picture taken at unit 
magnification, and the remaining picture is used as a 
mask over the cathode-ray tube. A multiplier phototube 
views the masked cathode-ray tube and the output of 
the phototube is used to gate a twenty-channel analyzer 
which records the pulse heights from the scintillation 
counter. The gate allows the analyzer to count only the 
type of particle desired. 

Vertical position drift encountered in the Tektronix 
oscilloscope used in this experiment proved troublesome. 
This difficulty was overcome by using a model 541 
oscilloscope with a modified plug-in preamplifier ac 
coupled to the main amplifier. 


Difficulty was also encountered from overloading of 
the proportional counter amplifier by large pulses from 
low-energy a particles which stop in the proportional 
counter. The overloading tended to broaden the dE/dx 
distributions, making discrimination between protons, 
deutrons, and tritons uncertain. This effect was allevi- 
ated by inserting extra absorber before the proportional 
counter to remove the most intense part of the a 
spectrum. 

The energy scales were determined by using resolved 
peaks from the reactions d(N“,p)N", d(N“,a)C” and 
elastically scattered deutrons. Since only one calibration 
point for deuterons and none for tritons was available, 
the actual calibration curves were prepared by assuming 
that the crystal response for deuterons and tritons was 





Fic. 3. Time exposure of the display on the cathode-ray tube. 
The uppermost band is due to alpha particles. The three closely 
spaced bands are due to tritons, deutrons, and protons, respec- 
tively, and the lowest band is due to gamma-ray background. 
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Fic. 4. Proton spectrum from Be®(N“,p)Ne*. 


the same as for protons, and by using the range-energy 
relationship Ra(E)=2R,(E/2) and R,(E)=3R,(E/3). 
The response to protons was found to be linear with 
respect to energy, but the pulse heights were about 24% 
larger than would be expected from extrapolation of the 
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Fic. 5. Deuteron spectrum from Be®(N¥,d)Ne*, 
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-tay peaks at 0.662 and 1.12 Mev from Cs’ and Zn®. 
Since this result was unexpected, a comparison of y to 
proton pulse heights for this crystal was made with 
protons from the Oak Ridge National Laboratory 86- 
inch cyclotron and the same effect was found. The pro- 
ton response appears to be linear from about 6 to 22 
Mev but about 24% larger than the y response. The 
ratio of a to proton pulse heights in the NaI crystal was 
in agreement with the results of Eby and Jentschke.’ 


RESULTS AND DISCUSSION 
Energy Spectra 


Figures 4, 5, and 6 show the energy spectra of the 
product particles. The abscissa is the excitation energy 
of the residual nucleus and the ordinate is the counting 
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Fic. 6. Alpha-particle spectrum from Be®(N“,a)F¥. 


rate in arbitrary units divided by eo, and corrected for 
the variation with energy of the solid angle subtended 
by the counter and for the nonlinear energy scale 
brought about by the presence of absorber in front of 
the scintillation counter. In these figures the transfor- 
mation is made with the assumption that the reactions 
are Be*(N“,p)Ne”, Be®(N",d)Ne”, and Be®(N“,a)F™. 
The mass values used were taken from Wapstra.® A 
table of solid angle transformations was found to be 
useful. The values of o. were taken from Shapiro,® 
with ro taken to be 1.5X10-" cm, and Vo for tritons 


7F. S. Eby and W. K. Jentschke, Phys. Rev. 96, 911 (1954). 

* A. H. Wapstra, Physica 21, 367 (1955). 

* J. B. Marion and A. S. Ginsbarg, “Tables for the Transforma- 
tion of Angular Distribution Data from the Laboratory System 
to the Center of Mass System,” Houston, Shell Development 
Company (unpublished). 
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taken to be 6.7 Mev. All data were taken at zero degrees 
with respect to the beam. Complete triton spectra are 
not reported because the separation between deuterons 
and tritons was not clean enough to provide reliable 
data. 

The energy dependence of the density of nuclear 
energy levels is expected to be approximately of the 
form"? 


w(E)=C exp[2(aE)!], 


where C is a slowly varying function of energy and a is 
a parameter to be determined. To compare Figs. 4, 5, 
and 6 with this formula, a family of curves of 2(aE)! vs 
E was drawn with the same abscissa scale as in the 
figures, and a linear scale for the ordinate as shown in 
Fig. 7. These curves were compared to the figures by 
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Fic. 7. Curves of (a£)* vs E for comparison of Figs. 4, 5, and 6 
with the predictions of the Fermi gas level-density formula. 


superposition. Sliding the ordinate is permissible be- 
cause the normalization is arbitrary. Sliding the abscissa 
corresponds to making the reference level in the level- 
density formula different from the ground state as sug- 
gested by Hurwitz and Bethe.” 

Inasmuch as the experimental data have structure 
and errors, it is not possible to choose a or the base 
level precisely. However, some limits on the values can 
be set. Figures 8-10 show the superposition of curves 
from Fig. 7 on curves traced from the data. 


0 J. M. Blatt and V. F. Weisskopf, reference 5, p. 371; J. M. B* 
tos - K. S. Le Couteur, Proc. Phys. Soc. Eastin 67, 585 
19 
4H, Hurwitz, Jr., and H. A. Bethe, Phys. Rev. 81, 898 (1951). 
or G. Weinberg and J. M. Blatt, Am. J. Phys. 21, 124 
1953) 
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Fic. 8. A fit of the data from the reaction Be*(N“,p)Ne” with 
the Fermi gas level-density formula. The ordinate scale is in arbi- 
trary units. 


The spectrum in Fig. 4 for the reaction Be*(N“,p) Ne” 
cannot be fitted to the Fermi gas level-density formula 
if the ground state is chosen as the zero-energy level. 
One can, however, fit the Fermi gas formula by choosing 
the base level above the ground state. Figure 8 shows 
a possible fit with w(H)=C exp{2[a(E—b) }}, with 
a= 2.6 Mev, b=4.9 Mev. Taking 6 different from zero 
is in fact reasonable for the nucleus Ne”, since it is even- 
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Fic. 9. A fit of the data from the reaction Be®(N",d)Ne* with 
the Fermi gas Jevel-density formula. The ordinate scale is in arbi- 
trary units. 




















680 


a 


N(¢)/eo¢ (orbitrory units) 


ro) 


= 1.24 
4=0 


Be*(N"4 a) F'? 





° 5 40 15 20 
EXCITATION ENERGY OF F'® (Mev) 


Fic. 10. A fit of the data from the reaction Be®(N",a)F with 
the Fermi gas level-density formula. The ordinate scale is in arbi- 
trary units. 


even and the pairing energy would be expected to de- 
press the ground state. The empirical formula suggested 
by Newton” gives 6 between 3 and 4 Mev. 

Table I shows a summary of the values for a and 6 
obtained from the curve fitting of Figs. 8-10. The values 
should be taken as only approximate. Curves from Fig. 
7 adjacent to the ones chosen give obviously poorer fits, 
so that a is good to approximately +0.2 Mev’. Even 
in the case of Ne” where a and 0 were allowed to vary 
independently the same limits seem to apply to a, and 
b seems to be determined to about +0.5 Mev. The data 
for the reaction Be®(N",t)Ne were obtained from 
dE/dx spectra as described in the next section. 

It is evident that some of the experimental curves 
show too many low-energy particles to fit the Fermi 
level-density formula. It may be that all particles 
counted do not come from the assumed reaction. For 
example: In the a spectrum some contribution would 
be expected from a particles emitted after another par- 
ticle, say a neutron from Be®(N"“,na)F"*. These a par- 
ticles would constitute an error as far as this experiment 


TABLE I. Values of a and b obtained by nor the spectra with 











the level-density formula w(£)=C exp{2[a(E—6) }}. 
Nucleons a(Mev™) b(Mev) 
FY 1.1 0 
Ne” 2.6% 4.9* 
Ne*#! 1.4 0 
Ne” 2.6 49 








* Not well determined; see text for note on errors. 


2 T. D. Newton, Can. J. Phys. 34, 804 (1956). 
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is concerned. The extra particles would be expected to 
appear at low laboratory energies, and hence would 
seem to show an excess of energy levels at high excitation. 

A calculation was carried out to compare the cross 
section for the emission of a neutron followed by an 
a particle to the cross section for the emission of an 
a particle first, regardless of what happens subsequently. 
The method used was to perform a double numerical 
integration over the theoretical energy spectra of the 
first and second particle. The level-density formula for 
all nuclei involved was taken to be w(Z)=C exp 
[2(aE)*], with a=1 Mev and a=2 Mev™ tried. The 
results were 


a(na)/o(a)=0.143 for a=1, 

o(na)/o(a) =0,0037 for a= 2. 
This indicates that if a=1, one should expect a 14% 
excess of a particles through the contribution of the 
Be*®(N“,na)F'*. The calculation is integrated over all 
energies and it is not clear how the shape of the energy 
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Fic. 11. A pulse height spectrum from the proportional counter. 


distribution would be altered. It is expected, however, 
that the excess particles would appear at low laboratory 
energy (high excitation). 

& The positions of the resolved peaks correspond 
approximately to levels listed in Ajzenberg and Laurit- 
sen.'* However, the uncertainty in the energy scale 
prevents a detailed comparison in this region. Since the 
low-lying levels correspond to high laboratory energies, 
a small drift in the gain of the counter causes a large 
shift in the apparent position of the level. The experi- 
mental uncertainty in the location of the ground-state 
group is about +0.5 Mev due to these drifts. No proton 
groups corresponding to the ground, first excited, or 
second excited states of Ne” were observed. No expla- 
nation for this is offered. 

Some error due to counting particles presumed to be 
masked out is present in the results, and the scatter of 
experimental points from different runs is probably due 
mostly to this effect. 


s F. Ajzenberg, and T. Lauritsen, Revs. Modern Phys. 27, 77 
1955). 











ENERGY DISTRIBUTIONS OF PRODUCT PARTICLES 


Relative Numbers of p, d, t, and 
Alpha Particles 


In the decay of the compound nucleus, from the 
assumption that all individual quantum states of the 
final system which conserve energy and angular momen- 
tum are equally probable, it follows that the proba- 
bility of observing a particular mode of decay is propor- 
tional to the number of final states corresponding to the 
observed mode. Using this assumption, and including 
the barrier penetration probability of the product par- 
ticle, one finds that 


log -[ N (€)/eo.m ]—2[a(E—b) }'—log-C=constant, 


where the constant is the same for all modes of decay 
of the same compoumd nucleus and m is the reduced 
mass of the final system. The barrier penetration prob- 
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Fic. 12. Log.[N(¢)/eoom] vs E for the reactions Be*(N"™,p) 
Ne*,Be®(N"4,d)Ne*,Be®(N",t)Ne®, and Be*(N",a)F¥. The data 
are taken from proportional counter spectra like the one shown in 
Fig. 11. 


ability is contained in o,. The level-density formula is 
assumed to be w(Z)=C exp{2[a(E—6) }'}. 

A set of numbers for comparing the different modes 
of decay was obtained by replacing the usual mask on 
the cathode-ray tube with a vertical slit and feeding the 
dE/dx pulses to the 20-channel analyzer, thus obtaining 
a dE/dx spectrum corresponding to a particular channel 
number for £. Such a spectrum is shown in Fig. 11. 

Figure 12 shows the data obtained from these spectra 
as a plot of log. NV (€)/eo.m] vs E. The points belonging 
to even-even residuals seem to fall more or less on one 
curve, while the other points tend to fall on another 
curve. In Fig. 13, log.N(¢)/eo.m]—2[a(E—6)} is 
plotted against EZ. The ordinate here is simply the 
logarithm of the ratio of the experimentally determined 
density of states function to the expected function. For 
the proton, deuteron, and alpha reactions, a and b were 
chosen to fit the spectra as shown in Figs. 8, 9, and 10. 
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Fic. 13. Logel N(€)/eo.m]—2[a(E—b)} vs E for the reactions 
Be®(N“,p)Ne*, Be*(N"4,d)Ne",Be*(N*4)Ne*, and Be®(N',a)F¥. 
The values of a and 6 are taken from the curve fitting shown in 
Figs. 8, 9, and 10; and a and b for Ne” were taken to be the same 
as for ‘eee because of the similarity of triton and proton points in 
Fig. 12. 


For the tritons a and b were chosen to be the same as 
for the protons because of the similarity between the 
triton and proton points in Fig. 12. 

The high triton point at about 5.3 Mev probably 
indicates that the pulse height channel for the gate 
pulse happened to be on an energy level, which appears 
without averaging as a very large number of counts 
near the base level, where the density of states should 
be very low. Fluctuations in the other data at low ex- 
citations can be similarly explained. 

No account has been taken in the figures of the 2s+1 
multiplicity of states due to the spins of the product 
particles. Figure 13, as it stands, suggests that an even- 
odd effect comes into the factor C in the level-density 
formula. The multiplicity factor, however, would bring 
the deuteron points closer to the proton and triton 
points and move the alpha points away from both. In 
any case, this experiment alone does not distinguish 
between the possibility that the statistical theory under- 
estimates the alpha-particle emission probability by 
about an order of magnitude and the possibility that 
the level densities in the nuclei differ by about an order 
of magnitude through something like an even-odd effect. 

A ratio as large as 10 of odd-even to even-even level 
densities does not contradict other experimental evi- 
dence,™-* but the situation is certainly not clear. It is 
interesting to note that Byerly and Stephens’* found 
in the photodisintegration of copper a deuteron-to- 
proton ratio of about 10* times larger than the predic- 
tion of the statistical model, while the alpha-to-proton 
ratio is of the right order of magnitude, and energy 
distributions of all the particles are in rough agree- 
ment with the statistical model. The (y,p) residuals for 
both copper isotopes are even-even with a magic number 


4G. Brown and H. Muirhead, Phil. Mag. Ser. 8, 2, 473 (1957). 
‘8 Reference 5, p. 373. 
( 16 P. R. Byerly, Jr., and W. E. Stephens, Phys. Rev. 83, 54 
1951). 
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of protons, and perhaps the parameters in the level- 
density formula need to be specially adjusted for this 
situation. It would seem that much more experimental 
evidence needs to be obtained to discover systematics 
which may exist. 


CONCLUSION 


The results of the present experiment suggest that 
the statistical theory of nuclear reactions describes ade- 
quately, at least, the shapes of the energy spectra of 
light particles from nitrogen-induced reactions at zero 
degrees. Angular distributions and experiments on 


AND J. L. NEED 
heavier targets have yet to be explored. Heavy-ion 
reactions might provide a useful means of measuring 
statistical aspects of nuclear structure. 


ACKNOWLEDGMENTS 


The authors gratefully acknowledge their indebted- 
ness to John G. Harris for constructing the proportional 
counters and mechanical apparatus, to Gertrude Foster 
for carrying out the cross-section calculations and for 
constructing graphs used in the analysis of the data, to 
A. Zucker for help and encouragement, and to R. S. 
Livingston for interest in and support of the experiment. 





PHYSICAL REVIEW 


VOLUME 


110, NUMBER 3 MAY 1, 1958 


Elastic and Inelastic Scattering of 18-Mev Alpha Particles 
from Neon, Argon, and Xenon* 
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The scattering of 18-Mev alpha particles from neon, argon, and 
xenon was studied with a multiplate reaction chamber, The 
scattered particles were defined within an rms angular width of 
0.45° by a system of slit pairs, spaced every 2$° from 10° to 170°. 
The elastic scattering from neon and argon show the pronounced 
maxima and minima characteristic of diffraction scattering but 
are equidistant in ¢, not sin(¢/2). The ratio to Rutherford 
scattering varies as much as 25-fold between successive maxima 
and minima in the case of neon, the well-defined structure indi- 
cating a small mean free path for absorption of alpha particles in 
the nucleus. Nuclear interaction radii calculated by the formula 
2kRA[sin(¢/2)]=x were found to be 6.36X10-" cm for neon 
and 6.95X10-" cm for argon. Xenon, investigated chiefly for 
control purposes, showed no definite deviation from Rutherford 


INTRODUCTION 


HERE has been renewed interest in the scattering 
of alpha particles from nuclei following the 
establishment by Farwell and Wegner' of a pronounced 
variation with energy of the scattering cross section 
for heavy nuclei. They found that the ratio of the 
observed differential scattering cross section to the 
Rutherford cross section, ¢(£)/or(£), was unity only 
for energies below certain values and decreased expo- 
nentially with higher energies. Further experiments on 
alpha-particle scattering from heavy nuclei were per- 
formed by Wall, Rees, and Ford,? Wegner, Eisberg, 
and Igo,’ Ellis and Schecter,‘ and Gove,’ all of whom 
* Work supported in part by the U. S. Atomic Energy Com- 
mission. This article is based on a doctoral thesis submitted by 
L. Seidlitz to the Faculty of Purdue University. A short report 
was given in Bull. Am. Phys. Soc. Ser. II, 1, 29 (1956). 


+t Now at Palmer Physical Laboratory, Princeton University, 
Princeton, New Jersey. 

1G. W. Farwell and H. E. Wegner, Phys. Rev. 95, 1212 (1954). 

2 Wall, Rees, and Ford, Phys. Rev. 97, 726 (1955). 

3 Wegner, Eisberg, and Igo, Phys. Rev. 99, 825 (1955). 

4R. E. Ellis and L, Schecter, Phys. Rev. 101, 636 (1956). 

5H. E. Gove, Phys. Rev. 99, 1353 (1955). 


scattering up to 50°. Groups corresponding to the excitation of 
the 1.63-, 4.25-, 4.97-, 5.81(5.63)-, and 7.2-Mev levels of Ne™ 
and the 1.46-Mev level of A® were observed. ‘No excited states 
were observed in xenon. Notably absent was excitation of the 
6.74-Mev (0*) level in Ne”. As predicted by direct-interaction 
theories, the cross sections for inelastic scattering leading to the 
first excited (2+) states of neon and argon could be approximated 
by the squares of spherical Bessel functions of the second order 
with interaction radii of 6.71 10~" cm for neon and 6.6010" 
cm for argon. These cross sections do not tend toward small 
values in the forward direction, which is interpreted as evidence 
for distortion of the incident and scattered waves. No fit was 
possible for any of the other excited states. 


measured the angular dependence of the cross sections. 
When the cross sections are plotted as functions of the 
apsidal distance of the classical path in a pure Coulomb 
field, the results are similar to those found by Farwell 
and Wegner: agreeing with the Rutherford cross section 
for the large apsidal distances, followed by an expo- 
nential fall-off toward the smaller. 

Since these results were in striking contrast to the 
diffraction-like angular distributions found in the 
scattering of protons from various nuclei,’ Bleuler and 
Tendam’ and Eisberg, Igo, and Wegner® investigated 
the scattering of alpha particles from light nuclei. 
They found the expected diffraction patterns at bom- 
barding energies of 19 Mev with aluminum and cope 
and of 40 Mev with aluminum, respectively. Subsequent 
to the start of the investigation reported here, more 
extensive measurements on light nuclei were published 
by Igo, Wegner, and Eisberg® at 40 Mev, by Gugelot 

®B. L. Cohen and R. V. Neidigh, Phys. Rev. 93, 282 (1954). 

7E. Bleuler and D. J. Tendam, Phys. Rev. 99, 1605 (1955). 


8 Eisberg, Igo, and Wegner, Phys. Rev. 99, 1606 (1955). 
9 Igo, Wegner, and Eisberg, Phys. Rev. 101, 1508 (1956). 














ELASTIC AND 


and Rickey” at 42 Mev, and by Watters" at 32 Mev, 
in which the angular distributions also showed maxima 
and minima. 

The interpretation of the measurements is made 
tedious by the large number of partial waves involved, 
as evidenced by the large number of maxima and 
minima. Though semiclassical models have had good 
success in explaining the scattering from heavy 
nuclei,?-*- the best results are to be expected from an 
analysis by means of the optical model.*~* This model 
has had success in fitting the angular distributions 
found in neutron'*"” and proton'*-” scattering. Recently, 
excellent theoretical agreement has been obtained for 
alpha-particle scattering.” It is hoped that eventually 
the optical-model parameters for the alpha-nucleus 
system will be obtained for various energies. 

Without an optical-model analysis, the only param- 
eter that may be determined from the angular distri- 
bution obtained with a light nucleus is an interaction 
radius. It may be calculated, according to the Born- 
approximation formula for the scattering from a square 
well, by identifying the minima with the zeros of 
ji(qR) = jiL2kR sin(o/2) },° or more simply, and prob- 
ably with equal justification, by putting the difference 
of the gR values for neighboring minima (or maxima) 
equal to A(gR)=2kRA[sin(¢/2)]=. Here, 7; is the 
spherical Bessel function of order one, g the magnitude 
of the difference between the initial and final wave 
vectors, R an “interaction radius,” & the wave number 
of the system, and ¢ the scattering angle in the center- 
of-mass system. By application of this relation to those 
cases where the spacings are fairly equidistant, reason- 
able values for the interaction radii have been deduced.’ 

For the light elements, the elastically scattered alpha 
particles are always accompanied by alpha groups due 
to inelastic scattering. The differential cross section is 
found to vary strongly with angle, suggesting a reaction 
mechanism other than compound-nucleus formation. 
Direct interactions between an incoming nucleon and 
either a surface nucleon or the nuclear surface (the 
former leading to inelastic or exchange scattering, the 
latter to a collective, rotational excitation) have been 
considered by Austern, Butler, and McManus” and by 
Hayakawa and Yoshida,” respectively. The angular 


10 P. C. Gugelot and M. Ricke 617 — ne 101, 1613 (1956). 
1H, J. Watters, Phys. Rev. 1 56). 
#2]. S. Blair, Phys. Rev. 95, 1218 1980.. 
BC. E. Porter, Phys. Rev. 99, 1400 (1955). 
4H. A. Bethe, Phys. Rev. 57, 1125 (1940). 
18 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
16 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
17 Culler, Fernbach, and Sherman, Phys. Rev. 101, 1047 (1956). 
18 Glassgold Cheston, Stein, Schuldt, and Erickson, Phys. 
Rev. 106, 1207 (1957). 
won Nodvik, Saxon, and Woods, Phys. Rev. 106, 793 
(1957) B. Cheston and A. E. Glassgold, Phys. Rev. 106, 1215 
1G. Igo and R. M. Thaler, Phys. Rev. 106, 126 (1957). 
*” Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 
2S. Hay akawa and S. Yoshida, Proc. Phy: s. Soc. (London) 
A68, 656 (1955) ; and Progr. Theoret. Phys. (Japan) 14,)1 (1955). 
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Fic. 1. Scattering chamber geometry. 


distributions as calculated by Austern ef al. in the 
plane-wave approximation are given by expressions of 
the form > a,{_j:(qgR) }. For the excitation of the first 
rotational level in particular, Hayakawa and Yoshida 
determine the angular factor to be [j2(gR)}. The 
analysis of Austern ef al. may, in main outline, be 
applicable to inelastic scattering of alpha particles.™ 
Several experimenters” ** have had fair success in 
fitting distributions of inelastically scattered alpha 
particles with spherical Bessel functions. The inade- 
quacy of these analyses lies chiefly in the assumption 
of incident and scattered plane waves. The existence 
of strong potential wells (~30-40 Mev) for the alpha- 
particle-nucleus interaction as required by optical- 
modei analyses” results in distortion of both incident 
and scattered waves. Levinson ef a/.** have shown in the 
case of inelastic proton scattering that good agreement 
between theory and experiment may be achieved if the 
distortion of the incident and scattered waves produced 
by the Coulomb and nuclear fields is taken into account. 

The investigations herein reported are a continuation 
of the preliminary work of Bleuler and Tendam.’ 
Because rapidly varying intensities were expected, the 
measurements were made at 24° intervals with im- 
proved angular resolution. To investigate such aspects 
as the possibility of symmetry about 90° and the effect 
of distortion in the forward direction, the angular range 
was extended to limits of 10°-170°. Nuclear emulsions 
were chosen as detectors to supplement concurrent 
investigations” being done with electronic techniques. 
In these latter investigations, thin foils were used as 
targets. Because of this fact and the availability of an 
extremely thin-walled gas cell of large angular aperture, 
nuclides not obtainable as thin foils were chosen as 
targets. These were neon, argon, and xenon; neon being 
representative of a light nucleus and argon a medium- 
weight nucleus. Xenon was included since it was 


%S. T. Butler, Phys. Rev. 106, 272 (1957). 

28 F. J. Vaughn, University of Californid Radiation Laboratory 
Report UCRL-3174, October, 1955 (unpublished). 

26 Levinson, Banerjee, Albright, and Tobocman, Bull. Am. 
Phys. Soc. Ser. II, 1, 194 (1956); C. A. Levinson and M. K. 
Banerjee, Ann. Phys. 3, 67 (1958). 

27Q. Gailar, Ph.D. thesis, Purdue University, August, 1956 
(unpublished). 
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expected that at the bombarding energy used (18 Mev) 
its nuclear charge was large enough to produce Ruther- 
ford scattering. Furthermore, neon and argon each 
have a well-known, isolated first excited state to provide 
a comparison of the inelastic scattering with direct- 
interaction theories. 


EXPERIMENTAL METHOD AND EQUIPMENT 
Scattering Chamber 


The 19-Mev alpha-particle beam from the Purdue 
cyclotron, focused by a magnetic quadrupole lens, was 
brought through the water tank shielding, collimated, 
and made to impinge on a gas target in the center of a 
scattering chamber. The reaction products, defined in 
angle by a system of slit pairs, were detected by a 
number of nuclear track emulsions, one of which was 
located behind each pair of slits. The undeflected beam 
was collected in a Faraday cup, the total charge 
collected being integrated electronically. 

The scattering chamber is shown in Figs. 1 and 2. 
The chamber proper is a cylindrical brass box of 18 in. 
inside diameter and 13 in. internal depth with a 
removable aluminum lid. The base of the chamber is 
recessed and provided with a pin to align the analyzing 
slit system precisely. By means of selective shutters, 
the entire range of available angles can be exposed 
with one loading of the chamber despite the enormous 
variation in intensity (e.g., ~10" for argon). 

The collimator is a brass tube containing six concen- 
tric circular diaphragms. The first diaphragm, which 
intercepts most of the nontransmitted beam, is ma- 
chined from bismuth, thus reducing the neutron and 
gamma-ray background. It is immediately in front of, 
and only slightly larger in aperture than the first of the 
two actual collimating diaphragms which are 7¢ in. in 
diameter. The latter two restrict the transmitted beam 
to a cone of 0.5° half-angle. The remaining three 
diaphragms are slightly larger than the collimating 
diaphragms and are located between them. They are 
so positioned that a beam particle scattered from the 
collimating tube wall cannot emerge without an addi- 
tional scatter. This effectively makes the collimator 
wall-less. All diaphragms but the first are aluminum. 
The collimator is held in the analyzing slit system, the 
inner ring of which serves as a forward stop. The 
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Fic. 2. Cross sec- 
tion of the scattering 
chamber. 
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distance of the collimator from the target is such that 
the beam diameter at the center of the chamber can 
be no greater than 0.10 in., if one ignores multiple 
scattering in the target cell. It was found necessary to 
surround the front end of the collimator with a lead 
shield to avoid heavy gamma-ray and neutron back- 
ground in the plates nearest the collimator. 

The target cell is of novel construction. Its wall is a 
film of Mylar, 0.0005 in. thick, which is supported by 
narrow struts so that scattered particles are essentially 
unobstructed in the angular range 10° to 170°. The 
Mylar film is cemented to the brass frame with Arm- 
strong Adhesive A-1.8 A hole drilled through the cell 
base allows the target cell to be evacuated and filled 
with the target gas. The gas-handling system screws 
onto the base and is suspended therefrom. A mercury 
manometer indicates the gas pressure and was read 
with a cathetometer to the nearest 0.1 mm. The 
pressures used were 20 cm for neon and argon and 
5 cm for xenon. 

The analyzing slit system consists of an inner and an 
outer ring of slits which define the directions of detected 
particles and two central rings of slits which assure their 
radial passage. The entire system is integrally con- 
structed, having been machined from a single casting. 
The outside diameter is 12 in.; the slit width is 7 in. 
and the acceptance width is +1° from the nominal 
scattering angle. Slits are spaced every five degrees, 
but are machined on both sides of the beam direction 
in such a manner that measurements can be made 
every 24° in the interval 10°-170°. A pair of slits is 
provided at +20° as an aid for correction of possible 
chamber misalignment after the bombardment is 
completed. 

The chamber was mounted on a rolling cart and was 
evacuated by its own vacuum system prior to connect- 
ing it to the cyclotron. The cart also carried mecha- 
nisms for remotely adjusting the chamber axis with 
respect to the beam direction. A beam-range measuring 
device” was mounted at the end of the beam pipe, 

*6 Available from Armstrong Adhesive Company, Warsaw, 
Indiana. More recently Dupont Polyester Adhesive has been 
utilized. For further details of the construction of the cell see 
Corelli, Livingston, and Seidlitz, Rev. Sci. Instr. 28, 471 (1957). 

*R. L. Clary, M.S. thesis, Purdue University, 1950 (unpub- 


lished). 
(19: aa Seidlitz, Bleuler, and Tendam, Rev. Sci. Instr. 24, 126 
953). 
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directly in front of the chamber. The energy was 
determined by use of the range-energy relation for 
alpha particles in aluminum derived from the curves 
given by Bethe.” 


Photographic Technique 


Ilford £1 nuclear track emulsions, 50 or 100 microns 
thick, 1 in.X3 in., were used. To make reasonable the 
rate of acquisition of data and to make possible the 
use of previously untrained observers, it was necessary 
to develop a method of discriminating reliably between 
tracks due to alpha particles and those due to protons 
or deuterons, by a rapid inspection without resort to 
quantitative measurements. This goal was accomplished 
by the use of latent-image fading and differential 
development. Both latent-image fading and differential 
development (through the use of a strongly propor- 
tional inhibitor combined with underdevelopment) 
enhance the relative development of those grains most 
highly activated, i.e., those traversed by an alpha 
particle. 

The developer used was substantially that due to 
Billington® but the developing times were somewhat 
altered. An example of the result is found in Fig. 3. 
There are apparent two kinds of tracks, referred to for 
convenience as “light” and “dark.” With a little 
experience, virtually all tracks longer than 10 microns 
can be classified at a glance as being one or the other. 
To confirm that this rapidly made, qualitative classifi- 
cation corresponded to distinguishing between tracks 
made by protons (and deuterons) or by alpha particles 
respectively, grain-density measurements were made 
upon a number of tracks. 

The plate used for this measurement had been 
exposed in another experiment; 10-Mev deuteron 


+ 





Fic. 3. Differentially developed tracks in E1 emulsion. 





%tHans A. Bethe, Brookhaven National Laboratory Report 
BNL-T-7, 1949 (unpublished). 

® Roberts, Solano, Wood, and Billington, Rev. Sci. Instr. 24, 
920 (1953). 
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Fic. 4. Grain density histograms. 


bombardment of Teflon, (C2F4)m. The bulk of the 
tracks were due to elastically scattered deuterons 
(~300-micron range). Some of the tracks due to protons 
could be identified simply because they were longer 
than those due to the most energetic deuteron or alpha 
particle (~85-micron range). The procedure used was 
as follows: 

Each track as it came onto, the eyepiece measuring 
scale was recorded as L or D. (light or dark), its length 
was measured, and the number of grains per ten-micron 
interval for 5 intervals from the end of the track was 
counted. Only a few long tracks which were known to 
have been made by deuterons or protons were measured. 
Histograms were then made showing the frequency of 
total number of grains for various residual ranges (see 
Fig. 4). For residual ranges of 30 microns or more, the 
L and D tracks fall into two distinct groups with very 
few exceptions. The two groups are statistically re- 
solvable in the case of 20-micron range, but the grain 
density is definitely unreliable as a means of discrimi- 
nation for 10-micron residual range. Criteria which are 
more subjective can be used to give confidence in the 
choice of L or D for the tracks which fell into the 
“wrong” group. The greater scattering of protons (and 
deuterons) for a given range generally aids in the 
identification but more reliably the effect of the partial 
development is to give an appearance of “thinness” to 
the proton tracks which is not reflected in the grain 
density measurement. In fact, the smaller grains of the 
proton tracks make it less probable that two or more 
grains will overlap and be counted as one grain, as 
frequently will happen for alpha-particle tracks. This 
results in a loss of resolution in the grain-density 
histograms but actually aids the visual distinction 
between ZL and D. It is the latter effect which allows 
reliable, subjective distinction down to tracks as short 
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as 10 microns where the objective grain density 
measurement fails. 

Acceptance criteria were established to prevent the 
recording of spurious tracks and to control the area 
that was scanned. Added confidence in the method of 
discrimination was gained by the fact that there were 
virtually no dark, spurious tracks, i.e., tracks that did 
not enter the surface of the emulsion in the proper 
direction. 

The sole measurement made on most accepted tracks 
was that of projected length. If a track (otherwise 
satisfactory) left the emulsion, a notation was entered. 
This was done to check the possibility that a significant 
number of tracks might leave the emulsion and thereby 
distort the range distribution. There were very few 
such tracks, about 3% of the total. For less than 1% 
of the tracks counted, dip and scatter had also to be 
accurately measured so that the rectified length could 
be computed. It is apparent that the complication of 
the mechanical construction of the slit system was 
justified by the ease of rejection of spurious tracks and 
by the single datum required of most tracks. 


REDUCTION OF DATA AND SOURCES OF ERROR 


The data were corrected for second-order geometrical 
effects by using the analysis of Critchfield and Dodder* 
properly modified for the present arrangement. The 
rms deviation in angle due to the finite geometry is 
0.45° and that due to multiple scattering in the Mylar 
window and the target gas is 0.63° in the most unfavor- 
able cases. The largest corrections were 8% for neon 
at 15° and 5.5% for argon at 12.5°. The corrections at 
these forward angles were equivalent to a correction of 
about 0.1° in the nominal scattering angle and were 
within the experimental uncertainty in the determi- 
nation of the angle. 

The uncertainties in the geometrical factors in the 
expression for the cross sections are negligible, being 
in most cases fractions of a percent. Also found negli- 
gible were errors due to target gas heating and to 
variation of the incident energy within the scattering 
volume. The latter conclusion was based upon the 
assumption that the cross section varied no more 
rapidly than inversely as the square of the energy. 

The chief uncertainty in the final values of the cross 
sections is that due to the statistical reliability of the 
number of tracks measured. For the neon elastic cross 
section this is generally about 6% except that at some 
of the minima it is 10% (all errors are given as standard 
deviations). For the argon elastic cross section it is 6% 
wherever possible. At some angles the entire plate was 
scanned but this reliability could not always be achieved 
and in one case it is as poor as 33%. The detailed values 
are given in the next section together with the results. 

The positions of the individual plates are accurate 


%C. L. Critchfield and D. C. Dodder, Phys. Rev. 75, 419 
(1949). 


BLEULER, 


AND TENDAM 

to better than +0.1° but since there was a larger 
uncertainty in the location of the zero angle, the 
angular uncertainties are: 10° to 20°, +0.18°; 25° to 
324°, +0.27°; 06> 373$°, +0.32°. 

Even these small errors in the forward angles lead to 
large uncertainties in the determination of ¢(¢)/7r(¢) 
due to the steepness of the Rutherford cross section in 
that region. These uncertainties are 9.0% at 10°, 7.2% 
at 124°, 5.7% at 15°, 4.3% at 20°, 5.1% at 25° and 
4.2% at 30° and less than 4% at larger angles. 

In the case of neon, there is an additional and 
somewhat disturbing uncertainty. The early-model 
target chamber used for neon did not allow the simul- 
taneous exposure of all plates. Two runs were needed 
and, therefore, errors in current integration or the 
temperature and pressure of the gas result in relative 
uncertainties. The current integrator is reliable to 
about 2%, while the gas density measurement has still 
smaller uncertainty. In some regions the points from 
the two runs do not agree, the second run giving the 
larger cross sections, at some angles as much as 20% 
larger. A constant factor such as would arise, say, from 
a gross misreading of the current integrator, could not 
remedy matters since the discrepancy is not uniform. 
Furthermore, the minima and maxima of the two runs 
do not always agree, although it is difficult to be sure of 
this because the structure of the oscillations is fine 
compared to the spacing of angles in a single run. It 
may be that the positions of the minima are strongly 
energy-dependent. The average energies in the two 
runs were slightly different: 18.10 and 17.94 Mev, 
respectively. The cross-section curve was drawn giving 
equal weight to both runs. 

The absolute accuracy of the energy determination 
was about 1%. The ranges in the plates compared well 
with those predicted from the calculated energy and 
Rotblat’s range-energy curves in Iiford emulsion® after 
account was taken of the additional uncertainties 
introduced by allowing for loss of range due to passage 
through the Mylar wall and the target gas. The loss of 
range was calculated by the use of the relation of 
Heller and Tendam.** The energy enters into the results 
for o(¢)/or(o) as 1/E*, the uncertainty introduced in 
this ratio being then 2%. 


EXPERIMENTAL RESULTS AND DISCUSSION 
Nuclear Energy Levels 


Typical range-number histograms of the alpha parti- 
cles scattered from neon, argon, and xenon are shown 
in Fig. 5. Groups corresponding to elastic scattering 
and to excitation of the 1.63-, 4.25-, 4.97-, 5.81-,°* and 
7.2- (7.18 and 7.22 unresolved) Mev levels in Ne” are 


* J. Rotblat, Nature 167, 550 (1951). 

% Z. H. Heller and D. J. Tendam, Phys. Rev. 84, 905 (1951). 

3° More recently, the energy of this level has been given as 
5.63 Mev W W. Buechner and A. Sperduto, Phys. Rev. 106, 
1008 (1957) ]. 
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shown. The first four energy values, taken from 
Sperduto and Buechner,” agree well with the location 
of the peaks whereas the energies given in the compila- 
tion of Ajzenberg and Lauritsen** would be incom- 
patible. The upper limit for excitation of the 6.74-Mev 
level*® (not observed here) is about 1 millibarn/ 
' steradian. Groups from levels of higher excitation were 
observed but not resolved, nor was the elastic scattering 
from Ne” (isotopic abundance 8.8%) resolved. Groups 
resulting from excitation of the 1.28- and 3.35-Mev 
levels in Ne” were observed at some angles but not in 
sufficient intensity to determine an angular distribution. 
At most angles the only distinct groups found in the 
scattering from argon were those due to elastic scat- 
tering and to excitation of the 1.46-Mev first excited 
state of A®. Elastic scattering only was observed from 
xenon. 


Elastic and Inelastic Scattering Differential 
Cross Sections 


The values for various differential cross sections for 
neon and argon are listed in Table I. (All cross sections 
are in the center-of-mass system.) The differential 
cross sections, 7o(@) and o;(@), for the scattering from 
the ground and first excited states, respectively, of 
Ne” are plotted in Fig. 6 together with on(@). In Fig. 7, 
the ratio ¢o(¢)/ar(d) is shown. There is structure in 
oo in the very forward direction, oo/or having a maxi- 
mum at 14°. The spacing of maxima is approximately 


37 A. Sperduto and W. W. Buechner, Massachusetts Institute 
of Technology Annual Progress Report No. 38, May 31, 1955 
(unpublished). 

% F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 


Range (microns) 


equidistant in ¢, not sin(¢/2), in contradistinction to 
the conclusions of some other observers’*:" whose range 
of angles did not extend so far backward. It is interesting 
to note that the first three oscillations of the two cross 
sections are “out-of-phase” but that the remainder are 
“in-phase.” The magnitudes of the cross sections are 
about equal for ¢>70°. The positions of the first four 
minima of oo/or were inserted in the relation R 
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TABLE I. Differential cross sections for scattering of 18-Mev alpha particles from neon and argon. 








Neon (18.02 Mev) 


Argon (17.98 Mev) 





Q=0 OQ = —1.63 Mev 0=0 O = ~1,46 Mev 
¢ oy (¢)* Error> > 0, (o)* Error? ¢ oy(o)" Error> ¢ o1(o)* Error 
(c.m.) (mb/sterad) (%) (c.m.) (mb/sterad) (%) (c.m.) (mb/sterad ) (%) (c.m.)  (mb/sterad) (%) 
12.3 14 600 4.2 12.5 112 11 11.4 94 300 5 | 11.5 956 12 
14.5 8110 5.4 14.8 67.0 9.2 13.3 67 400 5.0 13.4 378 17 
18.3 2210 4.4 18.6 66.1 1 16.9 20 000 5.6 22.5 36.2 32 
23.6 333 3.7 24.2 48.6 RB 21.5 6430 3.8 28.0 11.9 16 
24.3 284 4.0 30.6 11.2 6.9 22.4 5120 3.8 29.8 4.55 12 
30.2 167 5.9 32.8 7.90 8.9 27.8 1410 4.6 35.3 4.55 94 
32.5 167 5.3 36.5 15.4 6.8 29.7 1190 4.5 40.7 5.53 9.6 
36.1 97.8 5.7 38.7 22.7 7.3 33.3 539 44 46.1 2.56 13 
38.3 44.4 6.2 45.3 25.1 3.1 35.1 272 6.4 49.7 1.99 16 
44.2 9.37 5.6 50.4 8.99 7.3 40.5 101 5.5 51.5 1.57 18 
44.8 10.7 4.7 54.0 3.52 7.1 45.9 104 5.7 55.0 2.56 12 
49.9 23.6 5.8 56.2 2.93 7.3 49.4 59.1 5.9 56.8 1.95 12 
53.5 32.0 5.9 59.7 5.69 7.1 51.6 40.5 6.1 60.3 1.26 10 
55.6 28.8 5.6 61.8 8.44 6.3 54.8 22.7 5.7 62.1 1.23 19 
59.2 14.5 6.2 65.4 10.7 4.1 56.6 15.6 5.9 65.6 0.297 15 
61.2 9.53 5.7 67.5 8.78 3.6 60.1 10.4 6.6 67.4 0.228 17 
64.7 0.68 7.7 70.9 10.5 3.9 61.9 12.1 6.0 70.9 0.288 13 
66.8 1.28 7.8 73.0 8.20 6.3 65.4 9.83 5.5 72.6 0.744 10 
70.3 4.29 5.8 764 6.13 7.4 67.2 7.91 6.0 76.1 0.710 8.9 
72.4 8.17 6.1 78.5 6.31 7.5 70.6 4.52 6.1 77.8 0.616 11 
75.8 9.88 6.0 81.8 5.80 7.9 72.4 2.15 5.9 81.2 0.639 10 
77.8 11.1 5.4 83.8 6.74 5.6 75.8 1.62 6.0 83.0 0.369 11 
81.1 8.82 6.5 87.1 7.27 5.2 77.6 2.09 5.9 85.9 0.176 16 
83.2 6.16 5.3 89.1 8.40 5.6 81.0 2.97 6.2 88.1 0.162 15 
86.4 2.59 5.9 92.4 6.96 5.4 82.7 3.27 5.9 91.4 0.164 15 
88.4 1.25 8.5 94.3 7.93 6.0 86.1 2.25 6.5 93.1 0.226 10 
91.7 1.50 8.3 97.5 4.56 5.9 87.8 1.92 5.8 96.4 0.263 9.8 
93.6 3.65 5.9 99.4 4.95 7.2 91.1 0.988 6.3 98.1 0.304 8.9 
96.8 3.98 6.0 102.5 3.19 7.2 92.8 0.394 7.7 101.4 0.231 11 
101.8 4.00 6.2 104.4 2.48 7.2 96.1 0.119 14 103.1 0.180 12 
103.7 3.18 6.0 107.4 2.51 6.3 97.8 0.215 11 106.3 0.154 14 
106.8 2.52 5.9 109.3 3.18 5.5 101.1 0.466 7.4 108.0 0.156 14 
108.6 1.73 6.1 112.3 4.98 5.6 102.8 0.718 6.0 111.2 0.169 13 
111.7 3.93 6.0 114.4 5.72 4.9 106.0 0.871 5.8 112.8 0.201 11 
113.4 4.03 5.5 117.1 6.25 5.5 107.7 0.948 5.8 116.0 0.157 13 
116.4 5.84 5.4 118.8 5.41 5.9 110.9 0.799 5.9 117.7 0.163 12 
118.2 4.90 5.9 121.7 4.27 6.7 112.6 0.543 6.9 120.8 0.150 13 
121.1 4.37 6.2 123.5 3.09 6.2 115.8 0.308 9.0 122.5 0.123 14 
122.8 1.92 5.7 126.3 2.44 5.2 117.4 0.152 13 125.6 0.122 14 
125.7 0.72 9.2 128.0 1.74 5.9 120.6 0.107 15 127.2 0,145 13 
127.4 0.58 9.7 130.8 1.95 7.1 122.2 0.122 14 131.9 0.158 12 
130.2 3.15 6.7 132.5 2.75 7.1 125.4 0.203 11 135.0 0.135 13 
131.9 5.03 5.8 135.3 3.44 7.1 127.0 0.224 10 136.6 0.092 15 
134.7 8.61 5.6 136.9 4.72 6.6 130.1 0.234 98 139.7 0.078 16 
136.3 9.39 5.9 139.6 4.54 6.8 131.7 0.180 11 141.3 0.075 16 
139.1 12.5 5.6 141.2 4.19 7.2 134.8 0.153 12 144.3 0.070 16 
140.7 7.50 5.7 143.9 4.04 6.8 136.4 0.104 14 145.9 0.081 15 
143.4 6.56 6.2 145.4 4.87 5.8 139.5 0.038 23 148.9 0.104 13 
145.0 2.88 5.6 148.1 3.74 5.5 141.0 0.034 24 150.4 0.179 9.7 
147.7 1.09 9.5 149.6 4.05 4.1 144.1 0.016 33 153.4 0.174 9.1 
149.2 1.14 7.3 152.2 5.13 5.8 145.6 0.030 25 155.0 0.185 8.8 
151.9 3.00 5.9 153.8 5.41 6.3 148.7 0.049 18 157.9 0.176 8.4 
153.3 6.09 5.7 156.3 7.61 6.4 150.2 0.082 14 159.5 0.131 9.5 
156.0 9.19 5.5 157.8 7.98 6.3 153.2 0.157 9.6 162.4 0.089 11 
157.5 8.36 5.8 160.1 10.9 7.0 154.8 0.189 8.7 164.0 0.095 11 
160.1 11.1 6.6 161.9 10.8 4.9 157.8 0.251 7.0 166.9 0.087 9.3 
161.6 9.31 5.0 164.4 14.1 3.9 159.3 0.247 6.9 
164.1 4.92 6.3 165.9 10.8 44 162.3 0.216 6.8 
165.6 3.34 6.2 168.4 10.4 4.0 163.9 0.130 9.3 
168.1 2.02 6.0 169.8 11.5 5.2 166.9 0.064 11 
169.6 3.75 6.3 172.3 10.7 4.8 168.4 0.052 11 
172.1 8.19 5.3 171.4 0.114 6.5 








® Cross section in the center-of-mass system. 
b Standard deviation for number of tracks counted. 


=n/{2kA[sin(¢/2)]} and the average value of the 
interaction radius was found to be R=6.36X10~¥ cm. 

In Fig. 8 the square of the second-order spherical 
Bessel function, [j2(gR)}, is fitted to o:. The best 











agreement with the positions of the first two minima 
and the first maximum is obtained for R=6.71X10-¥ 
cm. The minima show fair agreement with the first few 
zeros of (j2)* but fail to agree for ¢> 110°. 
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Fic. 7. Ratio of observed elastic scattering cross section to 
Rutherford cross section for Ne. Eg = 18.0 Mev. 


The cross sections for the shorter-range alpha- 
particle groups, o2, 3, 74, and os are plotted in Fig. 9. 
They are, respectively, the differential cross sections 
for the excitation of the 4.25-, 4.97-, 5.81(5.63)-, 7.18, 
and 7.22-Mev levels of Ne”, the latter two unresolved 
in os. The zeros of (j2)? and (j4)? (R=6.71X10-" cm) 
for each case are also indicated. There is no clear 
agreement with any cross section nor is there any 
agreement for (j;)*, the zeros of which fall midway 
between those of (j2)* and ( 7,)*. 
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Fic. 8. Comparison of the inelastic scattering from the first 
excited state of Ne” with direct-interaction theories. 
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Fic. 9. Inelastic scattering cross sections of Ne®, 0<—4 Mev. 


As in the case of neon, the maxima of o(¢) for argon 
(Fig. 10) are approximately equidistant in ¢, not 
sin(¢/2). The diffraction analysis yields R=6.95X10-* 
cm. The ratio o¢/ez is plotted in Fig. 11. The differential 
cross section for inelastic scattering is shown in Fig. 12, 
together with [ j2(¢R) ?, R=6.60X10-* crm. 

In Fig. 13, the values of oo(¢)/or(@) for xenon are 
plotted. It is difficult to judge if, over the limited range 
investigated, the deviations from Rutherford scattering 
are real. The standard deviations shown include effects 
of the uncertainty in the angular setting and of the 
reliability of the number of tracks counted. The 
standard deviation arising from the uncertainty in the 
energy (AE) is indicated by the two dashed lines. The 
weighted mean value of o0(¢)/er() is 1.054+0.033. 
The probability of the chance occurrence of this 
deviation is about }. 


Discussion 


The pronounced structure in the elastic scattering 
cross sections (neon and argon) and the lack of sym- 
metry about 90° in any of the inelastic scattering cross 
sections appear to preclude compound-nucleus forma- 
tion as a principal mechanism for the reactions. In the 
elastic cases, the angular distributions are typical of 
those predicted by the optical model,”*! although the 
calculations required for detailed comparison have not 
yet been made. The well defined minima indicate that 
\, the mean free path for absorption of alpha particles, 
must be quite small. The pronounced oscillations con- 
trast with those generally found in the case of (p,p) 
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Fic. 10. Scattering cross sections for argon. E,= 18.0 Mev. 


and (,p’) scattering (e.g., Dayton and Schrank,” 
Freemantle et al.”), which imply a larger value of \ 
for protons. This is borne out by typical values for A 
derived from the experimental data by means of the 
optical model : 10-Mev protons, 5X 10-" cm "8; 20-Mev 
protons, 3X10-" cm”; 22-Mev alpha particles, 1.5 
X10-* cm #; and 20-40 Mev alpha particles, ~1 x 10-" 
cm.'* The smeared-out structure of the proton angular 
distributions can be understood as due either to a 
large proportion of compound-nucleus formation or to 
a spread in the depth at which the direct interaction 
takes place or both. Contrarywise, the alpha-particle 
angular distributions are more oscillatory. 

The agreement of the second-order spherical Bessel 
functions with the first excited state distributions for 
both Ne” and A® is consistent with the spins and 
parities of the levels involved and the selection rules of 
Austern ef al.” and of Hayakawa and Yoshida. The 
ground states are both 0* and the first excited states 
are both 2+. The selection rule of Austern ef al. for a 
spinless particle becomes /min2 AJ, Imin being odd or 
even depending on whether the nucleus changes parity 


J. E. Dayton and G. Schrank, Phys. Rev. 101, 1358 (1956). 
“ Freemantle, Prowse, Hossain, and Rotblat, Phys. Rev. 96, 
1270 (1954). 
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Fic. 11. Ratio of observed elastic scattering cross section to 
Rutherford cross section for argon. Ea = 18.0 Mev. 


or not. The agreement is good with respect to the 
location of the first few minima, but is extremely poor 
in the forward direction. The theories predict a small 
cross section at 0° (for the particular reactions studied), 
but large forward peaks are observed. As mentioned 
in the introduction, in these calculations the incident 
and scattered wave functions are approximated by 
plane waves. The calculations of Levinson and Banerjee” 
for the case of C"(p,p’), Q= —4.43 Mev, which include 
the effects of potential distortion, reproduce the forward 
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Fic. 12. Comparison of the inelastic scattering from the first 


excited state of A® with direct-interaction theories. 








ELASTIC AND INELASTIC SCATTERING 


peaking observed in that reaction for which the Austern- 
Butler-McManus theory predicts low forward intensity. 

The failure to obtain a similar agreement between 
the squares of a spherical Bessel function and the 
differential cross sections for inelastic scattering from 
the higher excited states of neon (Fig. 9) is consistent 
with the expectation that reactions leading to the 
lowest excitation have a greater probability of proceed- 
ing through a direct interaction than those involving 
higher excitation.™ o,, however, is of the same order of 
magnitude as oe, o3, o4, and os, so that the latter 
probably are not due solely to compound-nucleus 
formation. 

No information exists in the literature regarding the 
spins or parities of the 4.25-, 4.97-, or 5.81(5.63)-Mev 
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Fic, 13. Ratio of observed elastic scattering cross section to 
Rutherford cross section for Xe. E, = 18.3 Mev. 


levels. A 6.74-Mev level (not observed here) has spin 
and parity 0*; the 7.18-Mev level has 3~ and the 7.22- 
Mev level has 0*.** It is possible that the 6.74-Mev 
(O*) state is due to a collective “breathing” surface 
vibration, carrying zero angular momentum. If this is 
so, alpha particles would not seem to be effective in 
exciting such states. On the other hand, if the level 
were an individual-particle state, one would expect a 
small probability for a 0*—0* transition because of the 
small overlap of the orthogonal wave functions de- 
scribing the two states. Since the 7.22-Mev level is also 
Ot, it is reasonable to conclude that os represents 
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Taste II. Alpha-nucleus interaction radii. 
Ro=x/{2kA[sin(¢/2) }} 
from elastic scattering, R; from inelastic scattering, 
R2=1.50A!+2.00, Rs=1.27A!+1.60. 
All values in units of 10-4 cm. 











Nucleus Ro Ri R: Rs 
Ne 6.36 6.71 6.07 5.04 
Al 641 tee 6.50 5.41 
A 6.95 6.60 7.13 5.94 





primarily the distribution of alpha particles exciting 
the 3- level at 7.18 Mev. It is not possible, however, 
to obtain a good fit with [j;(¢R) for any value of R. 

Table II summarizes the various values of R deter- 
mined in this experiment together with that of Al found 
by Gailar.”” Also given are the values calculated from 
R.=1.50A'+ 2.00 (in units of 10-" cm) and finally, in 
the last column, the values obtained from the relation 
R;=1.27A'+-1.60 which gives the trend of the values 
found by Igo et al.® at 40 Mev. 

It is apparent from Table II that the interaction 
radii calculated in this simple manner are energy- 
dependent. Our radii are consistently larger than those 
found by Igo ef al., agreeing more closely with R, than 
with R;. An actual optical-model analysis would be 
necessary for a meaningful comparison between the 
results at 40 Mev and those at 18 Mev. 
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The potential scattering cross section for slow neutrons, ¢», 
has been measured for seventeen elements in order to determine 
the nuclear potential radius and to investigate the predictions of 
nuclear optical models. The measurements were based on total 
cross sections resulting from transmission experiments performed 
with the Brookhaven fast chopper. In the energy region where 
individual resonances can be resolved and their parameters 
determined with reasonable accuracy, ¢, is obtained by subtract- 
ing the resonance contribution, including interference effects, 
from the measured total cross section. In the kev region, where the 
chopper resolution permits determination of cross sections 
averaged over many resonances only, different sample thicknesses 
are used and a, derived from the slope of the transmission curve. 


I. INTRODUCTION 


HE use of neutron, proton, or alpha-particle 
scattering experiments to give information on 
nuclear radii is not as straightforward as electron 
scattering, because of the still rather poorly understood 
nature of nuclear forces. As a result, all conclusions 
concerning nuclear size and shape resulting from such 
experiments are more or less model-dependent. Thus 
the scattering of protons of several Mev energy gives 
the quantity VR’, where V is the well depth, rather than 
the nuclear radius R itself.' Other experimental results, 
or a well depth computed from some model, must be 
utilized to obtain R from the proton scattering. In the 
present paper we report measurements of the potential 
scattering, op, of low-energy neutrons, a quantity that 
is reasonably directly related to the nuclear potential 
radius rather than the quantity VR’. The experimental 
problem of extracting ¢, from the total cross section 
requires careful analysis but the results can be inter- 
preted in terms of R with little dependence on the well 
depth. 

As R is the radius of the nuclear potential well that 
is appropriate for the particular bombarding particle, 
care must be taken in its definition if it is to be independ- 
ent of the nature, charge, and energy of the particle 
used in its investigation. Various experiments measure 
different moments of the radial potential distribution, 
and in the analysis different shapes for the distribution 
are often used. It thus is often necessary to define 
equivalent radii that can be directly compared, such 
as an equivalent radius defined as that of a uniform 
(square) distribution that will reproduce the features 
of the actual distribution employed. For the measure- 


* Work performed under contract with U. S. Atomic Energy 
Commission. 

+ Now at Duke University, Durham, North Carolina. 

t Permanent address: Brooklyn College, Brooklyn, New York. 

1 Glassgold, Cheston, Stein, Schuldt, and Erickson, Phys. Rev. 
106, 1207 (1957); A. E. Glassgold and P. J. Kellogg, Phys. Rev. 
109, 1291 (1958). 


The results in the two energy regions agree, thereby justifying 
the concept of potential scattering as a cross section constant 
with energy, once effects of nearby resonances are removed. 
The variation of potential scattering with atomic weight is 
compared with predictions of optical models of the nucleus. The 
data reflect rather strongly the effects of the deformation of the 
nuclear shape from spherical, and good agreement is obtained 
for a potential well with a diffuse surface and nuclear deformations 
corresponding to known quadrupole moments. The radius of the 
potential (the distance to its half-value) is given by R=roA}, 
with ro= (1.3520.04)X10- cm. The radius parameter ro is 
thus distinctly larger than the 1.0910" cm obtained from 
electron scattering experiments. 


ments reported in this paper we shall take the radius R 
to be the distance at which the potential attains half 
its central value. 

The optical model of the nucleus, which is the usual 
means for interpreting scattering experiments, is a 
compromise between the independent-particle and the 
compound-nucleus models. In their adaptation of this 
model to low-energy neutron scattering Feshbach, 
Porter, and Weisskopf? used a potential well that has a 
real (elastic scattering) and an imaginary (compound 
nucleus formation) part, 


V=—Vo(1+i¢) forr<R, 
V=0 for r>R, 


where R=r,A! and ¢ is the ratio of the imaginary to 
the real component of the potential. 

On the basis of this model they define the elastic 
scattering as made up of “shape elastic” plus “com- 
pound elastic” scattering. We shall use the more 
customary “potential scattering” for the former, even 
though it has often been applied rather vaguely. The 
potential scattering is the analog of hard-sphere scat- 
tering, resulting from the nonpenetrability of the 
nucleus to neutrons of nonresonant energies. For 
s-wave neutrons its cross section is given by 


o p= 4r(R’)’, (2) 


where R’ is a length of the order of the nuclear radius 
R. The compound elastic scattering is the part of 
elastic scattering that results from formation of a 
compound nucleus and re-emission of a neutron into 
the entrance channel. Between resonances the elastic 
cross section is mainly potential scattering and at 
resonances mainly compound elastic scattering. Because 
of the interference of these components, their separation 
in practice is difficult, as we shall see. 

It can be shown that Eq. (2) has some very interest- 


(1) 


* Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
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ing properties at the points (R’/R)=1, where, for the 
potential of Eq. (1), 


2m ; 
K.R= (-*v.R) = ine, (3) 


with m an integer, and Ky and m the wave number in 
the well and mass of the neutron. The points where 
R=R’ are determined by the product VoR*, which is 
well determined by strength function measurements for 
low-energy neutrons. At these points a measured value 
of R’ gives R with no corrections and at other atomic 
weights R’ differs somewhat from R but the dependence 
on the model parameters is usually not great. It is 
because of the weak dependence on model parameters 
that the potential scattering at low energy is a useful 
method for obtaining R independently of V. 

Feshbach, Porter, and Weisskopf* have recently 
carried out calculations of low-energy neutron scatter- 
ing for a rounded potential well of the form 


(1+7£) 
V(r)= i. Vo— ’ (4) 
1+exp[2(r—R)/d] 





with the following parameters : 


Vo=42 Mev, £=0.08, Kod=1.65, 


5 
R=nA', with r9=1.35X10-" cm. ©) 


The shape of the imaginary potential was kept the 
same as that of the real part, mostly for convenience 
in calculation, and the nuclei were assumed spherical. 
The results are in general similar to those for the square 
well but some quantitative differences exist, the 
rounded-well results giving closer agreement with 
experiment than the square well. 

The fact that some nuclei are deformed from their 
spherical shape is expected to affect the predicted 
scattering and is important to consider, particularly 
for comparison with accurate experimental results. 
A qualitative investigation of the effect of constant 
deformations on the strength function and (R’/R) has 
been made by Margolis and Troubetzkoy.‘ Chase, 
Wilets, and Edmonds® have calculated the strength 
function and R’ for the optical model, using the actual 
measured nuclear deformations. The experimental 
results reported in the present paper will be compared 
with the latter calculations, as well as with those of 
Feshbach, Porter, and Weisskopf. The experimental 
values of o, give R’ immediately, through Eq. (2), 
and use of the calculations of the optical model then 


gives R. 


3 Feshbach, Porter, and Weissko ot ame reported by 
V. F. Weisskopf, in Physica 18, 952 (1956). 

4B. Margolis and E. S. Troubetzkoy, Phys. Rev. 106, 105 
(1957). 

5 Chase, Wilets, and Edmonds, Phys. Rev. (to be published). 
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Il. EXPERIMENTAL METHOD 


The results reported in this paper are based on 
total cross sections, resulting from transmission 
measurements performed with the Brookhaven fast 
chopper.*-* Changes in the design of the chopper® 
to enable it to attenuate y rays more effectively, as 
well as development? of detectors, have been described 
before. A new 1024-channel time-of-flight analyzer, 
designed by M. Graham of Brookhaven National 
Laboratory, is now in use. It uses 16 cathode-ray 
tubes for memory, and a cathode-ray tube for analog 
display. At the end of an experimental run, the data 
stored in the memory, which are displayed on the 
analog, can be printed out on a teletype machine or 
plotted directly as a curve of counting rate vs flight 
time. In the present work, the use of thick samples, 
hence low transmissions, to insure good accuracy in 
absolute cross sections, required the use of short 
cycling procedures in order to normalize transmission 
measurements made over long periods of time. 

The observed total cross section consists of a rather 
involved combination of potential scattering, resonance 
scattering, and resonance absorption. In order to obtain 
the potential scattering and hence R’, it is necessary 
to separate it from the resonance contribution. Because 
of the interference of potential with resonance scatter- 
ing, the separation requires careful consideration of 
the interference effects. In addition it is necessary to 
investigate the validity of the potential-scattering 
concept, i.e., that subtraction of the contributions of a 
number of nearby resonances will produce a residual 
cross section, the potential scattering, that is constant 
with energy. 

The partial cross sections for absorption and scatter- 
ing at energy E, resulting only from a single resonance 
at energy E, and potential scattering, are given by 








4ako?gl aI'y(Eo/E)* 
Cabs = ' (6) 
4(E—E,)?+I? 
Xo’, /2 ‘ 
cum tng —+R’|*+4m(1—g)(R’)*._ (7) 
(E—Ey)+i0'/2 





Here X9=1/(2r), times the neutron wavelength at 
energy Eo, the I’s are widths expressed as values at 


Eo, and i 
(era) 


for 1=0 (s-wave neutrons). If we denote the two 


®F. G. P. Seidl, Brookhaven National Laboratory Report 
278 (T.46), 1954 (unpublished). 

7 Seidl, Hughes, Palevsky, Levin, Kato, and Sjéstrand, Phys. 
Rev. 95, ‘476 (1954). 

8 Seidi, Palevsky, Hughes, and Zimmerman, J. Nuclear Instr. 
1, 92 (1957). 

9 Muether, Palevsky, and Zimmerman, Bull. Am. Phys. Soc. 
Ser. II, 2, 217 (1957). 
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possible values of g for J/=J+} by g; and go, we can 
express the total cross section, including contributions 
from all levels, as 


4arkog il l'y(Eo/E)! 
: 4(E—E)?+I" 
4arkegal aV',(Eo/E)! 
Bo 4(E—E,)?+I? 
Aol, /2 


3 HR’ 
Eo (E- Eo) +i0'/2 





T1=Onbst+Fx0= 





2 





+4ng, 








2 


Xol',/2 
» (9) 


+R’ 
os (E—Ey)+iP'/2 





+4rg> 








where the summation Ep; is taken over all resonances 
with gi=$[1+1/(27+1)], and Eos is taken over all 
resonances with ge=4$[1—1/(27+1)]. 

Equation (9) is the correct multilevel formula that 
expresses o; at any energy, including the coherent 
addition of amplitudes for levels of a single spin. 
However, it cannot be used as such, because of lack of 
knowledge of the J values of most of the resonances 
involved, which makes it impossible to assign them to 
either of the summations correctly. Of course for target 
nuclides of zero spin only one spin state is possible and 
Eq. (9) can be directly used, but for most nuclides 
Eq. (9) cannot be used and an approximation must be 
utilized in obtaining R’ from the experiments. In the 
present work, the procedure we have used consists of 
calculating the cross section individually for each 
resonance and then adding the results algebraically 
to get the total cross section. This procedure corre- 
sponds approximately to Eq. (9), with the modification 
that the resonance-resonance interference, which is 
automatically taken into account in Eq. (9), is neglected. 
The resonance-potential interference is of course 
included. An estimate of the resonance-resonance effect 
shows that it is usually negligibly small (~0.01 barn). 

A convenient expression for the difference between 
the total and potential cross section obtained by this 
procedure is 





(0.6509 10*)gT',° 
op*oc™ 4n(R’)= i 
m (E—Ey)+1%/4 


r 
x] rat+—_+-0.879R'(E-)] (10) 
VE 


where E, Eo, T, T,° (the neutron width at 1 ev=I’,/ 
4/ Eo), and Yr, are in ev, and R’ is in units of 10-" cm. 
The cross section o, is the amount that must be sub- 
tracted from o; to obtain the potential scattering 
4r(R’). 

Two energy regions were used to obtain the potential 
scattering; low energy, where individual resonances 


ZIMMERMAN, 


AND GARTH 


could be clearly resolved, and “high” energy (kev 
region), where only the cross section averaged over 
resonances was observed. In the former region, where 
most of the measurements were made, Eq. (10) was 
applied between the resonances, and in the latter a 
thick-sample procedure was used to eliminate the 
resonance contribution experimentally. 


A. Between-Resonances Method 


This method is applied in the energy region, typically 
below 1 kev, where individual resonances can be clearly 
resolved and their parameters measured. For most of 
of the nuclei investigated, the parameters for the 
significant resonances were available from the extensive 
tabulation in BNL-325 and its supplement.” For the 
few cases where resonances had not been analyzed, a 
determination of their parameters was made by the 
usual methods of area analysis." 

From the known resonance parameters, ¢, is cal- 
culated as a function of energy from Eq. (10) for all 
the known contributing resonances, and subtracted 
from the experimental ¢;. The resulting cross section 
in many cases is remarkably constant with energy as 
is shown in Fig. 1 for uranium, for example. The 
constancy of o;—«, with energy as well as the agreement 
of its numerical value with the result of the measure- 
ments in the kev energy region, justifies the identifica- 
tion with potential scattering. 

For some elements, however, o;—¢;, is not constant, 
especially at low energy, and it is necessary to investi- 
gate possible contributions of unknown levels at great 
distances, or more likely, nearby negative-energy 
levels, that is, bound levels of the compound nucleus. 


40, r 
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Fic. 1. The determination of the potential scattering for 
uranium by the between-resonances method. The open circles 
are the measured total cross sections and the solid points are 
obtained by correcting for the effect of resonances. 


1D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Superintend- 
ent of Documents, U. S. Government Printing Office, Washington 
25, D. C., 1955); D. J. Hughes and R. B. Schwartz, Neutron 
Cross Sections, Brookhaven National Laboratory Report BNL- 
325, Supplement No. 1 (Superintendent of Documents, U. S. 
Government Printing Office, Washington 25, D. C., 1957). 

1—). J. Hughes, J. Nuclear Energy 1, 237 ’(1955). 
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If it is assumed that the interference term contribu- 
tions, the term involving R’ in Eq. (10), arising from 
distant negative- and positive-energy resonances are 
equal and opposite and therefore cancel out, the 
remaining effect of such levels on o;, can be evaluated 
as'an integral over the first two terms in Eq. (10). 
This integral can be easily evaluated, in terms of 
average level properties, and under the assumption that 
Eo>E or Eo>T, leads to a particularly simple answer 
for the contribution to ¢, from distant positive and 
negative energy levels, 


Ao,=0.6509X 10°(T,°/D) (P,Y+1,//E)1//E:. (11) 


Here al] quantities are in ev, EZ; is the positive energy 
up to which individual resonances have been taken into 
account in Eq. (10), f,° is the average reduced neutron 
width, and D is the average level spacing per spin 
state. It can be shown that, even in the extreme cases, 
like Pb’, where both I’,° and I, are large, the contribu- 
tion from distant levels, Ao,, is negligibly small (~0.002 
barn). 

The cross section ¢, calculated from Eqs. (10) and 
(11) takes into account the effect of individual levels 
between energies 0 and &,, and the integrated contribu- 
tion of levels beyond +2, and —£,. It remains to 
consider possible levels in the interval —E, to 0. 
The presence of such levels is indicated by the non- 
constancy of (o,—0,) near zero energy, as shown in 
Fig. 2 for Th, for example, as well as by a discrepancy 
between the measured value of the thermal absorption 
cross section relative to that calculated from the con- 
tribution of the known resonances at low energy. The 
behavior of (o,—¢,) near zero energy and the thermal 
absorption often give sufficient information to compute 
the properties of the important negative energy levels. 

The contributions to the thermal absorption cross 
section of the known positive-energy resonances and 
the positive and negative energy levels beyond FE, 
are given by 


Bi 4.11910, g1',” 
~ Heo (0.0253— Ey)?-++1?/4 
44.119 10°, (P,°/D)1/Ei, 





(12) 


where all parameters are in ev, and the second term is 
the estimated effect of the levels more distant than 
E,. The difference between the measured and calculated 
absorption is attributed to negative-energy resonances 
in the region 0 to —E, ev, which could be expressed 
similarly to the summation in Eq. (12) if the individual 
level parameters were known. Usually an attempt is 
made to explain the difference in terms of a single 
predominant negative energy level, which can also 
account for the energy variation of ¢,—¢,. This method 
of investigating negative energy levels will now be 
illustrated by two typical examples. 

Gold.—From BNL-325, we have op.=98.0+1.0 
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Fic. 2. The determination of the potential scattering for 
thorium by the between-resonances method. The o;—o, obtained 
by correction for known levels is not constant but inclusion of a 
level at —7.0 ev produces a constant cross section, which is 
taken as the potential scattering. 


barns, I',=0.125 ev, and the strength function f,°/D 
= (0.8+0.2)X10~. Using Eq. (12), we calculate the 
contribution to os, of all individual levels listed in 
BNL-325 up to 200 ev as 97.1+3 barns, and of levels 
beyond this energy as 0.2 barn. Thus we have a cal- 
culated cross section of 97.343 barns compared with 
the measured 98.0+1.0 barns, showing that no negative 
energy level need be invoked to account for the thermal 
cross section. This does not mean that there are no 
levels between 0 and —,, but only that they are 
small enough not to atfect o.»s, hence certainly not o; 
in the region of energy in which we are interested. 

Thorium.—Harvey and Schwartz” give oap.s=7.45 
+0.15 barns, ',=0.030+0.010 ev, f,°/D= (1.00.2) 
X10-, and f,.°= (1.5+0.6) X10 ev. The contribution 
of all known levels up to E,=70 ev is equal to 0.355 
+0.19 barn, and the total calculated o,», is 0.77520.27 
barn. The unaccounted thermal absorption is thus 
6.67+:0.43 barns, in great contrast to the case of gold. 
A single negative energy level must have I’,°/E¢ 
=0.0540+0.02 to supply the missing absorption. A 
large number of combinations of I,” and Ep are possible, 
but of these only a level at Eo=—7.0 ev with 
T’,.°=0.0055 ev produces a constant (¢;—¢,), shown in 
Fig. 2. This is the single level that removes the dis- 
crepancy in op. and (¢,—¢,). Although in actuality 
there may be more than one negative energy level, the 
net effect is the same as for the single level. 

The examples of gold and thorium illustrate the 
manner in which corrections were applied to the total 
cross sections between resonances in order to get @». 
Seventeen elements were investigated in this way and 
their results are presented in Sec. III. For most cases, 
the magnitude of the corrections for negative energy 
levels was negligibly small. Where their contribution 
was significant, however, larger errors in ¢, indicate 
the uncertainty resulting from such levels. 

2 J. A. Harvey and R. B. Schwartz, in Progress in Nuclear 


Energy, Physics and Mathematics, edited by D. j: Hughes and 
J. Sanders (Pergamon Press, London, 1958), Vol. 2. 
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B. Average-Cross-Section Method 


In the kev region, the instrumental resolution of the 
fast chopper is insufficient to resolve individual res- 
onances, especially in heavy nuclei where the average 
level spacing is of the order of a few ev. Rather the 
average cross section is observed, which depends on 
the average properties of the nuclei, such as the strength 
function, various widths, etc., rather than on individual 
resonance parameters. The study of the cross section 
in the kev region can therefore be expected to yield 
information about these average properties, rather than 
parameters of specific levels. While the average cross 
section is an important method" for measuring the 
strength function, its use for ¢, is valuable mainly in 
establishing that the value in the kev region is equal 
to that at low energy. This equality has important 
theoretical implications, however, in establishing the 
validity of the potential scattering as a cross section 
that is constant with energy. Thus, once “nearby” 
resonances are subtracted, the cross section is constant 
and the present work shows that constancy is attained 
after removal of the effect of only a small number of 
resonances, of the order of 5 to 10. 

The transmission vs flight-time curve averaged over 
resonances has a slope that for thin samples is propor- 
tional to the strength function, I,°/D, and can be 
used® for its accurate determination. Although the 
intercept of the curve at zero flight time gives the 
potential scattering, the transmission is too near 
unity for accurate results. For a thick sample, on the 
other hand, the average transmission is 


rs 
T= r,{1 - amv (13) 
if we assume that g~}, that [=I in the kev region, 
and that interference terms cancel. Here T, is the 
transmission corresponding toc, alone, D is the average 
spacing for levels of a single spin state, and m is the 
sample thickness. From Eq. (13), by neglecting second 
and higher powers of (I',,/D), we get 


(d/dn) (logT w)=[opt+v2e(X/s/n)(Tn/D)]. (14) 


This equation shows that for very thin samples the 
slope is much greater than oy, because the resonances 
are also effective in selectively removing the neutrons 
from the beam and therefore lowering the average 
transmission. However, as the sample thickness 
increases, the beam get improverished in the neutrons 
of the resonant energies, and after a certain thickness of 
the sample, the slope of (d/dn)(logT,,) is essentially 
equal to gp. 
+ In deriving Eq. (13) it was assumed that the areas 
due to negative and positive interference between 


13D. J. Hughes and V. E. Pilcher, Phys. Rev. 100, 1249(A) 
(1955); Schwartz, Pilcher, Hughes, and Zimmerman, Bull. Am. 
Phys. Soc. Ser. II, 1, 347 (1956). 
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resonance and potential scattering are equal and can 
be neglected. While the equality always holds for cross 
sections, it is only true for a thin sample when the 
average transmission curve is being considered. Because 
of the nonlinear relationship between transmission 
and cross section (T=e~™), for thick samples the 
average transmission curve has a slope that corresponds 
to a cross section less than oy. This “hardening” of 
the beam is clearly illustrated by the curves of Fig. 3, 
and it definitely must be taken into account in obtaining 
a, from the thick-sample transmission curve, rather 
than a simple application of Eq. (14). 

In order to test the validity of the above considera- 
tions, four elements, Ag, Ta, Th, and U, were experi- 
mentally investigated, and in each case the experimental 
transmissions for thick samples were compared with 
computed curves based on the known average resonance 
parameters. In order to take hardening into effect 
accurately, detailed transmission curves were calculated 
for typical resonances, rather than by use of Eq. (14). 
In the computation, a typical resonance is drawn 
including interference effects, and this resonance is then 
Doppler-broadened point for point and converted to 
average transmissions for various values of sample 
thickness. Computed transmissions for tantalum ob- 
tained in this way are shown in Fig. 3 for various 
single values of I’, as well as for a weighted distribu- 
tion of I’,’s corresponding to that actually observed.” 
The experimental points agree best with the curve 
based on the distribution of I’,’s. The departure of 
points at low transmission from the theoretical curve 
may result from uncertainty in the background, which 
affects low values of T markedly. 

For each of the other elements, only a single I’, 
(the average for the element) was used in the computa- 
tions, because, as Fig. 3 shows, while the absolute 
value of the average transmission changes with the 
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Fic. 3. The measured transmissions for thick samples of 
tantalum in the kev energy region. The calculated curves are 
based on a potential scattering cross section of 8.5 barns and 
various assumed values of neutron widths. 
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I’, assumed, the slope is affected only slightly by the 
choice of I,. Figure 4, for normal silver, illustrates 
how this behavior is utilized in practice. Here the 
value of I’, chosen for the computed transmission is 
too small, but the value of ¢, used in the computation 
6.2 b, is correct for the computed transmission because 
the computed curve has a slope in agreement with 
experiment. In order to estimate the error in g» deter- 
mined by this method, transmission curves were also 
computed for slightly different values of 0, and com- 
pared with the experimental points, resulting in an 
error for silver of +0.5 b. 

Because of the lengthy calculations involved and 
the difficulty in measuring low transmissions, the 
average-cross-section method was used only for the 
four elements listed. However, the verification in the 
kev region of the values of o, obtained at low energy 
is a valuable confirmation and, in addition, helps to 
establish the validity of the concepts of potential 
scattering as constant with energy, regardless of the 
fluctuating resonance structure. 


Ill. EXPERIMENTAL RESULTS 


The measurements of potential scattering reported 
here were made for normal isotopic mixtures of each 
element. For all cases the between-resonances method 
was used and for four elements, silver, tantalum, 
thorium, and uranium, the potential scattering was 
also measured by the average-cross-section method. 
In Table I the results of all the determinations are 
summarized. Wherever the measurements were made 
by both methods, the weighted average is quoted in 
the table. Where the contribution of resonances was 
not large, ¢, could be measured to about 2%, or 1% 
in R’, but the error is several times larger where the 
correction for resonances is large. The measured 
potential scattering is listed for each element and the 
value of R’ obtained from the relation ¢,=49(R’)’. 
The values of R, the radius of the nuclear potential 
well, listed in Table I will be discussed later. They are 
the radii obtained from R’ by utilizing the theoretical 
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TABLE I. Summary of the experimental results. The values of 
R’ are obtained from the measured o, by the relation ¢,=44(R’)? 
and the radii R are calculated by use of the theoretical R’/R ratios. 








R R 
(spherical (deformed 





R nuclei) nuclei) 
op (10-13 (10-8 (10743 
Element Group A Al (barns) cm) cm) cm) 
Copper I 63.5 3.99 68405 74403 4840.2 
Zinc Il 654 403 5.7403 6,740.2 4440.1 
Yttrium Il 889 446 5.740.2 6.7401 5.7+40.1 
Zirconium I 91.2 4.50 6340.3 7.1402 6,240.2 
Niobium I 92.3 4.52 6.2402 7.0401 6240.1 
Molybdenum I 96.0 4.58 5840.1 68401 6.1+0.1 
Silver I 107.9 4.76 5.7404 6.7402 6640.2 
Tin I 118.7 4.92 44401 5.9401 6120.1 
Barium I 1374 5.16 4341.0 5.8406 7.0408 7.4+0.8 
Neodymium II 144.3 5.25 50406 63404 7.5404 86+0.5 
Tantalum I 181.0 566 85408 82404 63403 86403 
Gold I 197.0 5.82 11.2403 94401 7.7401 8,0+0.1 
Thallium II 204.4 $89 11,5408 96403 80403 8340.3 
ad Il 207.2 5.92 11.3405 95402 8040.2 8320.2 
Bismuth I 209.0 5.93 10.2402 9040.1 7.7401 7.8401 
Thorium Il 232.0 6.15 120403 98401 89401 8840.1 
Uranium I 238.1 6.20 10.7403 9.2401 863:0.1 8440.1 








treatments of Feshbach, Porter, and Weisskopf,’ and 
of Chase, Wilets, and Edmonds.® 

Some of the results of Table I deserve particular 
mention and these will now be considered. For the 
purpose of brevity in this presentation, the elements 
investigated are divided into two groups: (I), those 
in which the negative energy levels did not affect the 
results of the between-resonances method significantly, 
and (JI), those in which the negative levels resulted in 
significant corrections. In general, the results are not 
comparable with previous measurements of potential 
scattering in the resonance region because, in forraer 
analyses, usually only a single resonance was subtracted 
from the total cross section, the remainder being 
considered the potential scattering. 


Group I 


In this group of nuclei, as already discussed, param- 
eters of negative energy levels are assigned only to 
establish that a level of average strength can remove 
any discrepancy in op. at thermal. In Group I, the 
negative levels have no effect on the measured gy, 
hence no special significance was attached to their 
energy assignments, and we shall not consider them in 
detail. Thus zirconium, niobium, molybdenum, silver, 
tin, and barium all have thermal absorption cross 
sections that are greater than can be accounted for 
by the known resonances. In each of these cases, 
however, it was possible to account for the discrepancy 
in terms of a level of reduced neutron width equal to 
I,°, the average value for the element, located at a 
reasonable negative energy. For the other elements of 
Group I, copper, tantalum, gold, bismuth, and uranium, 
the resonances at positive energy accounted completely 
for the thermal absorption cross section, so no negative 
energy levels were necessary. For gold, a hitherto 
unreported resonance was found at 46.5 ev with a 


“T° of 2.01075 ev. 
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Fic. 5. The determination of the potential scattering for zinc 
by the between-resonances method; inclusion of a level at —300 
ev accounts for the thermal absorption cross section and produces 
a constant o;—¢;, giving a potential scattering of 5.70.3 barns. 


Group II 


For these elements, negative energy levels have 
sufficient strength so that they must be taken into 
account in the potential-scattering determination. 
Because of the greater importance of the negative 
energy levels relative to those of Group I, we shall 
briefly consider each case individually. 

Zinc.—A thick sample of zinc (0.435X10" atoms/ 
cm?), run in the energy interval 10 ev to 2000 ev, 
yielded the total cross section shown in Fig. 5. After 
correction for the known positive energy levels, the 
(o:—o,) revealed an energy variation below 400 ev. 
Also, of the measured o,», of 1.06+0.05 barns only 
0.61 barn was accounted for by the known levels. 
It was found that a level at Eo>= —300 ev with gI’,° 
=0.023 ev accounted for the discrepancy in oa», and 
the slope in (o,—o,), Fig. 5, within the limits of the 
experimental accuracy. 

Yitrium.—The measured cross section showed no 
resonances in the region of observation from a few ev 
to 2 kev. Nevertheless, the cross section decreased 
with increasing energy, strongly indicative of the 
presence of a nearby negative energy level. The observed 
cross section was corrected for the four known res- 
onances between 2 and 12 kev, and the resulting 
shape was fitted to a single-level Breit-Wigner formula 
for the negative energy level. The resulting parameters 
for the resonance are: Ey= —300 ev and gI’,=0.13 ev. 
These parameters, chosen to give a constant o:—o¢,, 
were found to account for the thermal absorption 
cross section, only a negligible part of which can be 
attributed to the positive levels. 

Thallium.—Two thick samples (n =0.0697 and 0.2082 
X10“ atoms/cm*) of thallium were run at 6000 and 
10000 rpm, respectively. As Fig. 6 shows, excellent 
agreement was observed in the data for the two different 
thicknesses. Out of the known o,=3.3+0.5 barns, 
only 0.5 barn is accounted for by the known levels. 
Estimation of the parameters of the negative energy 
level is rendered extremely difficult because of insuffi- 
cient knowledge of the parameters of the positive energy 
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levels. An area analysis of the observed resonance at 
E o=1108 ev was made, and fgl’,°=0.34 ev was 
obtained, where f is the unknown abundance of the 
responsible isotope. It was estimated that a resonance 
at Ey= —40 ev, with fgI’,°=0.14 ev, accounts for the 
discrepancy in ¢a»s, but uncertainty in the location of 
this level increases the final error in the potential 
scattering. 

Lead.—A thick sample (n=0.158X10* atoms/cm?) 
of lead was run in the energy region 250 ev to 10 kev, 
and no resonances were observed. Existing data“ on 
the 46.5-kev resonance in Pb” were analyzed, on the 
assumption that [,=3 ev'®, giving g!',=3 ev. Correc- 
tions to the total cross sections were applied for this 
resonance alone, as the contribution of higher energy 
resonances would be canceled by the approximately 
equal and opposite contribution of negative energy 
resonances. Of the measured o.=0.17 barn, only 
0.02 barn is accounted for by the known levels, and 
the rest must be attributed to a negative energy level. 
Since little is known concerning the parameters of the 
resonances in lead, the assignment of the negative 
energy level is rendered very difficult. Depending on 
whether this level is at —1 kev or —10 kev, its contribu- 
tion to o;, in the region of energy observed, would be 
0.07 barn or 0.7 barn. This uncertainty is reflected in 
the quoted error of the final value of ¢, in Table I. 

Thorium.—The determination of ¢, by the between- 
resonances method has already been discussed in 
connection with the explanation of the method in 
Sec. II. There it was found that a level at —7 ev with 
gl'.°=5.5X10- ev removed the discrepancy in @abs 
and produced a constant o,—¢,. Four different thick- 
nesses of thorium were also run for the average cross- 
section method in the kev energy region, with a resulting 
a, of 12.2+0.8 b compared with the 12.0+0.3 b of the 
between-resonances method. Although the latter value 
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Fic. 6. The determination of the potential scattering of thallium 
by the between-resonances method. A negative energy level is 
necessary to account for the thermal absorption but it produces 
no significant effect on o:—o,, which gives op=11.5+0.8 barns. 


14 Newson, Gibbons, Marshak, Williamson, Mobley, Toller, 
and Block, Phys. Rev. 102, 1580 (1956). 
154. G. W. Cameron, Can. J. Phys. 35, 666 (1957). 
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is more accurate, the averaging method helps to 
establish the constancy of potential scattering over 
energy ranges covering many resonances. 

Neodymium.—Two thick samples (n=0.145 and 
0.072 10" atoms/cm?) were run in the energy region 
0.5 ev to 70 ev. The cross section, Fig. 7, exhibits a 
strong 1/v component, suggesting a negative energy 
level, and there is also a large o,,, discrepancy. The 
discrepancy in thermal cross section can be removed 
by a resonance at Ey= —14 ev, with /fgl’,°=0.021 ev, 
where f denotes the isotopic abundance. It is seen in 
Fig. 7 that there is a slight departure from constancy 
of (o,—¢,) in the region 0 to 5 ev, even after taking 
the resonance at —14 ev into account. This result 
indicates that another small negative energy resonance 
exists near zero energy. However, it does not materially 
affect o,—o, in the region above 5 ev, which is the 
basis for the final value of «>». 


IV. CONCLUSIONS 


Because the present results cover a wide range of 
atomic weights, it is possible to obtain from them the 
radius of the nuclear potential well with little depend- 
ence on model details, and to use the same information 
to check the predictions of the various optical models. 
Table I contains, in addition to the measured values of 
R’, the nuclear radii R resulting from the theoretical 
(R’/R) ratios given by Feshbach, Porter, and Weisskopf* 
(spherical nuclei), and by Chase, Wilets, and Edmonds*® 
(deformed nuclei). Since the latter computed R’/R 
for A > 130 only, no results for R are shown at lower A 
based on their calculations. The potential radii thus 
obtained are about the same for both models for nuclei 
of small deformation but differ widely for values of A 
corresponding to large deformations. In order to 
determine R from the measurements, as well as to 
investigate the details of the model predictions, it is 
necessary to consider the variation of R’ and R with 
atomic weight. 

In Fig. 8 are plotted the measured values of R’ as a 
function of A, as well as the computed curves of 
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Fic. 7. The determination of the potential scattering of neo- 
dymium by the between-resonances method. A single negative 
energy resonance is assumed to account for the thermal absorption ; 
this level produces a constant o;—o, except for the lowest energies, 
implying that a second negative energy resonance near zero 
probably exists. 
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Fic.,8. Comparison of the experimental values of R’ (in units 
of 10 cm) with the predictions of optical nuclear models. The 
constants shown are for the calculations of Feshbach, Porter, 
and Weisskopf for spherical nuclei and the dashed line corresponds 
to the calculations of Chase, Wilets, and Edmonds for deformed 
nuclei. 


Feshbach ef al.* and Chase ef al. The theoretical 
curves give R’ for the R shown, 1.35 A?X10-" cm. 
The optical-model parameters quoted in Fig. 8 are 
those of the spherical model of Feshbach et al.* Chase et 
al.® used a model in which the absorption, or imaginary 
component, is confined to the nuclear surface, and the 
asphericity corresponds to the known quadrupole 
moments. The general validity of the semitransparent 
nucleus is immediately obvious because the measured 
points do not correspond to the 1.35 A? curve, as they 
would for a “black” nucleus for which ¢,=4rR’. 

In the region A=90—130, where nuclei are nearly 
spherical, it is seen that the agreement between the 
theoretical curve and the experimental data is very 
good, From A = 130 to 190, the experimental points are 
in considerable disagreement with the theoretical 
curve of Feshbach ef al., based on spherical nuclei. 
As it is in just this region of A that the nuclei are 
considerably deformed, a better qualitative agreement 
with the curve of Chase ef al. is therefore to be expected. 
It is seen that the more complicated nature of the 
latter curve agrees with the experimental points in 
general. Perhaps some change in the rather arbitrary 
parameters assumed in the calculation for aspherical 
nuclei will improve the agreement. : 

Thus the general trend with A of the measured 
values of R’, and in particular for A’s of high deforma- 
tion, serves as a verification and test of the optical 
models. In addition, the nuclear potential radius can 
be obtained from R’, with the most certainty for nuclei 
of small deformation, for which the dependence on the 
details, of the model is small. In addition, as already 
pointed out, the values of A where R’=R are partic- 
ularly suited for radius determination, because these 
A’s are fixed essentially by VR’, and the latter values 
are established separately, by the strength function 
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results,“ independent of the present measurements. 
Thus the measurements for A’s in the range 90-130 
and 210-240 can be used to obtain R with only slight 
uncertainty arising from the optical-model parameters. 
The radius shown in Fig. 8 is given by R=r9A* with 
ro=1.35X10-" cm. It is felt that the present results 
fix 79 as 
ro= (1.3520.04) X 10-* cm, 


considering both experimental errors as well as the 
slight model dependence. The accuracy of the results 
is not sufficient to rule out an alternative form of the 
radius formula sometimes used, which includes a 
constant of the order of 10— cm, but there is no need 
for such a constant in fitting the results. 

Nuclear potential radius determinations have recently 
been made by a number of proton-scattering experi- 
ments analyzed' on the basis of the optical model. 
The measured angular distributions have usually been 
interpreted in terms of an 79 about 1.2X10-" cm, but 
it has become clear more recently that the 7 obtained 
depends critically on the potential depth assumed. 
Actually, proton-scattering experiments in the range 
1 to 100 Mev determine the product VR", where 
n=2 at low energies and may be as large as 3 at 
energies of the order of 100 Mev. In the analysis there 
is a large amount of arbitrariness in breaking the 
product into V and R. However, the range of ro that is 
consistent with the proton scattering, even though not 
accurately fixed, seems to be about (1.2—1.3)X10-" 
cm and thus in reasonable agreement with the present 
value of 1.35X10-" cm. As the well depth is different 
for protons and neutrons it is not possible to use the 
depth determined from neutron scattering, 42 Mev, to 
aid in analysis of the proton experiments. 

In contrast to the present results on the nuclear 
potential radius, measurements'® on the nuclear charge 
radius by scattering of high-energy electrons lead to 


ro=1.09X10-" cm 


16 ee by R. Hofstadter, Revs. Modern Phys. 28, 214 
(1956). 


ZIMMERMAN, AND GARTH 


for heavy elements. Here 7oA? is the distance to the 
halfway point of the charge distribution, similar to 
the R of our Eq. (4), which is the distance to the 
halfway point of the potential distribution. (Reference 
16 uses the notation 7,A* for this distance to the 
halfway point.) 

We thus have conclusive evidence of a large difference 
between the nuclear potential and charge radii, which is 


(1.35—1.09) K 10-8 =0.26X 10-" cm 


if expressed in terms of the parameter ro. As already 
mentioned, the present results do not cover a sufficiently 
large range of A to determine accurately the functional 
dependence of R on A. In terms of a particular nucleus, 
gold (A*=5.82), the radius of the potential is larger 
than that of the charge distribution by 1.5X10-* cm. 
The possibility that this result is caused by a further 
extent of neutrons than protons in the nucleus!’ now 
seems to be eliminated, for recent x-meson scattering 
measurements'® indicate that protons and neutrons 
in the nucleus have the same extent. The difference is 
probably to be ascribed to the range of nuclear forces,!*.” 
which enables the incoming neutron to be affected by 
the neutrons and protons in the nucleus before it 
reaches the actual nuclear surface. This explanation 
would lead one to expect a variation of R with A 
somewhat different for potential and charge. Extension 
of the present measurements to lower A might help 
to reveal this difference. 

Drell and Williams” have recently suggested that the 
effect of the nuclear force range should decrease at 
relativistic energies and that as a result the potential 
radius should approach the nuclear charge radius for 
incident protons or neutrons of several Bev energy. 
No clear-cut measurements of the nuclear potential 
radius by elastic scattering are available as yet in 
the energy region of interest, however. 

17M. H. Johnson and E. Teller, Phys. Rev. 93, 357 (1954). 

18 Abashian, Cool, and Cronin, Phys. Rev. 104, 855 (1956). 

WS. D. Drell, Phys. Rev. 100, 97 (1955). 


* K. A. Brueckner, Phys. Rev. 103, 1121 (1956). 
21S. D. Drell and R. W. Williams (private communication). 
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The angular distribution of gamma rays following Coulomb excitation of millimicrosecond 2* states in 
Nd!®™, Sm, Sm', Gd', Gd'5*, and Gd! were investigated. The gamma-ray angular distributions from 
solid oxide targets showed substantial perturbations. The attenuation coefficients for liquid nitrate targets 
were measured to be: Nd!™, G,4=1+0.035; Sm'™, G,’=1+0.035; Sm, G,“=1.1+-0.10; Gd'™, G,4=0.5 
+0.06; Gd, G,” =0.6+.0.04; Gd, G,4 =0.6+.0.06. The influence of the paramagnetic ion and the liquid 
environment on the angular distributions are discussed. 

The effect of an external magnetic field (Hx) on the unperturbed gamma-ray angular distribution from 
liquid targets was measured. The effect was attributed to the precession of the excited nucleus (gyro- 
magnetic ratio g) in the external magnetic field that has been modified by the atomic structure (Herr). 
For Nd, Hou= (2.320.3)Hes, g=0.2220.04; Sm, Hee (1.740.2)Hex, g=0.21+0.04; Sm™, Hore 


= (1.74-0.2)Hex, g=0.2140.04. 





I. INTRODUCTION 


HE purpose of this experiment was to measure 

the gyromagnetic ratio (g) of 2+ states in even- 

even nuclei which are known as rotational states. This 

measurement is of interest because the gyromagnetic 

ratio will give direct information about the nature of 
the collective nuclear motion. 

The nuclei investigated were even-even isotopes of 
neodymium, samarium, and gadolinium, which exhibit 
a fully developed rotational structure. These nuclei 
have 2+ states of approximately 100-kev energy and 
lifetimes of about 10~* sec. In this experiment, the 
collective nuclear state was Coulomb-excited, and the 
effect of a static magnetic field on the excited nucleus 
was detected by the change in the angular distribution 
of the de-excitation gamma radiation. 

Protons incident on a target, Coulomb-excite a 
nucleus that subsequently de-excites by the emission 
of a gamma ray. For these measurements, the resultant 
gamma-ray angular distribution can be written,! 


W (0) = 1+G2A 2P2(cosé)+G4A 4P4(cos8), 


where G2 and G, are the attenuation factors that 
describe the effect of spin couplings between the 
nucleus and its environment. A, and A, are determined 
by the Coulomb excitation process, the nuclear spins 
involved, and the multipole order of gamma radiation. 
P,(cos@) and P,(cosé) are Legendre polynomials. 

In these experiments, the Coulomb excitation con- 
ditions are chosen so that the A, coefficient is negligible. 
Hence, we write 


W (0) =1+G2A 2P2(cos68). (1) 


Because of the strong spin couplings in solids, the 
magnetic field measurements must be carried out with 


* This work has been supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

¢ On leave of absence from the Weizmann Institute of Science, 
Rehovoth, Israel. 

1A. Abragam and R. V. Pound, Phys. Rev. 92, 943 (1953). 


the nucleus in a liquid environment. We expect that, 
in a liquid environment, there will be an interaction 
between the quadrupole moment of the excited nucleus 
and randomly fluctuating electric-field gradients at the 
nucleus set up by neighboring atoms. In a liquid 
paramagnetic environment, we would also expect an 
interaction between the magnetic moment of the excited 
nucleus and randomly fluctuating magnetic fields set 
up by the paramagnetic ions. We shall denote the 
effect of such time-dependent interactions on the 
gamma-ray angular distributions by the attenuation 
factor G2”. 

In the presence of such time-dependent interactions 
in a liquid and also in the presence of a static magnetic 
field H placed perpendicular to the plane of the beam 
and the gamma-ray counters, Eq. (1) becomes! 


G2" Az 





W (0,A)=1+ 





if 3G2"A2 (= —) 2) 
res 1+(G:42wrr.)? J’ 


where 7, is the mean lifetime of the excited nuclear 
state, wz = gunH /h isthe Larmor frequency, u,=eh/2myc 
the nuclear magneton, G2” the attenuation factor 
associated with the time-dependent perturbation. For 
the conditions of this experiment, wz7,K1, Eq. (2) 
becomes 


W (0,2) = 1+-4G2"A 2+ $G2"A2 cos20 
+ $wr7,.(Go")*A2sin26. (3) 


Il. EXPERIMENTAL ARRANGEMENT 


The experimental arrangement is shown in Fig. 1. 
The targets were bombarded by a 2.1-Mev proton beam 
from the M.I.T. Rockefeller electrostatic generator, 
and two gamma-ray counters were placed at +} with 
respect to the incident proton beam. The ratio of the 
counting rates of the two counters is measured for 
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Fic. 1. Schematic drawing of experimental arrangement. (In the 
center of the figure, 3/42 should read 2/4.) 


magnetic field up and magnetic field down: 


R(t) _ 1+4G2"As+$wr7n(G2")?A2)? 
R(y)  (14+3G2"A2—4Fwr7,(G2")?A2 
1+6(G2")*Awrrn. (4) 





To extract wz from this measurement, independent 
knowledge of G2", As, and 7, is required. For a 0* to 
2+ Coulomb excitation process, A» can be calculated 
accurately.2 Measurement of the gamma-ray angular 
distribution then gives an independent value for G,. 
Typical values for these experiments are G,/=1, 
A2=0.2, w17,=0.05. Thus, R(4¢)/R({) = 1.06. To meas- 
ure the ratio R(t)/R(J) to 0.1% requires 10° counts. 
This is feasible with the experimental arrangement. 

The assembly of the magnetically shielded counters 
is shown in Fig. 2. The effectiveness of this design was 
checked by placing a Co™ source at the target position 
and observing the counting rate on the side of the 
125-kev gamma photopeak for magnetic field up and 
magnetic field down. No shift in pulse height was 
observed. 
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The electronic equipment consisted of standard 
2-megacycle amplifiers and single-channel analyzers 
(Model 500 Atomic Instrument Company) and was 
stable for indefinite periods. 

The details of the target chamber are shown in Fig. 3. 
The magnetic fringe field bends and deflects the proton 
beam, changing the incident proton direction and the 
solid angles subtended by the counters. To minimize 
these effects, the area of the magnetic field was made 
as small as possible, and the beam was magnetically 
shielded. 

The electrostatic deflection plates were introduced 
50 cm from the target to eliminate completely the small 
(about 2 mm) residual beam deflection. To determine 
the electrostatic voltage correctly, the proton beam of 
diameter 1 mm was swept electrostatically across a 
point paliadium target, and the palladium x-rays were 
recorded. This measurement was repeated with the 
magnetic field turned on. The displacement of the two 
beam profiles obtained in this way gives the correct 
electrostatic deflection voltage. The effect of the proton 
beam displacement on the ratio R(¢)/R(J) was reduced 
to R(t)/R(4)=1+40.002 by this method. This is 
equivalent to a beam displacement uncertainty of 
+0.1 mm. 

The beam bending was measured in two ways: 


1. The magnetic field was measured along the proton 
beam path, using a Hall-effect probe’ calibrated against 
a nuclear resonance meter and the beam-bending angle 
was computed to be A#,=0.0834 radian. 

2. The short-lived unresolved states near 313 kev in 
Ag" and Ag™ were excited. The ratio R(t)/R({) and 
the angular distribution of the gamma radiation were 
measured. Because of the short lifetime, the effect of 
the precession is negligible. The value of the angle of 
the beam bending measured in this way, A@,=0.0829 
+0.0015, is in excellent agreement with the above 
field-integration value. 

These measurements also served to determine the 
value of the applied magnetic field H at the target spot. 







Fic. 2, Counter assembly 
and shielding. 





2 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern Phys. 28, 432 (1956). 
Model D-79, Dyna-Empire Company, Garden City, New York. 
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H=16000+300 gauss. A survey of the magnetic field 
at the target spot showed that the magnetic field was 
homogeneous to +2% in a cube 2 mm on a side. 


Ill. SOLID TARGETS 


A preliminary investigation of the angular distri- 
bution of the gamma radiation from thick solid targets 
was carried out. The targets consisted of 20 mg of the 
separated isotope oxide pressed on a }-in. diameter tin 
disk. A typical spectrum is shown in Fig. 4. The 
background radiation is about 1/20 of the gamma-ray 
intensity at the photopeak. Measurements of the 
angular distribution of the background were carried 
out for thick metallic tin and lead targets at severa! 
photon energies. The intensity, energy spectrum, and 
angular distribution of the radiation are in agreement 
with those expected for proton bremsstrahlung. For 
example, when lead is bombarded with 2.1-Mev protons, 
the 125-kev radiation has an angular distribution 
W (6) =1— (0.22+0.025)P2(cos@) which compares with 
the calculated value* of A,= —0.22. 








ry 
NS +, 


Cobalt iron 
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Fic. 3. Details of the target chamber. 


The measured angular-distribution coefficients cor- 
rected for proton bremsstrahlung background are 
compared with the theoretical values in Table I. 
Substantial perturbations are evident. 


IV. LIQUID TARGETS 


The development of a suitable liquid target was the 
principal experimental problem. The target require- 
ments are (a) a highly soluble compound, or melt, 
which is chemically stable under proton bombardment ; 
(b) a stable proton window; (c) a nonmagnetic con- 
tainer, which can conduct the heat away and will 
resist chemical attack; and (d) a design that will 
permit the use of small (approximately 30 mg) amounts 
of separated isotopes. 

The nonviscous liquids adopted, which proved to be 
entirely satisfactory, were aqueous solutions of the 
rare-earth nitrates in excess nitric acid. The concen- 
tration of the solutions was 400 grams/liter. Thin 
(1 mg/cm?) quartz proved to be a superb window 
material, through which the liquid behavior could be 
monitored. The beam position was also continuously 
visible because of the fluorescence of the quartz. The 
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Fic. 4. Gamma spectrum from solid oxide target of Sm. 
Counts are normalized arbitrarily. 


body of the target was made of completely annealed 
nonmagnetic stainless steel (Ryerson No. 202). A 
satisfactory design was evolved to remove the gases 
formed by proton ionization without disturbing the 
liquid layer next to the window. A detailed description 
of the target technique will be given elsewhere. 


V. LIQUID-TARGET ANGULAR-DISTRIBUTION 
MEASUREMENTS 


A standard procedure was used in measuring the 
liquid-target angular distributions. (a) The face of the 
target, which was inclined at 20 degrees with respect to 
the direction of the proton beam, was accurately 
positioned with a telescope. (b) The x-ray and gamma- 
ray counts were recorded for the movable counter for 
eleven points between 80 and 30 degrees. (c) The 
measurements were normalized to the x-ray counts in 
the fixed counter. (d) The beam position was monitored 
using a telescope. (e) The value of A, obtained by a 
least-squares fit to the data was corrected for the finite 
angular resolution (o=0.021 of 4x) of the movable 
counter. (f) The measured value of A» was corrected 
for background. (g) As a check on scattering, the 
x-ray angular distributions were measured and found 
to be isotropic. 


Taste I. Angular-distribution measurements from 
solid oxide (X)2Os targets. 











Nucleus A: (theoretical) A:(experimental) G: 
Nd! 0.191 0.067+0.005 0.35+0.03 
Sm!2 0.187 0.114+0.005 0.61+0.03 
Sm! 0.143 0.076+0.005 0.53+0.03 
Gdis6 0.041+-0.005 


0.145 


0.280.03 
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Fic. 5. Gamma spectrum from liquid Sm target. 

Counts are normalized arbitrarily. 


Figure 5 shows a typical spectrum from a liquid 
target. As a comparison, a spectrum of the same nucleus 
is shown in Fig. 4, when it is bombarded in solid oxide 
form. The ratio of the gamma-ray intensities from the 
two targets is about 1:15. 

In these targets, the ratio of the gamma-ray counting 
rate to the background counting rate at the photopeak 
is between 3 and 5. To establish the spectrum and 
angular distribution of the background, targets con- 
sisting of similar solutions of La(NO;); and Pb(NOs)2 
were investigated. The spectra were found to be 
essentially identical so that the background spectrum 
could be accurately extrapolated for any given case. 
A background spectrum derived in this way is shown 
in Fig. 5. The angular distribution was also found to be 
similar for La(NO3); and Pb(NOs3)2 liquid targets. For 
example, photons of 125 kev had an angular distribution 
of 1+ A2P2(cosé) with Ap=—0.155+0.006 for La and 
Az2=—0.19+0.008 for Pb. The angular distributions 
of the radiation from a La(NOs)3 liquid target is 
shown in Fig. 6 for two photon energies. 
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Fic. 6. Angular distribution of radiation from liquid 
La target at 85 and 125 kev. 
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In the present work, as in all electric excitation work 
concerned with gamma radiation, the bremsstrahlung 
background is a necessary evil; however, in our case, 
it also has one advantage: it reduces the effect of the 
beam turning on the ratio R(t)/R({). The precession 
is related to the angular distribution of the gamma 
rays, whereas the beam turning will depend on the A» 
of the over-all angular distribution. Since the A,» of 
the background is negative and quite large, the over-all 
Az will be somewhat smaller than the A» of the gamma 
transition. The results of the angular-distribution 
measurements are given in Table II. A typical distri- 
bution is shown in Fig. 7. 


VI. INTERPRETATION OF LIQUID-TARGET RESULTS 


The gamma-ray angular distributions from Nd!®, 
Sm!) and Sm" are essentially unperturbed, in contrast 
with the solid oxide target results which exhibited 
substantial perturbations. These are further examples 
of a liquid environment restoring a correlation per- 
turbed in solid environment. Since Nd** and Sm* are 
paramagnetic ions, the perturbing interaction in the 
solid could be either an electric or a magnetic interaction 


TaBLE II. Angular distributions from liquid targets. 











Nucleus A:x(calculated) A:x(experimental) Gt 
Nd 0.191 0.192+0.006 1 +0.035 
Sm! 0.187 0.189+0.006 1 +0.035 
Sm! 0.143 0.156+0.015 1.1+0.10 
Gd" 0.199 0.10 +0.012 0.5+0.06 
Gdi*6 0.145 0.087 +0.006 0.6+0.04 
Gd'@ 0.143 0.09 +0.01 0.6+0.06 








or both. In any event, the effect of an electric or 
magnetic interaction in the liquid environment is 
small. Since the electric environment (neighboring 
water molecules) is essentially the same for the Gd 
isotopes, we would expect that the Gd angular distri- 
butions are not appreciably perturbed by a time- 
dependent quadrupole interaction. The angular distri- 
butions of the Gd isotopes show substantial pertur- 
bation, but it is noticeably less than that observed 
from the solid oxide targets. The magnitude of the 
perturbation is approximately the same for these three 
Gd isotopes. If only a time-dependent quadrupole 
interaction between the quadrupole moment of the 
excited state and the electric field gradient at the 
nucleus is involved, then 


Gah= (1+Aat0)™, 


(QQ) 9 


Since the electric environment is identical for the 
isotopes, it is possible to estimate the relative values of 
AeT, for the Gd isotopes by using the Coulomb excita- 


where 
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tion data, B(£2) values, gamma-ray energy, and the 
value of the £2 internal-conversion coefficients. For 
example, 

(A2Tn) Gat0/ (Arn) Gal= 3. 


This effect is certainly not observed. 

The magnitude of the perturbation of the Gd gamma 
angular distributions is in agreement with that expected 
for a static magnetic interaction between the Gd** ion 
and the magnetic moment of the excited 2* state. 

The results of recent paramagnetic-resonance experi- 
ments show that Gd** has a small hyperfine interaction.‘ 
Gd** has (4/)7 electrons, a half-filled shell. The ground 
state is an °S7/2 level. No magnetic hyperfine interaction 
is expected for an ion in this state. Low attributes the 
measured value to unpaired s electrons resulting from 
configurational interaction. This hyperfine structure is 
expected to be only slightly dependent on the crystalline 
environment. According to Alder,’ the effect of an 
A(I-J)=hw,(I-J) interaction on the gamma-ray 
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Fic. 7. Over-all angular distribution of gamma radiation 
and background from liquid Sm? target. 


angular distribution is given by 
(2F+1)(2F’+1)| W (1J2F | F’2)| 


, FF’ 1+ (wertn)? 
where F=I+J, twrr =}A{F(F+1)—1U4+1)-J(J 
+1)}, and 7, is the mean life of the excited nuclear 
state. We can estimate A/gu, from Low’s value for 
Gd'*7 and the known value of the Gd!*’ magnetic 
moment. 

The lifetime of the excited 2+ state in Gd'™ has been 
measured by Sunyar.® The Gd'** and Gd'® lifetimes 
have been estimated by using the Gd'® lifetime as a 
basis, and the Coulomb excitation data given in 
reference 2. The attenuation coefficients are computed 
for two values of the gyromagnetic ratio of the excited 
2+ state. The measured attenuation coefficients are 
compared with the computed values in Table III. The 
calculated values are uncertain because of the 10% 
uncertainty in the Gd’ moment‘ and a 15% uncer- 
tainty in the lifetime of the excited state. However, 
* 4W. Low, Phys. Rev. 103, 1309 (1956). 


' 5K. Alder, Helv. Phys. Acta 25, 235 (1953). 
6 A. W. Sunyar, Phys. Rev. 98, 653 (1955). 
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TABLE III. Comparison of measured and calculated values of the 
attenuation coefficients Gz” for the Gd isotopes. 





G+! (computed) 








Energy G2" (experi- 
Nucleus (kev) tn (sec)* mental) (g =0.2) (¢ =0.4) 
Gd 124 = (1.7040.14)X10 0540.06 0.62 0.47 
0.6+0.06 0.57 0.39 


0.6+0.06 0.57 0.39 


Gd*6 90 ~2X 10° 
Gd'# 76 ~2x10° 








* The mean lives in square brackets are estimated values. 


the measured perturbations are consistent with those 
expected for a static A(I-J) interaction between the 
Gd** ion and a magnetic moment whose magnitude is 
between 0.4 and 0.8 nuclear magneton. 

In contrast with the Gd angular distributions, the 
angular distributions of the gamma rays from Nd, 
Sm!, and Sm', within the accuracy of the measure- 
ments, are unperturbed. This result is unexpected 
because of the large magnetic hyperfine interaction 
known to exist between the Nd** and Sm* ions and 
the nuclei. The unperturbed gamma angular distri- 
butions are the consequence of the extremely short 
paramagnetic relaxation time of the Nd*+ and Sm** 
ions in a liquid environment at room temperature. 

The results of paramagnetic-resonance experiments 
on Nd** and Sm** show that such a strong magnetic 
hyperfine interaction exists’ (A=0.006 cm™). This 
interaction corresponds to a magnetic field at the 
nucleus of order 10° gauss; i.¢., w,7,> 1. If the electron 
shell were in a stationary state for a time 7,>7,, a 
considerable perturbation would be observed. If the 
electronic paramagnetic-relaxation time is very much 
less than the nuclear lifetime 7,<r,, then the effect of 
the hyperfine interaction on the gamma-ray angular 
distribution can be removed. Abragam and Pound! 
show that 

Go’ = (1+A2"7,), 
where 
Ao’ Ta X WT sTr- 


We can estimate the paramagnetic-relaxation time if 
we assume the g-factor of the excited state to be the 
same as that of the odd-A isotope, Sm'* (A=0.006 
cm, J= 3). For Sm'®, G,“=1+0.035, the para- 
magnetic relaxation time 7, must be of order 8X10-" 
sec to account for the unperturbed result. 

Therefore, the difference between the Gd* case and 
the Nd** and Sm* cases is due to the difference in 
paramagnetic-relaxation times. Because Gd** is an S 
state, J=S is not coupled to the lattice via the spin- 
orbit coupling. Sm**, on the other hand, has an unfilled 
(4f)® shell. The ground level is an Hy state, which 
should strongly couple to the liquid environment. 


VIl. MAGNETIC FIELD EXPERIMENTS 


The g-factor runs were interlaced with the angular 
distribution runs. A typical combined g-factor and 


7R. J. Elliott and K. W. H. Stevens, Proc. Roy. Soc. (London) 
A219, 387 (1953). 
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TABLE IV. Magnetic-field experiment results. 








Nu- Energy 


cleus (kev) WLTA £Tn (sec) rn (sec)* g 





5.3X10- [2.38 X10~-*] +0.22 +0.04 
4.2 X107 (380 40.14) x10 +0,21+0,.04 
8.0 X10— [3.80 x10~*) +0.21 +0.04 


Nd! 130 0,0945+0.005 
Sm! 125 0.0568 +0,004 
Sm'* 84 0.110 +0.008 








* The mean lives in square brackets are estimated values. 


angular distribution run, using a single target, would 
last about 10 hours. Energy spectra were taken at the 
beginning and the end of the run. No change in the 
liquid-target spectrum was observed. The number of 
gamma rays recorded per microcoulomb of the proton 
beam were used as a further index of target performance. 
Because of the large differences in this ratio between 
liquid and solid targets (a factor of 15), precipitation 
of the solute would be immediately obvious. 

The g-factor measurements were made alternating 
the magnetic field direction about every minute. The 
value of R(#)/R({4) obtained in this way is corrected 
for the beam-turning effect and for background. To 
interpret this corrected value of the ratio R(t)/R(J), 
we assumed G,“=1 and used the theoretical value of 
Az as suggested by the results of the liquid-target 
measurements. The values of w ,r, obtained in this 
way are shown in Table IV. To obtain the gyromagnetic 
ratio, the value of the effective magnetic field at the 
nucleus must be computed. 

The external magnetic field is modified by the atomic 
structure. Both Nd and Sm are strongly paramagnetic, 
and for any given orientation of the atom (i.e., fixed 
value of J), fields of the order of 10° gauss are produced 
at the nucleus. In the absence of an external field, this 
field averages out to zero during the lifetime of the 
excited nucleus because the atom changes its orientation 
in a random manner within a time that is small com- 
pared with the nuclear half-life. When an external field 
is applied, the atomic levels belonging to +/, and —J, 
are split, and the thermal equilibrium under these 
conditions implies a nonequal population for the +J, 
and —J, states. The excess population in one group 
of levels will produce a finite mean field at the nucleus. 
The process is very similar to the ordinary atomic 
polarization; and, in fact, the atomic field at the 
nucleus is a localized manifestation of the field pattern, 
the spatial average of which produces the atomic 
susceptibility. 

To evaluate the field at the nucleus, we write the 
interaction of the nucleus with external fields as 


Ay=prgn(H ‘D+A(J-D, 


where J is the atomic angular momentum and A is a 
constant related to the hyperfine splitting. H=H., is 
the applied magnetic field. 

The mean value of H, for a given value of J, (where 
the z axis is in the direction of H) but averaged over 
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the atomic states is given by 
A,=y,g,H1,4+-AJ,I,, 


where J, is the mean value of J,. 
The atomic susceptibility is given by® 


Xo= Nuged /H, 


where N is the number of atoms per cc and 
pT ERT ETD 


ot 2) (J+1) 


We therefore have 


AXy 
A= saga 1+——_—_— ), 


Neb n¥ Bn 
In reference 8, a ger is defined by 
Xo= Nu eget? /3kT. 


In terms of ge, we have 


Me A Bett” 
Hy= wages 1+" —_= ), 
Mn 2kT ge8n 


This may be interpreted as an interaction of the 
nucleus with an effective field: 


Me A Lett” 
Aen=H 14) 
Mn SRT ge8n 


Strictly speaking, A and g, refer to the excited 2+ state 
in the even-even nucleus under investigation. However, 
A is proportional to g, and, therefore, A/g, will be the 
same for all levels of all the isotopes of that nucleus; 
e.g., the ground level of an odd-A isotope. 

The values of A for odd-A isotopes may be computed 
from the paramagnetic hyperfine-structure data.’ These 
values are A =0,0076 cm™ for Nd** and A =0,.006 cm™ 
for Sm**. The values of g, are also reported in that 
paper. From these, it will be seen that 


A n= (2.340.3)H for Nd*, 
Aea=(1.7+0.2)H for Sm*. 


The error is due to the uncertainty in the values of gn. 

It is important to note the foregoing analysis is valid 
only if the atomic structure in the neighborhood of the 
decaying nucleus is in a state of thermal equilibrium 
at room temperature. 

The recoiling ion of energy ~50 kev travels in a 
straight line, leaving a tube of ions each with about 
~ 30-ev energy. The characteristic time for the temper- 
ature to decay by 1/e is given by a?/6K,® where K is 
the diffusivity of the material and a is. the radial 








§ J. H. Van Vleck, The Theory of Electric and Magnetic Suscepti- 
bilities (Clarendon Press, Oxford, 1932). 

°H. S. Carslaw and J. C. Jaeger, Conduction of Heat in Solids 
(Clarendon Press, Oxford, 1948), Chap. 7. 
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dimension of the cylindrical region. We can set an 
upper limit to the thermalization time by estimating 
the characteristic time when the region is close to room 
temperature; that is, when a is large. a~3X10~7 
cm corresponds to about four times room temperature. 
For water, K=1.4X10~* cgs units. Thus r<~1X10~" 
sec. Hence, we conclude that the ion reaches thermal 
equilibrium at room temperature in a time short 
compared with r,=2X10~ sec. 


VIII. g-FACTOR RESULTS 


Sm!" Sm!**.—The half-life of the 122-kev 2* state 
of Sm! has been measured by Sunyar® to be 7; 
= (1.4+0.1)10~ sec. The ratio of the mean lives of 
the 84-kev 2+ state in Sm™ to that of the 122-kev 2+ 
state in Sm’ can be computed using the values of 
B(E,) and internal conversion coefficient given in 
reference 2. The computed mean life of the 84-kev 2+ 
state in Sm'™ is 3.80 10~* sec. Using these mean lives, 
the observed value of the precession angle, and the 
effective value of the magnetic field Hog for the Sm** 
ion, we extract the gyromagnetic ratio of the 2* states. 


g=+0.21+0.04, 
g=+0.21+0.04. 


122-kev 2+ state in Sm!®: 


84-kev 2+ state in Sm!: 


Nd'®.—The ratio of the mean lives of the 130-kev 
2+ state in Nd'® to that of the 122-kev 2* state in 
Sm! can be computed using the values of B(E,) and 
internal conversion coefficient given in reference 2. 
The computed mean life of the 130-kev 2* state in 
Nd! is 2.3810 sec. Using this mean life, the 
effective value H.« of the magnetic field for the Nd* 
ion, and the observed precession angle, we obtain the 
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gyromagnetic ratio of the 2+ state: 
130-kev 2+ state in Nd!®, g=0.22+0.04. 


These results are summarized in Table IV. 


IX. CONCLUSIONS 


The gyromagnetic ratio of 2+ states in Sm’, Sm!, 
and Nd! are within 20% the same. The magnitude of 
the g-factor is near +0.2, assuming the conditions 
discussed previously. This value may be compared with 
the value g’=Z/A=0.4. The value Z/A results if the 
spins are coupled to zero and if the angular momentum 
is carried by a representative fraction of the nuclear 
matter. 

The effect of a paramagnetic ion in a liquid environ- 
ment on the gamma-ray angular distribution is shown 
to depend on whether the paramagnetic relaxation 
time is shorter or of the same order as the nuclear 
decay time. The magnitude of the perturbation of the 
gamma-ray angular distributions in the Gd isotopes is 
in agreement with that expected for a static magnetic 
interaction between the Gd** ion and the magnetic 
moment of the excited 2* state. 
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Activation curves for the reactions B"(y,2p)Li® and C"(y,3p)Li® were obtained in the energy range 
100-320 Mev. Targets of boron and carbon were exposed to the bremsstrahlung beam of the synchrotron 
and the yields of Li® measured by counting the delayed neturons in a moderator-counter assembly 
surrounding the targets. The activation curves were analyzed by the photon difference method to obtain 
the cross-section curves as a function of energy. Both cross sections show a pronounced increase above 150 
Mev, and have integrated values up to 320 Mev of 2.0+0.3 Mev-millibarns for the reaction B"(y,2p) Li? 
and 0.310.05 Mev-millibarn for the reaction C"(y,3p)Li®. 


I. INTRODUCTION 


XPERIMENTS on photonuclear reactions involv- 

ing the emission of more than one nucleon are 
comparatively rare because of the relative inaccessibility 
of the reactions to workers in the betatron energy 
range. Exceptions to this are the work of Halpern 
et al.1 who, working with a 320-Mev bremsstrahlung 
beam, identified the products of multiple-nucleon 
emission from elements in the copper-arsenic group by 
chemical separations, and Reagan? who evaluated the 
yields of N"’ from several elements as a function of 
energy in the range 80-400 Mev. The measurements of 
Halpern ef al. established that even at 320 Mev, the 
the low-energy giant resonance contributed most of 
the yield for the emission of one or two nucleons. 
On the other hand, they found the pattern of the 
yields of more than two nucleons to be similar to that 
of high-energy particle-induced reactions. Reagan has 
found that the detailed activation curves of single 
and two-proton emission from O* and F”, respectively, 
confirm the previous results even for such light elements. 
For the emission of more than two nucleons, his 
activation curves indicate an ever-increasing cross 
section in the high-energy region. 

In the work to be described we have used the tech- 
nique developed by Reagan to confirm his conclusions 
regarding the excitation of the reactions O'*(y,p)N” 
and F'*(y,2p)N!”. We have found, however, that the 
excitation of the reaction B"(7,2p)Li? is qualitatively 
quite different from that of F(y,2p)N" and suggest 
an explanation based on the higher threshold of the 
former reaction. The reaction C'(y,3p)Li® has also 
been reported by Reagan® and our activation curve is 
consistent with his single measurement at 270 Mev. 
However, we do not agree with his conclusion regarding 
the excitation of the reaction and obtain a much 
larger integrated cross section. 

We have measured the yields of Li® resulting from 
photon bombardment of boron and carbon targets with 

{ The research reported in this document was supported in 
part by the U. S. Atomic Energy Commission. 

1 Halpern, Debs, Eisinger, Fairhall, and Richter, Phys. Rev. 
97, 1327 (1955). 


2 Daryl Reagan, Phys. Rev. 100, 113 (1955). 
* Daryl Reagan, Phys. Rev. 92, 651 (1953). 


bremsstrahlung of peak energy in the range 100-320 
Mev. The activation curves have been analyzed and 
the photon cross sections obtained are compared with 
similar results obtained by others. 


II. APPARATUS AND PROCEDURE 


The Li® produced in the bombardments was detected 
by counting the delayed neutrons resulting from the 
beta decay of Li® to Be*. The reaction has been 
reported to have a half-life of 0.168 second‘ and to 
have a Q-value of 4.4 Mev.® The targets consisted of 
boron and carbon of natural isotopic abundance. The 
thickness of the boron target was measured to be 4.31 
g/cm?; that of carbon, 26.6 g/cm?. The targets were 
partially enclosed by a paraffin-moderated array of 
BF; proportional counters. The efficiency of the 
detecting system was evaluated with the working- 
standard Ra-Be source of the Argonne National 
Laboratory.* The absolute efficiency was measured to 
be 1.61% with an uncertainty in the measurement of 
3%. 

The source of photons used in the experiment was 
the Purdue University synchrotron with an internal 
target of 0.040-inch Pt wire. The energy of the syn- 
chrotron is determined by integration of the voltage 
induced in a coil of known area located in the magnet 
gap. This information together with the known radius 
at which the target is located affords a determination of 
energy; the uncertainty of this measurement is 3%. 
The energy of the electron beam is varied by turning 
off the rf acceleration and allowing the increasing 
magnetic field to shrink the orbit until the target 
is struck. Beam monitoring is done by a “Cornell-type”’ 
thick-walled ionization chamber. The charge collected 
by the chamber is integrated and measured by an 
automatic electronic slide-back electrometer.? The 
absolute monitor response has been determined by a 
Blocker-Kenney-Panofsky experiment® at peak brems- 


4 Gardner, Knable, and Moyer, Phys. Rev. 83, 1054 (1951). 

5 W. F. Fry, Phys. Rev. 89, 325 (1953). 

® We are indebted to Dr. E. W. Phelan of the Argonne National 
Laboratory for his assistance in arranging for the loan of this 
source and some of the BF; counters used in this experiment. 

TR. Littauer, Rev. Sci. Instr. 25, 148 (1954). 

® Blocker, Kenney, and Panofsky, Phys. Rev. 79, 419 (1950). 
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strahlung energies of 126, 191, 250, and 318 Mev. 
The experimental uncertainty of this measurement, 
based upon internal consistency only, is 5%. 

The experimental arrangement is shown in Fig. 1. 
The photon beam exits from the synchrotron doughnut 
through a 0.005-inch Mylar window and is collimated 
by a 1.5-inch hole in a stack of -inch lead sheets, 
12 inches thick. Pictures of the beam taken at the 
target position show that at 100 Mev the beam almost 
fills the aperture, while at 320 Mev the intense central 
portion of the beam is approximately $ inch in diameter. 
The beam passes through the 3-inch hole in the 
moderator-counter assembly where the targets are 
placed and then strikes the ionization chamber. 

The parallel outputs of the BF; counters are amplified 
and sent to the counting room. Here the pulses are 
put through an amplifier-discriminator and fed to the 
inputs of nine gated amplifiers. A series of phantastron 
gate generators applies gating pulses of variable delay 
and width to the amplifiers. The output of each 
amplifier is scaled. A diagram of the electronics arrange- 
ment is shown in Fig. 2. The sequence of operations is 





Fic. 1. Schematic diagram of the experimental setup. 


as follows: the synchrotron is pulsed every 500 milli- 
seconds, the magnet cycle being initiated by a pulse 
generated at zero time. Two to nine milliseconds later 
(depending on the energy desired) the electron beam 
strikes the target. Thirty milliseconds after the initiat- 
ing pulse (to allow the prompt neutrons to disappear) 
the first amplifier is gated on for a period of 50 milli- 
seconds; the second amplifier is then gated on for an 
identical period of time, and so on for all nine channels. 
This sequence is repeated until several thousand counts 
have been recorded in the first channel. The delayed 
neutrons are thus followed for a period of 2.68 half-lives 
to allow a measurement of the contamination of the 
yield. In the early stages of the experiment the decay 
was followed for 5.36 half-lives between beam pulses 
but the clean decay plots suggested that this was 
unnecessary. A plot of the neutron activity from the 
boron target at a peak bremsstrahlung energy of 320 
Mev is given in Fig. 3. The background is evaluated 
by replacing the target with a copper absorber of 
identical thickness*in radiation lengths. The back- 
ground yields showed no variation from channel to 


| Xa oi Se 


Fic. 2. Block diagram of electronics. 











channel except for the first channel in which it was 
approximately 50% larger. For the carbon target at a 
peak bremsstrahlung energy of 100 Mev, the back- 
ground was about equal to the signal; it was therefore, 
unprofitable to attempt to run at lower beam energy. 


Ill. EXPERIMENTAL RESULTS 
A. Activation Curves 


The yield as a function of the peak bremsstrahlung 
energy &p is given by 


ko 
Y (ko) =NQ f o(k)o(k,ko)dk, (1) 
ke 


where Y (ko) is the number of Li® atoms produced for 
Q effective quanta incident on the target; N; is the 
number of target nuclei per cm’; o(k) is the reaction 
cross section at a photon energy & having a threshold 
at photon energy k,; (k,o) is the photon distribution 
function. This yield is obtained from the number of 
delayed neutrons counted in all nine channels corrected 
for (1) the efficiency of the detector and (2) the counting 


Neutron yield 











() ) 2 
Time jin seconds 


Fic. 3. Decay plot of neutrons from boron target bombarded 
with 320-Mev bremsstrahlung. 
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Fic. 4. Yield curve for the reaction O'*(y,p)N. The solid 
curve is a 25-Mev isochromat corresponding to an integrated 
cross section of 58 Mev-millibarns. 


duty-cycle. The number of effective quanta Q is 
obtained from the ionization-chamber calibration. For 
the water and carbon targets it was necessary to 
correct the ionization-chamber response for target 
absorption and scatter. This correction was measured 
by observing the ratio of the yield of a thin-walled 
ionization chamber placed ahead of the target position 
to the yield of the thick-walled ionization chamber for 
target-in and target-out. This correction was negligible 
for the boron and lithium-fluoride targets. 

In order to check the functioning of the entire 
apparatus the excitations of the reactions O'*(y,p)N"” 
and F'*(7,2p)N"7 were measured. An ordinary water 
target of thickness 17.8 g/cm* was used for the O'* 
and a LiF target, 9.10 g/cm? thick, for the F"’. 

The activation cross sections obtained are shown in 
Figs. 4-7, where activation cross section is defined as 


A (Ro) = a(k)b(k,ko)dk. (2) 


ke 






F"(-7,2p)N" 


Atk.) x 10°%cm* 





4o~ Mev 


Fic. 5. Yield curve for the reaction F%(y,2p)N"’. The solid 
curve is a 40 Mev isochromat corresponding to an integrated 
cross section of 3.1 Mev-millibarns. The dashed curve shows the 
effect of adding a meson rise calculated from the cross section 
above 100 Mev in Fig. 8. 
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The errors indicated in the ordinates of the activation 
points are due to (1) the counting statistics (1-2%) 
(2) uncertainty in the monitor response as a function of 
energy (2-4%) (3) uncertainty in the absolute detection 
efficiency (3%). They do not include a possible systema- 
tic error in the absolute monitor response. The indicated 
errors in the abscissas are due to (1) uncertainty in the 
absolute energy calibration (3%) and (2) estimated 
uncertainty in the rf turn-off time (1-3%). All errors 
are standard deviations. : 


B. Cross-Section Curves 


The cross sections were obtained from the activation 
curves by applying the photon difference method.® 
The spectral distribution was calculated from the 
Bethe-Heitler bremsstrahlung theory” modified by 
the method of Wilson" for the finite thickness of the 
radiator. We have made no direct measurement of the 
photon spectrum at this laboratory. Measurements of 
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Fic. 6. Yield curve for the reaction B"(y,2p)Li*. The solid 
curve is the yield curve constructed from the cross-section curve 


in Fig. 8. 


the spectral distribution of synchrotron radiation’? at 
other laboratories have shown no deviations from 
calculated distributions within the experimental errors. 

Since no yield points were taken below 100 Mev, it 
was necessary to fit the yields at 100 Mev with arbitrary 
cross sections in this region. This arbitrariness adds the 
largest single uncertainty to the cross-section curves in 
spite of the small fraction of the cross sections existing 
below 100 Mev. The photon cross sections displayed 
do not directly reflect the errors in the activation 
points. Many such cross sections can be obtained which, 


‘although they differ in detail from each other, are more 


or less consistent with the data. The curves shown in 


( aa Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 
1951). 
1H. A. Bethe and W. Heitler, Proc. Roy. Soc. (London) 
A146, 83 (1934). 

1 R. Wilson, Proc. Roy. Soc. (London) A66, 638 (1953). 

12 Powell, Hartsough, and Hill, Phys. Rev. 81, 213 (1951). 

18 J, W. DeWire and L. A. Beach, Phys. Rev. 83, 476 (1951). 

“4D. H. Cooper, thesis, California Institute of Technology 
(unpublished). 
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Figs. 8 and 9 as a function of photon energy maximize 
the requirements of fit to the data and relatively 
smooth energy dependence. 


IV. DISCUSSION OF RESULTS 


The activation yields of the reactions O'*(y,p)N"” 
and F!(y,2p)N"’ as shown in Figs. 4 and 5 are fitted 
with yield curves based upon narrow resonances in the 
cross ‘sections at 25 and 40 Mev, respectively, as 
suggested by Reagan.’ The integrated values of the 
cross sections are 58+6 Mev-millibarns for oxygen 
and 3.1+0.4 Mev-millibarns for fluorine. These 
results are approximately 15% smaller than the 
measurements of Reagan, indicating a possible error 
in the absolute beam calibration of this experiment. 
A second possibility is that Reagan underestimated the 
amount of direct electron production which was present 
in his experiment. 

A comparison of the activation curves for the 
(y,2p) reactions in B" and F"* is of interest because they 


Cc" (7, 3p)Li* 











k, - Mev 


Fic. 7. Yield curve for the reaction C"(y,3p)Li*. The solid 
curve is the yield curve constructed from the cross-section curve 
shown in Fig. 9. 


might be expected to show similar behavior. If the 
dominance of the low-energy giant resonance which 
persists in F® up to 320 Mev is the usual situation, as is 
suggested by the results of Halpern ef al.,' then this 
mode of de-excitation must be abnormally small in 
the B" nucleus below 100 Mev. Gell-Mann ef al.'® 
have derived a sum-rule result for the integrated 
gamma-absorption cross section up to meson threshold. 
Their result is 


- 2reh NZ A’ 
f or(k)dk =——— —(1+01—) Mev-barns, (3) 
0 Mc A NZ 


where yu is the pion rest energy and o7(k) is the total 
gamma-absorption cross section. The ratio of the 
experimental yields of B"(y,2p) and F%(y,2p) at 
150 Mev, normalized to the total integrated absorption 
cross sections evaluated from Eq. (3), is 1:10. A 


— Goldberger, and Thirring, Phys. Rev. 95, 1612 
1954). 
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Fic. 8. Photon cross section for the reaction B"(y,2p)Li® 
obtained by the photon difference method from the yield points 
of Fig. 6. The photon cross section below 100 Mev was chosen 
arbitrarily. 


consideration of the difference in threshold energies 
between the two nuclei is sufficient to explain this 
low value of the normalized ratio of yields. 

The threshold for the (7,2) reaction in F® is 23.5 
Mev; in B", 31.3 Mev. The (y,m) thresholds are 
almost the same. This suggests, therefore, that at a 
photon energy at which the (y,2) reaction is able to 
compete in B", there is little or no absorption cross 
section left. The threshold is far down in the tail of 
the absorption resonance, in contrast to the situation 
in F¥, It is only at photon energies for which the 
absorption cross section once more increases because of 
meson interactions that the (y,2p) yield in B" attains 
a value relative to the total integrated absorption cross 
section comparable to that existing in the giant res- 
onance region in F (the ratio of the normalized 
yields is 1:1 at 320 Mev). 

The photon cross section obtained for the B" (y,2p) Li? 
reaction above 100 Mev (see Fig. 8) was multiplied by 
the ratio of the total integrated absorption cross 
sections calculated from Eq. (3) for F and B™ and 
used to calculate an activation yield for the F%(7,2p)N”” 
reaction which is in addition to the yield from the giant 
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Fic. 9. Photon cross section for the reaction C"(y,3p)Li® 
obtained by the photon difference method from the yield points 
of Fig. 7. The photon cross section below 100 Mev was chosen 
arbitrarily. 
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resonance. The result is the dashed curve shown in 
Fig. 5. It can be seen that the experimental yield points 
suggest that this perhaps overestimates the meson 
rise in the yield by about a factor of two. In any case, 
the integrated cross section for the F(7,2p)N” 
reaction up to 320 Mev should probably be increased 
to at least 3.30.4 Mev-millibarns. The integral of 
the B"(y7,2p)Li® cross section up to 320 Mev has 
the value 2.0+0.3 Mev-millibarns. These errors are the 
rms deviations in the cross sections allowed by the 
errors in the activation yield points. 

The (7,3) cross section in C!* shown in Fig. 9 is 
in qualitative agreement with the measurements of 
similar reactions obtained by Halpern ef al.’ and 


G. |W. TAUTFEST 


Reagan.” The cross-section curve indicates that most of 
the cross section lies above 100 Mev. This is contrary 
to the assertion of Reagan* that the reaction excites 
like F'%(y,2p)N!7. The source of this discrepancy is 
not clear. The cross section integrated to 320 Mev has 
the value 0.31+-0.05 Mev-millibarn. 
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Atomic masses of all the stable isotopes of the elements from phosphorus through manganese have been 
measured with the large double-focusing mass spectrometer at this laboratory. 

The comparison with previous mass spectroscopic results presents a varying pattern of agreement and 
disagreement. The agreement of the present mass measurements with results from microwave spectroscopy 
is, in general, good. The present masses agree much better with Q-value determinations than do previous 
masses. The remaining differences appear to be systematic. It would appear to be symptomatic of the 
discrepancies that in all cases, 10 in number, in which a (f,a) Q-value can be predicted from the present 
measured masses, the measured Q-value is less than the predicted value. 

The present paper includes a tabulation of masses of unstable nuclei. In addition, tables and plots of 
nucleon separation and total nucleon pairing energies for this mass region are included. 


INTRODUCTION 


ECENT measurements of atomic masses at this 
laboratory using a double-focusing mass spec- 
trometer have covered the regions from boron through 
silicon!:? and from iron through zinc.’ The present work 
fills in the gap between these previous sets of measure- 
ments. 

Most of the masses in this region have been deter- 
mined before, both mass-spectroscopically and by cal- 
culations based on Q-values. Certain mass ratios have 
been determined by microwave spectroscopy. However, 
the agreement between mass-spectroscopic masses and 
Q-value masses has not been good in a number of 
cases. In addition, it would seem that a large block of 
connected mass data would be of the greatest value in 
any study of the systematics of nuclear masses as well 
as in a search for systematic errors in the mass-spec- 


* Research supported by the joint program of the U. S. Atomic 
Energy Commission and the Office of Naval Research. 

t National Science Foundation Predoctoral Fellow 1954-1957. 
Now at the University of Chicago, Chicago, Illinois. 

1 Quisenberry, Scolman, and Nier, Phys. Rev. 102, 1071 (1956). 

? Scolman, Quisenberry, and Nier, Phys. Rev. 102, 1076 (1956). 

§ Quisenberry, Scolman, and Nier, Phys. Rev. 104, 461 (1956). 


troscopic or Q-value masses. For these reasons it has 
seemed desirable to undertake the measurements 
reported in the present paper. 

The masses measured include S**, which had been 
determined previously only by microwave spectroscopy, 
and Ca**, which had never been measured. 


MEASUREMENTS 


The mass spectrometer and the method of measure- 
ment of the mass doublets have been described in some 
detail in other reports.! The enriched KCl used in the 
potassium measurements was obtained from the Oak 
Ridge National Laboratory and had the following 
isotopic abundances: K®, 63.1%; K*, 7.8%; K*, 
29.2%. Enriched argon available at this laboratory was 
used for the measurements of A** and A**, All other 
measurements were made using samples having the 
natural abundances of isotopes. 

The Tit, V+, and Cr* ions were obtained, respec- 
tively, from the vapor of TiCl,, VOCI;, and CrO2Cle. 
Because of the rather high reactivity of these liquids, a 
greaseless leak system was required. The adjustable 
leak used was simply a commercial Monel vacuum 
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valve (Hoke 413). The PH* ions were obtained from 
phosphine gas, PH. 

The technique for obtaining ions from solids has been 
changed since the previous measurements were made. 
The present method uses a small Nichrome box, heated 
by direct electrical conduction, which encloses the 
region in which the ions are formed by electron impact. 
Solid samples placed in the box are vaporized and then 
ionized by the electron beam. The advantage of this 
method is that the density of vapor from the solid is 
nearly uniform within the box, as is the density of the 
comparison gas. Thus, the spatial distributions of the 
beams of ions from the solid vapor and from the gas are 
more nearly the same than was the case previously.?* 
The present scheme eliminates many of the difficulties 
experienced in the past in obtaining reproducible 
measurements using ions from solids. In addition, it 
provides greater intensity. 

It proved to be impossible to get sufficiently repro- 
ducible results for the C;— A** and C;sH,— A* doublets.‘ 
The difficulty with the C;— A** doublet has been men- 
tioned previously.’ The reason for the difficulty is not 
understood at present. The masses of A** and A** were 
finally determined from the doublets HCl**—A* and 
HCI*’— A**, which gave good results. 


RESULTS 


The experimental] mass-doublet differences are given 
in Table I, along with other recent measurements of 
these doublets. The errors are the square root of the 
sum of the squares of the errors resulting from the 
uncertainties in resistance calibration and the standard 
error of the mean of the runs taken. (Throughout this 
paper each error listed refers to the last significant 
figure of the particular result, unless otherwise noted.) 
For a further discussion of the errors, see Quisenberry 
et al.§ 

The value for O.—P"H agrees well with the other 
results. The O2—S doublet is discussed elsewhere.’ The 
values for CsH—S*O and C,H,—S*O disagree with the 
previous Minnesota values* by about two of the 
previous errors or by 50 of the present errors. It will be 
seen that the present values agree much better with 
Q-value measurements. 

The present value for C;H,—A*® is in very good 
agreement with the more recent previous Minnesota 
result! and with that of Ogata and Matsuda.’ The early 
Minnesota result® is subject to question because an 
intense C,C"H; satellite necessitated a very large cor- 
rection to the position of the C;H, peak. In the present 
measurements, this satellite is completely resolved. 
Measurement of the mass-40 isobars also was made at 


4 Throughout this paper C, H, S, and O refer to C®, H!, S®, 
and O"*, respectively. 
uisenberry, Giese, and Benson, Phys. Rev. 107, 1664 (1957). 
ollins, Nier, and johnson, Phys. Rev. 84, 717 (1951). 
1K Ogata and H. Matsuda, Phys. Rev. 89, 27 (1953). 


§ A. O. Nier and T. R. Roberts, Phys. Rev. 81, 507 (1951). 
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TABLE I. Measured mass differences. C, H, and S refer to the 
isotopes C”, H!, and S®, respectively. 




















Number Present Other 
of results measurements 
Doublet runs mMU mMU Reference 
O,.—P*H 10 8.242 34 6 8.249 +30 a 
8.245 +12 b 
O.-S 15 17.762 3411 17.716 +20 a 
17.7644 +7 c 
17.725 +8 d 
17.7616424 e 
17.7599% 9 f 
(17.76124 9) g 
C,H—-S*O 10 41.460 2+15 41.385 +46 c 
C,H:—S*O 10 52.988 9415 52.900 +40 c 
C,H,—S*O 10 69.317 5435 
CsHio— Cl,** 10 140.585 04-34 
C.H2—Cl,*” 10 83.869 24-23 
HCH*— A* 10 9.13464 9 
HCF7— A* 10 11.000 1+10 
C;H,—A® 11 68.934 6411 68.877 +35 h 
68.937 +28 d 
69.057 +41 i 
68.934 4+13 f 
C;H;—K* 10 59.781 9415 59.905 +26 c 
59.762 +20 j 
C;H,—K*® 10 67.317 8421 
C;Hs— K* 10 77.316 7419 77.361 +33 c 
77.331 +20 j 
C;H,—Ca® 12 68.734 1415 68.539 +46 h 
C;H.—Ca® 14 88.350 04:22 88.247 +34 c¢ 
C;H;—Ca* 16 96.018 64-26 96.040 +52 c 
CO,—Ca* 13 34.344 24-24 34.007 +59 c 
CSH:—Ca* 6 34.046 24-39 
C,—Ca* 13 47.496 44-55 47.59 +10 c 
CSH—Sc* 15 23.987 34-18 
CSH,— Ti il 35.102 64-14 3540 +4 k 
CSH;—Ti*” 12 43.803 5430 43.83 +9 k 
SO—Ti* 10 19.047 64-12 
Ms H-—Ti® 10 59.978 14-15 59.93 +5 k 
C,H,—Ti® 10 70.883 9418 70.892 +27 k 
70.927 +27 1 
C,H:—V® 10 68.507 6415 68.36 +12 l 
C,H;-—V® 10 79.522 3418 79.28 +5 k 
C,H2:—Cr® 10 69.621 8418 69.56 + 6 k 
69.634 +46 1 
C,H,—Cr® 12 90.816 5+17 90.88 +9 =k 
C,H;—Cr® 10 98.506 2421 9838 +8 k 
C,H,—Cr* 10 108.109 9+23 107.9 +2 k 
C,H;—Mn* 12 116.754 7422 116.58 +11 k 
*H. Ewald, Z. Notusforech. ¢ 6a, 293 (1951) 
> K, Ogata and H. Matsuda, Phys. Rev. 89, 333 (1953). 
© See reference 6. 
4 See reference 7. 
¢L. G. Smith, Third Annual Meeting, Committee E-14, American 
Society for Testing Materials, 1955 (unpublished). 
t See reference 1. 
® Value adopted in reference 5 
b See reference 8. 


i See reference 11. 

iH. Liebl and H. Ewald, Z. Naturforsch. lla, 406 (1956). 
* Collins, Nier, and Johnson, Phys. Rev. 86, 408 (1952). 
!W. H. Johnson, Jr., Phys. Rev. 87, 166 (1952). 


Minnesota using a C,O reference peak® but, as Wapstra” 
has pointed out, the C,O peak is subject to suspicion. 
Similar comments apply in the case of the disagreement . 
between the present result for C;H,—A® and the 
previous Minnesota result. The present result for 
C;H,y—A® also disagrees rather strikingly with the 
result of Engler and Hintenberger." 





*W. H. Johnson, Jr., Phys. Rev. 88, 1213 (1952). 
” A. H. Wapstra, Physica 21, 385 (1955). 
(198 Engler and H. Hintenberger, Helv. Phys. Acta 26, 657 
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TABLE II. Atomic masses. 








Mass® 
amu 


Error 
uMU 


Error 


uMU 


Mass*® 
amu 


30.983 612 6 
31.982 238 8 
32.981 947 3 
33.978 663 5 
35.978 525 3 
34.979 972 0 
36.977 657 3 
35.978 982 5 
37.974 802 3 
39.975 092 6 
38.976 100 2 
39.976 709 4 
40.974 855 6 
39.975 293 1 
41.971 967 4 Crs 
Ca® 42.972 4439 Mn® 


Isotope 


Ca*# 
Ca‘s 
Ca‘® 
Scts 
Ti** 
Tis? 
Tis 
Ti* 
Ti® 





43.9694714 2.4 
45.968 298 4 
47.967 776 6 
44.970 2122 
45.967 242 0 
46.966 686 2 
47.963 191 2 
48.963 429 4 
49.960 668 7 


S 
a 


v= 49.963 045 0 
be 50.960 175 4 
49.961 930 8 
51.957 026 3 
52.957 481 7 
53.956 023 1 
54.955 523 4 


Cr® 
Cr® 
Crs 


NNENN See yee WNNS 
COR NTR ROP OR OOS RRO 
NNNYNYNLPNNE OE NOP 
DOU Wwe WeANDe UO 








* Masses are based on the doublet values of Table I and on CHi—O 
= (36.3961+5) mMU, 32—S=(17.761249) mMU, and C —12 = (3.8156 
+4) mMU, See reference 5. 


The agreement of the present results for C;H;—K*® 
and C;H;—K* with the previous Minnesota values® 
is not very good, but the present results do agree well 
with the recent measurements of Lieb] and Ewald.” 

As for the remaining doublets, the only direct com- 
parison possible is with previous Minnesota measure- 
ments. The agreement is very good in some cases, and 
rather poor in other cases. It should be pointed out that 
the doublets involving titanium, vanadium, and 
chromium have been measured in the present work 
using mass peaks obtained from gases. In these previous 
measurements, solid samples were used. Solid samples 
were employed for the remainder of the present meas- 
urements using the improved technique mentioned 
above. 

The final atomic masses are listed in Table II. These 
are based on the secondary standard masses of 


H'= 1.008 145 1+2, C”=12.003 815 6+4, 
and 
S$*?= 31.982 238 8+ 9.5 


The errors given are the square root of the sum of the 
squares of the doublet error, Table I, and the error in 
the mass of the reference peak. 


COMPARISON WITH THE RESULTS OBTAINED 
FROM MICROWAVE SPECTROSCOPY 


Certain mass ratios may be measured by using the 
techniques of microwave spectroscopy. The review 
article by Geschwind et al." gives an excellent summary 
of the method. 

Table III gives comparisons between mass ratios 
calculated from the present mass measurements and 
ratios from microwave spectroscopy. The agreement is 
good except for the case of the present Cl**/ClI*’ ratio, 

2H. Liebl and H. Ewald, Z. Naturforsch. lla, 406 (1956). 

18 Geschwind, Gunther-Mohr, and Townes, Revs. Modern Phys. 
26, 444 (1954). , 
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which disagrees with one microwave value” by three 
times the error quoted on that measurement. That par- 
ticular disagreement is 70 times the error of the ratio 
calculated from the present results, however. 

The only conclusion drawn from these comparisons is 
that the generally good agreement suggests that the 
procedures used in calculating mass ratios from micro- 
wave data are correct; the precision of the microwave 
results is not sufficient to either verify or refute the 
present mass measurements. 


COMPARISON WITH MASSES CALCULATED FROM 
NUCLEAR REACTION Q-VALUES 


Most of the calculations of atomic masses from 
Q-values concentrate on the region below mass 36. Two 
such calculations, however, include enough masses in 
the region covered in this work to permit useful com- 
parisons. One of these is the extensive study of 
Wapstra,” and the other is a recent analysis by Endt, 
Buechner, Braams, Paris, and Sperduto. 

At the time Wapstra published his results, the nuclear 
data were too incomplete in the region above mass 33 
to permit calculation of an extended mass table using 
reaction data only. Thus Wapstra was obliged to turn 
to mass-spectroscopic data or to data from microwave 
spectroscopy, and in a number of cases he was forced 
to make choices between sets of experimental data which 
were inconsistent: Recently, a number of key reactions 
in this region have been measured precisely, so that it 
has been possible for Endt ef al. to calculate a mass 
table extending from mass 32 to 45 using only nuclear 
reactions. In addition, Endt et al. were able to restrict 
their analysis to include only reactions having an error 
of 20 kev or less. This restriction eliminated the less 
precise range and pulse-height measurements. 

Table IV displays the comparison between mass 
excesses from the present measurements and mass 


TABLE III. Mass ratios computed from the present measurements 
compared with results from microwave spectroscopy. 


Value from 
microwave 
measurements Reference 


0.969 690 9432 
0.941 246 24-22 
0.945 980 1+50 
0.945 977 5+40 
0.945 978 1430 
0.945 980 315 
0.951 225 0470 
0.951 218 9415 
0.500714 +30 
1.998 320 +30 


Value computed 
from present 
results 


0.969 689 224 7 
0.941 244 754 7 
0.945 975 88+ 6 


Ratio 
$#2/S* 
S2/S34 
CE*/CP 


Soe fag 0.951 219 95+ 6 


(S*%—S8)/(S4—S#) 0.500 7494 +10 
(S**— $5) /(S*%*—S*) 1,998 2813 +50 


re emecancp & 


| 
| 





® R. C. Mockler and G. R. Bird, Phys. Rev. 98, 1317 (1955), 

b Townes, Merritt, and Wright, Phys. Rev. 73, 1334 (1948). 

e Gilbert, Roberts, and Griswold, Phys, Rev. 76, 1723 (1949). 

4 Honig, Stitch, and Mandel, Phys. Rev. 92, 901 (1953). 

¢ See reference 14, 

! Honig, Mandel, Stitch, and Townes, Phys. Rev. 96, 629 (1954). 

«S. Geschwind and G. R. Gunther-Mohr, Phys. Rev. 81, 882 (1951). 
b W. A. Hardy, as quoted in reference 14. 


4 Endt, Buechner, Braams, Paris, and Sperduto, Phys. Rev. 
105, 1002 (1957). 
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TABLE IV. Mass excesses compared with values from nuclear reaction Q-values. 








Present results 
m)} 





Diff. 


Wapstra> 
uMU 


mMU 


Diff. 
uMU 





— 16.387 44+ 6 
—17.76124 9 
— 18.052 7422 
— 21.336 5422 
— 21.474 7440 
— 20.028 0422 
— 22.342 7417 
—21.017 54-24 
— 25.197 7420 
— 24.907 4419 
— 23.899 8+-20 
— 23.290 6426 
— 25.144 4425 
— 24.706 94-21 
— 28.032 6428 
— 27.556 1432 
— 30,528 64:24 
— 31.701 6440 
— 32.234 04-57 
— 29.787 8422 
— 32.758 02-19 
— 33.313 84:33 
— 36.808 8+ 16 
Ti*® — 36.570 6422 
Ti® — 39.331 3424 
ye — 36.955 04-22 
ya — 39,824 6425 
Cr® — 38.069 24-24 
Cr® — 42.973 7425 
Crs — 42.518 3428 
Cr — 43.976 9430 
Mn* —44.476 6431 


— 18.0594 9 
—21.337419 


-- 20.0364 9 
— 22.3634 16 
—21.032+21 
— 25.209+37 


—23.926+23 
—23.312+24 
— 25.183+33 
— 24.7284 28 
— 28.0684: 24 
—27.602+27 
— 30.585+30 


— 29.837433 


* See reference 14. 
+See reference 10. 


excesses given by Wapstra and by Endt ef al. We shall 
first compare the present results with those of Wapstra. 
We note that although the disagreements are very large 
in many places, the errors are also large. The agreement 
is within approximately 1 error in 19 cases, and within 
about 2 errors in all but two cases. In one such case, 
CF’, the difference is +117+45y4MU, and in the 
remaining case, Ti**, the difference is +286+80 uMU. 
If we regard Wapstra’s errors as roughly the equivalent 
of standard errors, then this is satisfactory agreement. 
However, because his errors were determined by a judg- 
ment based on the spread of individual measurements 
about the final adopted values, it is difficult to decide 
their relationship to standard errors. Furthermore, the 
differences are predominantly of one sign; the present 
masses are generally greater than those calculated by 
Wapstra. This suggests the presence of systematic 
errors somewhere in the sets of measurements being 
compared. The complexity of the input data to 
Wapstra’s calculation makes a more detailed analysis 
of the comparison with the present results extremely 
difficult. For this reason, we turn to the comparison 
with the results of Endt e¢ al. 

For convenience, the differences between Endt’s 
Q-value results and the present measurements have 
been plotted as a function of mass number in Fig. 1. 
The errors shown on the points are the errors in the 


+52+ 24 
+434 26 


—16.4394 24 
—17.804+ 26 
—18.1114 30 
—21.360+ 50 
—21.560+120 
—20.095+ 35 
—22.460+ 45 
—21.079+ 
—25.210+ 
— 24.950+ 
—23.963+ 
—23.347+ 
—25.240+ 
—24.770+ 
— 28.110+ 
—27.650+ 
— 30.6604 


— 32.3004 200 
—29.925+ 80 
— 33,0464 
—33,500+ 
— 36.8804 
— 36.6104 
—39.420+ 
— 36.880 180 
— 39.960+ 120 
—38.360+ 150 
— 43.0104 130 
—42.540+ 130 
—43,.980+ 130 


+6+ 9 
0+19 


+8+ 9 
+20+ 16 
+14+21 
+11+37 


+26+23 
+21+424 
+39+33 
+21+28 
+35424 
+46+27 
+56+30 


SSSSSSssss 


+49+33 


SSSss 


+135+120 
+291+150 
+36+130 
+22+130 
+3+130 
+123+150 





Q-value masses. The errors in the present measurements 
are shown by the shaded area centered on the hori- 
zontal axis. Since Endt ef al. used the previous Min- 
nesota value! for the mass of S** as their mass standard, 
we would expect the masses close to mass 32 to agree 
fairly well with the present results, and we see that 
they do. Actually, the presently’ adopted mass of S* 
is 1.3 u.MU smaller than the previous result. Changing 
the mass standard to this value would have the effect 
of lowering all the nuclear reaction points in Fig. 1 by 






































Fic. 1. Differences between Endt’s Q-value masses and present 
mass-spectroscopic results versus mass number. 












































Fic. 2. Reaction scheme used in calculation of 
Endt’s Q-value masses. 


1.3 uMU, thus making the agreement somewhat poorer. 
Looking at the individual points, we see that the 
maximum difference is 564MU with an error of 30 uMU, 
so the discrepancies are not excessively bad. On the 
other hand, the points do not scatter symmetrically 
about zero difference; rather, there seems to be sys- 
tematic negative trend. This means that the Q-value 
masses become lower and lower in comparison with the 
present measurements as one goes further from the 
standard. This is an effect resembling that which 
Scolman ¢ al.? observed in the region from mass 10 to 
mass 30 in a comparison with the mass values of 
Wapstra.!® In their case the standard was O'* and a 
decrease in the Q-value masses relative to the measured 
masses was observed in both directions from mass 16. 
The similarity of the two situations may be seen by 
comparing Fig. 1 of the present paper with Fig. 1 of 
Scolman ef al. 

In attempting to explain the trend just described, 
Scolman ef al. tried two logical adjustments of their 
data. 

(a) They tried lowering the mass of the C’® secondary 
standard by 144MU to agree with the nuclear value. 
This improved the agreement in some places but made 
it worse in other places. It also destroyed the internal 
consistency of certain data. In the present case, no 
improvement is noted on trying different values for the 
C” mass. A change in the mass of H! has even poorer 
results, and furthermore such a change is quite un- 
palatable because the value used here agrees very well 
with all recent determinations.® 

(6) They tried changing all mass doublet differences 
by a constant fractional amount. This also did not 
result in any general improvement in the agreement. 
Furthermore, the fractional change required to make 
an appreciable difference was 50 or 100 times the 
amount by which one would expect the dispersion to 
be in error, judging from the accuracy of the hydrogen 
mass unit doublets (see reference 5). The same con- 
clusion has been reached with the present results. 


16 A. H. Wapstra, Physica 21, 367 (1955). 
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No other logical adjustments of the present mass- 
spectroscopic results suggest themselves at this point, 
so we will turn to an examination of the Q-value mass 
calculation. The network of nuclear reactions used in 
the calculation is shown schematically in Fig. 2. 

Almost half of the reaction Q-values in Fig. 2 can be 
compared directly with values predicted from the 
present mass-spectroscopic mass values. This com- 
parison is given in Table V, which also includes com- 
parisons with a number of other Q-values not included 
in the reaction scheme of Fig. 2. The tabulation 
includes some Q-value results which have become 
available since Endt et al. published their paper. For the 
calculation of the predicted Q-values, the following 


TABLE V. Q-values calculated from present mass values compared 
with mumeaten Q- values. 








Calculated Measured 
value value Difference 
Reaction Mev Mev kev Reference 
P*! (pcx) Si?8 1.917+8* 1.9104 4 +7+ 9 b 
CH*(p,a)S** 1.86643 1.8614 4 +54 5 c 
CE" (p,a)S*4 3.04043 3.0264 5 +144 6 c 
K*(p,a)A* 1.29344 1.2834 8 +10+ 9 d 
K"(p,a)A*® 4.027+4 4.002415 4+-25+16 e 
Ca®*(p,a)K*® 0.129+4 O.118+ 7 +114 8 e 
Ca*(p,a)K® 0.005+4 -—0.0144 8 +194 9 e 
Ca“(p,a)K" —1.03644 —1.057410 +21+11 e 
V"\(p yx) Ti® 1.169+3 1.161+10 +8+10 f 
Mn*(,a)Cr# 2.57844 2.568 8 +10+ 9 g 
CF5(d,a)S* 8.28144 8.277410 +4411 e€ 
S*(d,p)S* 6.41543 6415+ 6 O+ 7 h 
K*(d,p)K® 5.57743 5.576410 +1+10 e 
Ca®(d,p)Ca® 5.70044 5.711410 —11+11 e 
Ca*(d,p)Ca* 8.91244 8.913414 —1+415 € 
S®(n,7)S® 8.63943 8.640+ 20 —1+20 e 
K**(n,7)K® 7.800+3 7.791+ 6 +9+ 7 i 
K*(g-)Ca® 1.31942 1.323412 —4+12 e 
Ti*®(n,y)Ti® 8.146+2 8.1384 6 +8+ 6 j 
Cr (ny )Cr¥ 9.72642 9.7164 7 +10+ 7 k 
Cr®(n,y)Cr® 7.94342 7.9292 8 +144 8 k 








® Si mass or from doublet values reported by Scolman et 4. 
(reference 2) and values for C™, H', H? used in present paper. A check of 
original data in the above work indicates that the HDO—F" doublet may 
be in error. This doublet was then omitted from the calculation of the = 
mass. The resulting calculated O-value for P#(p,«)Si® then 
1.91748 Mev. The value obtained when including the HDO—-F¥ doublet 
is 1.92249 Mev 

>From a weighted average of 1.909+10 Mev [D. M. Van Patter and 
W. Whaling, Revs. Modern Phys. 26, 402 (1954)], 1.911+5 Mev [Van 
Patter, Swann, Porter, and Mandeville, Phys. Rev. 103, 656 (1956)), and 
1,909 +10 Mev [P. M. Endt and C. H. Paris, Phys. Rev. 106, 764 (1957)). 

¢ Van Patter, Porter, and Rothman, Phys. Rev. 106, 1016 (1957). 

4From a weighted average of 1.267+20 Mev Almquist, Clarke and 
Paul, age Rev. 100, 1265A (1955)] and 1.286+8 Mev [A. Sperduto and 

Buechner, Laboratory of Nuclear Science, Massachusetts Institute 
of ‘Techoolegs Annual Progress Report MIT-45, 1956] (unpublished), p. 


111. 

eP. M. Endt ef al., reference 14. 

t Buechner, Braums, and Sperduto, Phys. Rev. 100, 1387 (1955). 

« Mazari, Buechner, and Sperduto, Phys, Rev. 107, 1383 (1957). 

b From a weighted average of 6.422+11 Mev [D. M. Van Patter and 
W. Whaling, Revs. Modern Phys. 26, 402 (1954)], 6.408+20 Mev [L. L. 
Lee, Jr., and F. P. Mooring, Phys. Rev. 104, 1342 (1956)), and ak 
Mev (Paris Van der Leun, and Endt, Bull. Am. Phys. Soc. Ser. II, 2, 179 
(19 

wt rom a weighted average of 7.789+8 Mev [D. Van Patter and 

Whaling, Revs. Modern Phys. 26, 402 (1954)] joa) 7.795410 Mev 
} Prete ~ Groschev, Demidov, and Lutsenko, Soviet J. Atomic Energy 
1, 171 (1956); J. Nuclear Energy 3, 325 (1956)]. 

i From a weighted average of 8.14+2 Mev [Way, King, McGinnis, and 
Van Lieshout, Nuclear Level Schemes, A =40—A =92, Atomic Ener y 
Commission Report TID-5300 (U. S, Government Printing Office, W: 
ington, D. C., 1955)], 8.153 +10 Mev [Adyasevich, Groschev, and Demidov, 
Soviet J. Atomic Energy, 1, 183 (1956); J. Nuclear Energy 3, 258 (1956)), 
and 8.132+6 Mev (Manning. Bartholomew, Campion, and Knowles, Bull. 
Amer. ee II, 2, 218 (1957)]. 

kB B. Kinsey and G. A: Bartholomew, Phys. Rev. 89, 375 (1953). 
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mass excesses were used: 
H—1=8.145 1+2 mMU;5 
n—1=8.986+ 1 mMU,!* 
D—2= 14.742 545 mMU,” 
He*— 4= 3.873 9426 mMU.!* 


One might hope that a comparison such as that in 
Table V would reveal generally good agreement, with 
a few outstanding discrepancies. If this were the case, 
adjustment of these few Q-values would perhaps be 
justifiable. The comparison shows no such situation. 
Rather, the calculated Q-values are in generally fair 
agreement with the measured values. This suggests 
that the discrepancies of Fig. 1 are caused, not by dif- 
ferences in a few of the Q-values, but rather by the 
accumulation of differences in many of the Q-values. 
Further, an analysis of the few closed cycles (sums of 
Q-values which should add to give zero) shows no 
closure errors which cast suspicion on any particular 
Q-values. In short, an adjustment of the Q-value 
masses of the type done by Scolman ef al.’ does not 
appear to be in order in the present case. 

Of the 21 reactions considered in Table V, 10 are of 
the (p,a) type, and we note that in every case the value 
calculated from the present results is greater than the 
measured value. The weighted average of the differences 
is 10.8+2.5 kev. A comparison between the present 
mass-spectroscopic results and the seven (p,a) adjusted 
Q-values used by Endt gives a weighted average dif- 
ference of 14.9+3.2 kev. Thus, while the inclusion of 
more recent data lessens the discrepancy, a substantial 
unexplained difference persists. It is clear from an 
examination of Fig. 2 that the (p,a) reactions form the 
“backbone” of a calculation of masses from nuclear reac- 
tions in this region. In particular, increasing all (p,q) 
Q-values by 11 to 15 kev would remove most of the 
discrepancies shown in Fig. 1, but an adjustment of 
this sort is not justified. The consistency of the dif- 
ferences between predicted and measured (p,a) Q-values 
suggests the presence of systematic errors in the mass 
spectroscopic results or in the Q-value measurements. 

The only characteristic which the 10 isotopes appear- 
ing on the left sides of the (p,a) reactions in Table V 


seem to have in common is that they are, respectively, - 


3 mass units heavier than the isotopes on the right sides. 
This suggests that if we are to attribute the above 
discrepancies to the present mass-spectroscopic meas- 
urements, we must assume that the mass doublets of 
Table I have an error which changes roughly by 11 kev 
as the mass is changed by 3 units. This is quite incon- 
sistent with the results of a number of consistency 
checks which have been made,’ especially those in 


16 Computed from the n—H difference of reference 15 and H 


mass of reference 5. 
17 Computed from the H;—D doublet of reference 1 and H mass 
of reference 5. 
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Fic. 3. Separation energy S, of the last neutron in the nucleus. 
Data taken from Table VII. 


which the CH,—O mass difference was measured at 
mass 28, 32, and 44.5 

The discrepancies could be caused by the fact that 
the proton mass or the a-particle mass used was in error 
by 11 kev, but this seems very unlikely in view of the 
excellent agreement among recent determinations of 
these masses. 

In conclusion, one may say that the present mass 
measurements are in fair agreement with the masses 
from nuclear reaction Q-values. The differences which 
appear seem to be systematic rather than random. In 
addition, the (p,@) reaction Q-values seem to be sys- 
tematically lower than the calculated values in this 
mass region. No plausible reason for these discrepancies 
has yet been found. 


UNSTABLE ISOTOPE ATOMIC MASSES 


A table of unstable-isotope atomic mass excesses in 
this region, Table VI, has been compiled using the 
present stable atomic masses as a basis. Table VI gives 
the mass excesses, in Mev, obtained from the various 
paths by which the isotope in question can be reached, 
starting from a stable isotope. The adopted value and 
its error have been established by a judgment based 
on the consistency of the separate determinations. A 
question mark appears in those cases where there are 
large disagreements and no attempt has been made to 
make a selection. 


NUCLEON INTERACTION ENERGIES 


Certain linear combinations of atomic masses are of 
particular theoretical interest. One of these is the 
nucleon separation energy, defined as the energy 
equivalent to that amount of mass which disappears 
when a nucleon is added to a nucleus of mass A—1 to 
form the nucleus of mass A. These separation energies 
have been calculated for all nuclei of the elements 
investigated wherever sufficient mass data exists. The 
neutron and proton separation energies are listed in 
Table VII and are plotted in Fig. 3 and Fig. 4, respec- 
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TABLE VI. Mass excesses of unstable isotopes. 
Refer- Adopted Refer. Adopted 
M-A ence to M-—A M-—A ence to M-—A 
Nuclide Path Mev O-value Mev Nuclide Path Mev O-value Mev 
ps 8 +10 +4 a +10 +4 Ca*® (g*)K* —15.2 +2 g —-156 +1 
p» Si?*(d,n) —813 + 4 b —8.348+11 Gas: —156 +1 b 
: (g*)Si* —8.348+11 c Ca“ Ca”(d,p) — 23,0034 10 a — 23.0034 10 
ps AF"{a,n) < —11.3064 4 a —11.3054 9 K“(p,n) —22.97 + 2 b 
S*(d,a) —11.249413 a Ca*® Ca(d,p) —27.471+11 a —27.4804 3 
S*(¥,d) —111 +2 b —)Sc* —27.4814 3 g 
P81 (y,n) —11.30 + 5 a Ca® Ca*(d,p) —26.778+ 8 a —26.7784 8 
S**(d,a) —11.3054 9 d Sc# Ca”(d,n) —17.05 + 5 a —17.05 + 4 
(8*)Si* —11.30 + 4 e oCae —17.044+7 g 
ps 2 —14.8204 9 b —14.829+ 4 Sc# +)Ca* —23.46 + 2 g ? 
1(n,7) —14.83 + 3 b Ca(a,p) -—27.7 +2 b 
) 5% —14.8294 4 f Sc# +)Ca“ —24.7854 6 o — 24.7804 5 
CE®(n,a) —14.91 +11 b (8*)Ca* —24.7744 6 q 
ps (p-)S* —16.5614 6 g —16.5614 6 Sc*®(n,2n) —25.1 +3 b 
3! (g+)P# -98 +1 g —985 + 7 Sc** (8~)Ti*® —28.142+ 5 g —28.142+ § 
S*(-y,n) -99 +1 b Sc (n,y) —28.22 + 8 b 
S*5 CF5(n,p) —18.39 + 4 b —18.4824 3 Sc*5(d,p) —284 +3 b 
(p-)CH* —18.4824 3 g Se! ~\Ti? —30.4204 4 r —30.4194 4 
CE? (d,a) — 18.467+12 b ~)\Ti"? —30.410+ 6 s 
S**(d,p) —18.481+10 h (8~)Ti*” — 30.4234 7 t 
¥7 A”(n,a) —-159 +1 b —-15.9 +1 (B-)Ti*” —30.40 +20 u 
Cc S**(p,n) —-33 +4 b —36 +3 Sc#8 (p-)Ti*® — 30.29 + 3 g — 30.29 + 3 
+) S33 —-38 +4 i Sc# (g-)Ti*® —320 +1 g —-319 +1 
Cr S*(d,n) —11.4 b —11.239412 (p-)Ti® —32.3 +1 Vv 
+)S33 —-116 +1 g (p-)Ti*® —32.00 + 5 w 
S*(p,7) —11.239+412 a Ca*(B-) —31.84 + 6 w 
Cc P*!(a,n) —143 +2 b —-145 +2 Ca*(B-) —31.97 +12 Vv 
(g*)S* —14.35 + 3 g Ti*® Sc**(p,n) — 25.6764 5 a —25.6814 9 
CH*(y,n) —14.67 + 4 a +)Sc#* —25.097+ 9 o 
Crs (g-)A** —18.8564 5 g —18.8564+ 3 Ti**(y,n) —25.6 +2 b 
—)As —18.856+ 4 j Ti® Ti®(d,p) —34.59 + 7 b —34.62 + 3 
CF5(d,p) —18.860+ 8 a p-)Vv® —34.63 + 3 x 
CF5(n,y) —18.84 + 2 a ya (p*)Ti* —28.14 + 6 g —28.11 + 1 
K**(n,a —18.7 +2 a +)Ti*? —28.11 + 1 y 
Cr CF7(d,p) —18.5384 9 a —18.538+ 9 ve (B*)Ti* -30.26 + 2 g —30.26 + 2 
—) Ass —18.65 + 5 g (pt)Ti* —30.25 + 3 Zz 
cr (g-)A® —18.26 + 5 g —18.24 + 2 vy“ (K)Ti*® —33.431+11 aa —33.4434 5 
(8-)A*® —18.24 + 2 k Ti®(p,n) — 33.4454 5 b 
A”(y,p) —200 +1 b vs V5 (n,7) — 36.0214 8 b —36.017+ 8 
Ass (B*)CH* —13.24 + 6 g ? V5(d,p) — 36.0124 9 b 
—12.67 + 4 1 Cr K)v* —28.81 +20 bb —28.7 +2 
Ai? (e)Cl7 —19.993+ 8 m —19.990+- 2 (K)V# —28.54 +20 cc 
(e)CE —19.990+ 3 n Cr® +)ye —30.88 + 1 g —30.88 + 1 
CE? (p,n) —19.990+ 3 b Cr®(y,n) —-3.4 +2 b 
A**(d,p) —20.01 + 3 b Cri V"l(p,n) — 36.3304 3 a — 36.3294 3 
A (6-)K* —21.690+ 5 g —21.6904 5 Cr®(y,n) —36.58 +25 b 
A®(y,n) —21.71 +15 a K)v# — 36.3264 6 dd 
A“ A“(d,p) —20.89 + 3 b —20.913412 (K)V® —36.35 + 2 ee 
(B-)K* —20.81 + 6 g K)v® — 36.3304:22 ff 
(B-)K* —20.889+22 o Mn® = (g*)Cr® —33.11 + 8 g —33.11 + 8 
(8-)K" — 20.9244 10 Pp Mn® (g*)Cr® —35.321+18 2g —35.321418 
K% Pay gee . —17.535+11 Mn® Cr(p,n) — 38.9944 9 b — 38.9944 9 
yn —75 + Mn* ro —39, —39,5 
i Soi a ee 3-7 a ri 
K* K#(d,p) —22394+10 b  —22.55 +43 bey 30579421 hh 
(8-)Ca® —225443 g (K)Cr — 9.519 + 
(8-)Ca® —22.574428 4 Mn Mn*§(n,y) —40.309+ 7 b —40.315+ 4 
K* (s-)Ca# —2382+1 g —23.82 + 1 Mn“(d,p) —40.37 415 b 
A®(a,p) —23.81 + 3 a Mn**(d,p) —40.3184 5 ii 
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ATOMIC 


TABLE VII. Nucleon separation energies for all ‘nuclei where sufficient data enables their calculation.* 
I gi . 


Isotope N Sn» (Mev) Sp* (Mev) 
p» 14 17.7 +4 2.733414 
p* 15 11.324+14 5.579414 
pa 16 12.3214 9 7.2824 7 
ps 17 7.9374 4 

ps 18 8.7984 6 

s* 15 6.16 + 7 
Ss 16 15.06 + 7 8.8654 2 
S* 17 8.6384 3 9.5654 5 
S* 18 11.4254 3 10.8914 6 
s* 19 6.9824 4 

S* 20 9.8824 5 

S* 21 43 +1 
Ci 15 13 +3 | 
cl 16 16.0 + 3 2.285412 
cr 17 11.7 +2 52 £2 
cr 18 125 +2 6.3664 3 
Cr 19 8.5744 4 7.9584 4 
clr 20 10.3164 4 8.3934 4 
Cr 21 6111+ 9 10.2 +1 
cr 22 8.07 + 2 

A** 18 8.506+ 3 
A” 19 8.7874 3 8.7184 4 
A®* 20 11.840+ 3 10.2434 3 
A® 21 6.5944 6 10.731+10 
A® 22 9870+ 6 12.53 + 2 
A” 23 6.088 + 12 

K* 19 §.129+11 
K* 20 13.087+11 6.3764 3 
K*® 21 7.8004 3 7.5824 6 
K* 22 10.0944 3 7.8054 3 
K® 23 7.50 + 3 9.22 + 3 
K* 24 964 + 3 

Ca*® 19 56 +1 
Ca® 20 158 +1 8.3364 3 
Ca" 21 8.364+ 10 8.900+ 10 
Ca® 22 11.467+10 10.2744 3 
Ca* 23 7.9244 4 10.69 + 3 


* The calculation is based on the mass excesses of Tables IV and VI, 
along with a few mass excesses from reference 2, where appropriate. 


tively. It is apparent that the variation of separation 
energy has the same general character as that seen in 
the iron-zinc region,’ although the neutron separation 
energy is seen to be quite large for the lighter elements 
studied here. 

Another concept of interest is that of the total 
nucleon pairing energy. A neutron added to form a 


Sp 
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Fic. 4. Separation energy Sp of the last proton in the nucleus. 
Data taken from Table VII. 
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Sp* (Mev) 








Isotope N S,» (Mev) 

Ca# 24 11.1354 4 12.19 + 1 
Ca” 25 74214 4 

Ca‘ 26 10.406+ 5 

Ca® 29 5.131410 - 

Sc“ 20 163 + 4 
Sc# 23 6.72 + 1 
Sc 24 11.32 + 1 6.896+ 3 
Sc 25 8.7714 6 8.246+ 6 
Sc? 26 10.644+ 6 8.3844 6 
Sc* 27 8.24 + 3 

Sc® 28 10.0 +1 95 +1 
Ti* 23 8.47 + 1 
Ti“ 24 13.194+ 6 10.3504 3 
Ti” 25 8.8854 4 10.4644 6 
Ti* 26 11.622+ 4 11.4394 5 
Ti*® 27 8.1454 3 11.35 + 3 
Ti” 28 10.9384 3 123 +1 
Ti® 29 6.36 + 3 

vw 24 5.19 + 1 
ye 25 10.52 + 2 6.82 + 2 
ye 26 11.55 + 2 6.751+ 6 
ye 27 9.3364 6 7.9424 3 
ys 28 11.040+ 4 8.044+ 3 
vs 29 7.3014 9 8.98 + 3 
Cr 24 8.2 +2 
Cr® 25 10.6 + 2 8.20 + 2 
Cr# 26 12.936+ 10 9.590+ 6 
Cr® 27 9.248+ 4 9.5034 4 
Cr® 28 12.0534 4 10.5174 3 
Cr® 29 7.9434 4 11.1594 9 
Cr 30 9.7264 4 

Mn*! 26 5.25 + 8 
Mn® 27 10.58 + 8 6.576420 
Mn® 28 12.04 + 2 6.563+ 9 
Mn* 29 8.945+11 7.5664 7 
Mn* 30 10.2094 7 8.0504 4 
Mn** 31 7.2684 8 





> S, =neutron separation energy in Mev. 
¢ Sp = proton separation energy in Mev. 


nucleus with even N has a larger separation energy 
than the previous neutron added to form the nucleus 
of neutron number V—1. This difference in energy is 
defined as the total neutron pairing energy. The same 
considerations apply to protons added to give nuclei of 


Taste VIII. Total pairing energy P,, of the last pair of 
neutrons in the listed nuclei. 


P.. (Mev) 


N 





Isotope N P» (Mev) Isotope 
pa 16 0.997 +17 Ca® 22 3.103414 
ps 18 0.8614 7 Ca“ 24 3.2114 6 
Ca*‘* 26 2.9854 7 
s™ 18 2.7874 4 
s* 20 2.900+ 7 Sc? 26 1.8714 8 
Sc* 28 18 + 1 
Cr 18 0.8 + 3 
Cc 20 1.7414 6 Ti*® 26 2.7374 6 
cr 22 1.96 + 2 Ti® 28 2.7944 4 
A* 20 3.0534 4 vs 26 1.03 + 3 
A® 22 3.2764 8 ya 28 1.7044 7 
K4 22 2.2944 4 Cr® -26 23 +2 
K* 24 2.14 + 4 Cr® 28 2.805+ 6 
Cr 30 1.783% 6 
Mn® 28 1.46 + 8 
1.264+13 


Mn 30 
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Fic. 5. Pairing energy P, of the last neutron pair in the nucleus. 
Data taken from Table VIII. 
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Fic. 6. Pairing energy P, of the last proton:pair in the nucleus. 
Data taken from Table IX. 


even or odd Z, and one thus defines similarily a total 
proton pairing energy. The total neutron pairing energy 
has been calculated for all even-N nuclei in the present 
range of elements wherever sufficient mass data exists. 
The values are tabulated in Table VIII and are plotted 
in Fig. 5. Proton pairing energy has also been calculated 
wherever possible for even-Z nuclei in this region and 
the results are given in Table [X and plotted in Fig. 6. 
The neutron and proton pairing-energy values found 


C. F. Gifst AND J.-L. 


BENSON 


in the iron-zinc region® are included in the figures to 
help give a clearer picture of the variations present. 

It is interesting to note the sharp dip in neutron 
pairing energy following VN = 28, a magic number, which 
indicates a change in the strength of the neutron- 
neutron pair interaction following the filling of a shell. 
Otherwise pairing energies seem to exhibit no systematic 


TABLE IX. Total pairing energy P, of the last pair 
protons in the listed nuclei. 











Isotope N P, (Mev) Isotope N P» (Mev) 
s2 15 0.58 + 7 Ti*® 23 1.75 +2 
S* 16 1.5834 7 Ti* 24 3.45444 
Ti” 25 2.21648 
A* 18 2.1404 4 Ti*® 26 3.05547 
A™ 19 0.7604 6 Ti® 28 2.8 +2 
A%* 20 1.8504 5 
A® 21 0.50 +10 Cr 24 3.0 +2 
Cr® 25 1.38 +3 
Ca** 19 0.50 +10 Cr® 26 2.83948 
Ca® 20 1.9604 4 Crs 27 1.56145 
Ca! 21 1.318412 Cr® 28 2.47344 
Ca® 22 2.469+ 4 Cr® 29 2.18 +3 
Ca* 23 147 + 4 


pattern of behavior, as Fig. 6 indicates for the proton 
case. 
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It is shown that the strengths of M1 + transitions with no change of isotopic spin in self-conjugate nuclei 
may be expected to be smaller by a factor 100 than the normal M1 strengths; the reason is that the matrix 
element for the particular M1 transitions mentioned above is considerably reduced owing to an almost 
complete cancellation of the protonic, neutronic, and orbital magnetic moments. 

A number of experimental confirmations of the above rule are discussed in Sec. 2. 





1. THEORETICAL 


T is well known that a selection rule exists which 


. strongly reduces the strengths of £1 transitions . 


between levels with the same value of the isotopic spin 
in self-conjugate nuclei.’ The rule predicts that in the 
hypothetical absence of Coulomb interactions* and 
other effects’ the above transition strengths should 
vanish; in the presence of Coulomb interactions such 
F1 transition strengths may be expected to be smaller 
than the average E1 strength by a factor usually be- 
tween 100 and 1000. The above rule has been extensively 
checked experimentally, mainly by the work of Wilkin- 
son and collaborators.* 

We want to prove here that a rule of similar character 
may be expected to hold for M1 transitions between 
levels with the same T in self-conjugate nuclei. The 
rule may be stated as follows: “‘M1 transition strengths 
between levels with the same T in self-conjugate nuclei 
are expected to be on the average weaker by a factor 
100 than the average normal M1 transition strengths.” 

The proof closely follows the one for £1 transitions; 
the difference between the two cases is that for M1 
transitions the matrix element does not vanish [even 
in the absence of Coulomb and other effects ]; however, 
it may be proved (using the conservation of the total 
angular momentum) to be considerably smaller than 
the average matrix element for normal M1 transitions, 
leading to the reduction factor of 100 mentioned above. 

Before proceeding to show how this comes about, it 
is convenient to define what we mean by a “normal” 
transition strength and an “average normal” transition 
strength. The meaning of such quantities is identical 
to that in the case of £1 transitions where also, of 
course, the question arises of comparing the strength 
of the particular transitions 7;=0, AT=0 to which 
the inhibition rule refers with the strengths of the 





* Present address: Istituto di Fisica dell’Universita, Parma, 
Italy. 

1Gamba, Malvano, and Radicati, Phys. Rev. 87, 440 (1952); 
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remaining transitions; indeed such remaining transi- 
tions (that is, all the transitions which either do not 
take place in a 7;=0 nucleus, or, if they take place in 
a T;=0 nucleus, change the value of 7) will be called 
“normal”; and we shall denote by “average normal 
transition strength” the average of the strengths of the 
normal transitions; the average referring not only to 
the nucleus in question, but to all the nuclei on which 
there is precise experimental information. According 
to Wilkinson’s compilation,® the average of the M1 
transition strengths is 0.15 Weisskopf unit; certainly 
most if not all transitions considered by Wilkinson are 
normal ones. 

The derivation of the rule goes simply as follows’. 
The matrix element for an M1 transition is proportional 
to 


(a | Y  anein L®+4z, Ziesetene oC +y, + etuliens a | b). 


Introducing the isotopic spin this may be written 


Af po( tt” itr‘ 
(2 |t°(——)+19(—) 
[a 2 2 
1—7; | 
POO sia NE 
2 | 


where the sum is now extended to all the nucleons; if 
one considers a transition in a T7;=0 nucleus with 
AT=0, the rs“ do not contribute and one is left with 


{a b». 


We now add and subtract $e“ inside the sum; and we 
notice that the matrix element of the total momentum 











A 


LD (L°+ (uptun)o} 


i=l 


(2) 








A 
J= ¥ (L+4e) 


i=l 


vanishes on account of the orthogonality of the two 


5 D. H. Wilkinson, Phil. Mag. 1, 127 (1956). 

® We use here the complete isotopic spin formalism, following 
Radicati, reference 1; it is clear, however, that the same result 
may be obtained simply by using charge symmetry; cf. N. Kroll 
and L. Foldy, Phys. Rev. 88, 1177 (1952) and G. Morpurgo, 
reference 3. 
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states. Then (2) may be rewritten as 


b)=0.19{ a o». (3) 


The important point is here, of course, the small factor 
0.19, which arises from the almost complete cancellation 
of the protonic, neutronic, and orbital magnetic mo- 
ments. In other words, for the particular M1 transitions 
considered here, things go as if each nucleon had only 
an intrinsic magnetic moment equal to 0.19 nuclear 
magneton (and no orbital magnetic moment). 

The above cancellation does not occur at all for the 
norma! transitions ; there in general the whole expression 
in (1) contributes; the dominant term there will be the 
term which multiplies 73“, which is 

> (4) 


(a 
The parameter which establishes the order of magnitude 
of (4) is (up—n)/2=2.35, and therefore in general the 
ratio between the strength of a particular M1 transition 
to that of a normal M1 transition may be expected to be 


(0.19/2.35)?=0.65 X 10-?, 


which establishes the rule stated at the beginning. Of 
course, the above argument is simply an order-of- 
magnitude one; it amounts to saying that the appro- 
priate Weisskopf unit for measuring the strength of a 
particular AT=0, T7;=0 transition is not the normal 
M1 Weisskopf unit, but a particular Weisskopf unit 
corresponding to 0.19 nuclear magneton. One should 
keep in mind that, in the same way as large fluctuations 
are present among the normal magnetic dipole strengths 
around their average value (which is 0.15 Weisskopf 
unit®), large individual fluctuations may be expected 
for the particular transitions around their average 
value; the important point is, however, that such an 
average value should correspond to a strength ~100 
times less than that for normal M1 transitions. 

This conclusion, which we have established in a 
model-independent way, may, of course, be checked 
making use of particular models; we shall use for this 
the extensive calculations of 1p line strengths performed 
by Kurath,’ with an intermediate-coupling model for 
varying values of the parameter a/K representing the 
strength of the spin-orbit coupling. In Table I of his 
paper, the transition strengths are calculated for many 
M1 transitions (JT) — (J'T’) in various nuclei; among 
these, there are also four M1 transitions in B” of the 
kind (JT)— (J’T’) which should satisfy the rule 
described here; upon looking at Kurath’s table it 
appears immediately that this is, in fact, the case. The 
ratio of the average transition strength for the four 
particular transitions to the average normal transition 
strength is around 5X 10~ in excellent agreement with 


“1D. Kurath, Phys. Rev. 106, 975 (1957). 
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our estimate; the above figure is true not only for the 
grand average over all values of a/K, but more sig- 
nificantly, is true for the average for each value of a/K 
separately. One may also notice from Kurath’s table 
that in no case is there any individual M1 transition 
with AT=0 in B"” which is more intense than 1.3X 10~* 
times the average of the normal transitions in B’. To 
avoid confusion we should add that in making these 
comparisons we have compared the calculated strength 
of the particular transitions with the calculated strength 
of the normal transitions, without entering in the 
question how the absolute values of the calculated 
strengths compare with the experimental values. 

Before closing this theoretical discussion and passing 
to the experimental material we mention three further 
points of interest. 

(1) As appears from Eq. (3), the matrix element 
which governs the particular transitions AT=0, T;=0 
is simply that of the total spin S of the nucleus between 
the initial and final states; one may then expect that 
in particular coupling conditions, such a matrix element 
vanishes, and conversely from the experimental deter- 
mination of the matrix element one may hope to obtain 
very direct information on the coupling conditions; in 
fact, such a matrix element must vanish under the 
following conditions. 

(a) The wave function of one of the states (a| and |) 
is a pure eigenfunction of 5S? or of L* belonging to a zero 
eigenvalue for one of these quantities and, of course, to 
the eigenvalue J(J+1) for the other. 

(b) In particular, case (a) covers the case of an 
a-particle model [for 4m nuclei ]. 

(c) Both the states (a| and |b) are eigenstates of S? 
and L? belonging to different eigenvalues either of S? or 
of L’. 

Of course, it is very improbable that these conditions 
are fulfilled exactly. However, in some cases they may 
be fulfilled approximately. 

(2) We have so far neglected both Coulomb im- 
purities and mesonic effects ; as far as the first ones are 
concerned, they should not be particularly relevant 
here, usually, because the matrix element is already 
nonvanishing in their absence. As for the second ones, 
they should not be important in this instance as has 
been already observed by Gell-Mann and Telegdi.* 

(3) Of course, and this is a very important point, 
E2 transitions are by no means affected by the rule. 
This implies that the branching ratio between an E2 
transition rate and an M1 one between levels with the 
same T value in a self-conjugate nucleus should be on 
the average a factor 100 larger than for the normal 
transitions. Now the average rate of the normal M1 
transitions is, as already mentioned, 


T'av normat(M1) =0.15X0.021E,' ev 
~3X10E,’ev (E£, in Mev). 


We do not have a similarly accurate estimate of the 
average E2 normal transition rate; only seven certain 
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such transitions appear in Wilkinson’s compilation. 
The average of such transitions gives just an E2 
Weisskopf unit : 


Pay(E£2)=1.2X10-7A*“E,S ev (E, in Mev), (5). 


and the ratio I',4y(£2)/T'ay normai(M1) is: 
Tav(E2)/T ay normal (M1)=-0.4X 10-*A**E,?, (6) 


For the particular transitions considered here, we should 
have instead 


Tav(E2)/Tav particutar(M1)20.4X10-°A**E,?, (7) 


Taking A = 10 as a typical case, one gets that the above 
ratio must be larger than ~10~E,”’ so that for transi- 
tions with energy larger than ~3.2 Mev the £2/M1 
branching ratio should be around unity. In general, for 


E,>16/A! Mev, (8) 


one has to expect strong £2 transitions which may even 
become dominant over M1 ones. Of course, in any 
particular transition both the ['(£2) and the I'(M1) 
will differ by some factor from the I4y(#2) and 
T',y(M1), so that the above estimates may well be off 
by some factor. Still, our argument shows that one 
should in general expect rather strong M1, £2 mixing 
even for rather low-energy transitions, which would 
certainly not be the case if the inhibition factor ~100 
in the M1 transitions were not present. 


2. EXPERIMENTAL CONFIRMATIONS 


A number of confirmations of the above predictions 
already appear in the literature. We shall discuss them 
here; we shall first discuss the transitions between 
states the assignments of which are entirely certain, 
and next consider the states whose assignments are 
still under discussion. The fact that the discussion will 
be essentially confined to B®, N“, and O"* only reflects 
the circumstance that such nuclei, among the self- 
conjugate nuclei, are by far the best known ones from 
the point of view of the low-energy y transitions. 


(1) B’ 


The spectrum of levels* up to 4.77 Mev is reproduced 
in Fig. 1, with the branching ratios indicated near each 






4 (2,3))T0 
(2"), T=0 
Fic. 1. The low-lying 
levels in B and the corre- ais 
sponding transitions. - hg 
Qr7e i!T=0 
3;T=0 
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(1955). 
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transition; the assignments in parentheses are not 
certain and will be discussed in detail later. 

The transitions from the 2.15-Mev level provide a 
confirmation of the rule; in the absence of any rule one 
would expect that the 2.15—> 1.74 transition should 
have an intensity 0.9X 10-* times that of the 2.15—+ 0.72 
transition. It appears instead to be 1.3 times more 
intense. This is now perfectly clear because the 
2.15 — 1.74 transition takes place with a change of T 
while the 2.15-+ 0.72 does not; the transition to the 
0.72-Mev level is therefore discouraged and in this case 
the inhibition factor, with respect to the 2.15 — 1.74- 
Mev transition, is 1.4X10*. Similarly the pure E2 
2.15 g.s. (ground state) transition has an intensity 
equal to that of the 2.15 — 0.72 line; this is also under- 
stood easily from the previous estimates. 


(2) N“ 


The assignments to the first three levels appear now 
to be certain; they are reported in Fig. 2. 

A priori, one would expect a ratio 17 between the 
rates of the 3.95 — g.s. transition and of the 3.95 — 2.31 
transition. The above ratio®”° is instead 1/20. This 
implies that the 3.94 — g.s. transition strength (AT=0) 
is inhibited with respect to the other (AT=1) by a 
factor 3.4X 10°. 

(3) OW 

A state at 8.87 Mev has been found"? rather recently 
in O"*; it has, of course, 7=0, and a detailed discussion 
shows that the most probable spin parity assignment 
for it is 2~; for such a discussion see reference 11. If we 
accept the 2~ assignment, the discussion in question 
shows that (a) the 8.87 — 6.13 transition is a strongly 
mixed M1 and £2 transition, the admixture of £2 
being around 16% (this figure contains a very large 
unknown error); and (b)*the M1 component of the 
above transition is 20 times less intense than the 
average normal M1 strength. Both these (related) 
results are in agreement with the general predictions, 
though the inhibition factor is here about 5 times 
smaller than the average. This may be due, of course, 


® Pick, Leveque, and Lehmann, Proceedings of the Amsterdam 
Conference on Nuclear Reactions (Nederlande Natuurkundige 
Vereniging, Amsterdam, 1956), p. 1140. 
%” D. H. Wilkinson and S. D. Bloom, Phil. Mag. 2, 63 (1957). 
1 Wilkinson, T 1, and Alburger, Phys. Rev. 101, 673 (1956). 
12R, Sherr and W. F. Hornyak, Phys. Rev. 99, 632 (1955). 
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to a rather high value of (a|}> o |) for the particular 
transition in question; notice, however, that if the 2- 
assignment is confirmed and if the M1 8.87 — 6.13-Mev 
inhibition factor is indeed smaller than the general 
estimate, this would rule out completely an a-particle 
model for the excited states in question in O'*; as we 
have mentioned already, for a strict a-particle model 
the M1 transition probability should vanish so that one 
would expect a practically pure £2 transition.” 

We now start to discuss the levels for which the 
assignment is still doubtful. The T=0, parity+level 
at 3.58 Mev in B” was tentatively assigned spin 2 by 
Ajzenberg and Lauritsen on the basis of its y branching 
ratios to the lower levels. An analysis'® of the angular 
correlation in the cascade 3.58—> 0.72— g.s. is con- 
sistent with spin 1 and 2, inconsistent with spin 0 and 
3. A spin 1 assignment would definitely be in contra- 
diction with the rule; in fact, the dominant transition 
should be that to the 1.74-Mev level (0*, T=1), which 
is not observed. On the other hand, the proposed 
assignment 2+ is not in contradiction with the rule. 
Indeed, the angular correlation measurements previ- 
ously referred to show that for such an assignment the 
percentage of £2 radiation in the transition to the 
0.72-Mev level is either 7.5% or «. All the other 
transitions are in (qualitative) agreement with the 2+ 
assignment ; the pure £2 transition 3.58 — 1.74 should 
have, if of normal strength, a branching ratio ~ 8% 
and may have escaped detection. 

The T7=0 ievel at 4.77 Mev in B* was tentatively 
assigned 1* in reference 8; this would be in definite 
disagreement with the rule because it should then 
decay mainly to the 1.74-Mev level ; however, a further 
study by Warhanek’* proved that such an assignment 
is certainly inconsistent with the angular distribution 
of 7 rays in the reaction Li®(a,7)B" by which such level 
is formed. According to the reference cited, the only 
possible assignments are 2+ and 3*; if the assignment is 
2+, Warhanek’s analysis shows that the amount of £2 
radiation in the transition to the 0.72-Mev level is 
quite comparable to that of M1 radiation; they are in 
the ratio 1.1 to 1.8; the partial width for M1 radiation 
is around 1.3X10~* times the Weisskopf unit, that is 


Jn an interesting conversation Dr. J. P. Elliott has pointed 
out that also for these transitions in O"*, shell model calculations 
predict a very small M1 strength (in agreement, of course, with 
the rule); the mixing ratio E2/M1 turns out to be much larger 
than the one corresponding to Wilkinson’s assumption that the 
transitions in question are mainly M1 in character. Compare, for 
an extensive discussion, the following reference 14; we would like 
to emphasize again the importance of measuring the angular 
correlations 8.87 — 7.12 — ground state and of remeasuring the 
correlation 8.87 — 6.14 — ground state. 

“J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A242, 57 (1957). 

16S. M. Shafroth and S. S. Hanna, Phys. Rev. 106, 399 (1957). 

16H. Warhanek, Phil. Mag. 2, 1085 (1957); L. Meyer-Schiitz- 
meister and S. Hanna (to be published) arrive at the same con- 
clusion as to the spin-parity assignment for this level; they give 
an £2/M1 ratio 1.8. I thank Dr. Hanna for a preprint of this 


paper. 
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ten times less than the average normal M1 transition 
width ; this is in qualitative agreement with the rule. 

If, on the other hand, the assignment is 3+, the 
transition to the 0.72-Mev level is pure £2 and the 
rule says nothing. Of course, in both cases one has to 
explain the weakness of the 4.77 — g.s. transition, but 
this problem was present also in the absence of the rule. 

The higher levels of B*° either have a rather uncertain 
assignment or are uninteresting for the present rule, 
except the one at 8.89 Mev which is 2+, 7=1.!7 The 
only transition reported, as far as we know, from this 
level is not in contradiction with the rule since it is an 
M1 transition to the 0.72-Mev 1+, T=0 level. 

We now briefly come back to the other transitions 
in N* and O**. As far as nitrogen is concerned, the 
assignments to the levels of interest for the present 
purposes and other than those which we have already 
considered are all rather uncertain. This refers in par- 
ticular to the T=0, 5.69-Mev level. If it is 1* as sug- 
gested by Wilkinson and Bloom,” the inhibition factor 
for the g.s. transition appears at first a little too small. 
The transitions to the 2.31-Mev level (T=1, 0*), and 
to the ground state (7 =0, 1*) have intensities probably 
in the ratio 2:1, so that the inhibition factor of the 
latter with respect to the first is only ~10; it should be 
remarked, however, that on account of the rather large 
energy difference the 5.69— g.s. transition should be, 
according to (7), predominantly £2 (the expected 
E2/M1 ratio is 4-5) so that there is little or no dis- 
crepancy. On the other hand, it is still perhaps possible, 
as suggested initially by the Liverpool group,'* that 
the 5.69-Mev level is 1-. 

Finally, as far as oxygen is concerned, the only other 
level which is of interest in this connection is the 0~ 
level at 10.98 Mev recently reported by Bent and 
Kruse"; though such a level decays to the 17 level at 
7.12 Mev, there is no disagreement with the rule 
because the competing modes are all at least £2. It 
would be interesting to know better the branching 
ratio to the 2~ level at 8.87 Mev. The present upper 
limit to this branching ratio, 0.4, does not allow us to 
draw any conclusions. 

We remark finally that the reduction of the M1 
matrix elements expressed by (3) may be of importance 
also in relation to some photonuclear reactions; here 
we shall confine ourselves to one example, the reaction 
Li®(y,d)a, which has a cross section smaller than 5 yb.”° 
It has been already pointed out that such a small value 
may in part be understood on account of the £1 


17 Also the transition from the level at 6.02 Mev (which is 
probably 4*) to the ground state is in agreement with the rule in 
the sense that the E2/M1 ratio is 9 (Schiitzmeister and Hanna, 
reference 16). 

18 Broude, Green, Singh, and Willmott, Phil. Mag. 2, 49 (1957); 
compare, however, also Phil. Mag. 2, 1006 (1957). 

19 R. D. Bent and T. Kruse, Phys. Rev. 108, 802 (1957). 

2 Compare the papers quoted in reference 8. 
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forbiddenness” ; formula (3) shows in addition that also 
M1 transitions are essentialiy forbidden; one should 
notice that the ground state of Li® is predominantly 
S=1, L=0, as the value of its magnetic moment shows. 
This implies, as already remarked, a particularly small 
value for the matrix element (a| S/d). 

We conclude by stating that, of course, in the above 
discussion we have looked for evidence in favor of the 
proposed rule; however, once this is established, the 
reverse use can be made of it ; namely to help in estab- 
lishing the spins and parities of the excited states; in 

#1 4. Gamba and V. Wataghin, Nuovo cimento 10, 176 (1953); 
see also Gell-Mann and Telegdi, reference 3. Compare this last 


paper for a discussion of the application of the £1 rule to photo- 
nuclear reactions. 
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addition, as already remarked, the particularly simple 
form of the matrix element (3) will give valuable 
information on the structure of the nuclei considered 
here. 
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Decay Scheme of 50-Day Re'™t 


C. J. GALLacuer, Jr.,* D, StroMINGER, AND J. P. Unik 
Department of Chemistry and Radiation Laboratory, University of California, Berkeley, California 
(Received January 7, 1958) 


A detailed study of the radiations of Re™ decay is given. The decay is found to be complex, with most of 
the direct decay populating the 24+ and 3+ levels at 904 and 1006 kev in W™. A decay scheme is presented 
which includes all of the strong transitions, but several weak transitions remain unplaced. Several tests of the 


unified-model predictions are made. 


Data on the K-Auger electrons of tungsten are given. 
Some incidental! studies of Re’ are also presented. The half-life value of Re! is found to be 71 days, in 


disagreement with previous values. 


INTRODUCTION 


HE 50-day electron-capture isotope Re’ was 
discovered by Fajans and Voigt.’ Wilkinson and 
Hicks’ reported the 50-day half-life. Several electron- 
spectroscopic investigations at low resolution have been 
carried out,?* but no decay scheme has been determined. 
The study presented here is based largely on the results 
of high-resolution electron spectroscopy and gamma- 
gamma coincidence measurements. 


INSTRUMENTS AND EXPERIMENTAL 
PROCEDURES 


The present electron-spectroscopic studies of Re'™ 
were made on two permanent-magnet spectrographs 
with magnetic fields of 99 and 350 gauss.4 These 
permanent-magnet spectrographs were carefully cali- 
brated by using the conversion electrons of Re'™ for the 
low-energy field and Bi** for the high-energy field. The 


+ This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

* Present address: Norman Bridge Laboratory of Physics, 
California Institute of Technology, Pasadena, California. 

1K. Fajans and F. Voigt, Phys. Rev. 58, 177 (1940). 

2G. Wilkinson and H. G. Hicks, Phys. Rev. 77, 314 (1950). 

+R. G, Wilkinson, reported in reference 10. 

4W. G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956). 


gamma-gamma coincidence measurements were made 
by using the fast-slow coincidence circuit described 
elsewhere.’ The chance coincidence rate was always less 
than 10% of the true coincidence rate. Precautions were 
taken to insure that coincidences were not due to a 
Compton-degraded photon from one NalI(T1) crystal 
striking the other NaI(T1) crystal. Singles and coinci- 
dent gamma spectra were studied by use of 1X 1}-inch 
Nal(TI) scintillation crystals with 50-* and 100-channel’ 
differential-pulse-height analyzers. 

The rhenium activities used in these studies were 
prepared by two methods. The sources used for electron- 
spectroscopic studies were prepared by the irradiation 
of a thick (~0.12-inch) tungsten plate in the intense 
low-energy deuteron beam of the Livermore A-48 ac- 
celerator.* The Re'™ was apparently produced by barrier 
penetration reactions, because the deuteron energies 





5D. Strominger, Ph.D. thesis, University of California Radia- 
tion Laboratory Report UCRL-3374, June, 1956 (unpublished). 

6 A. Ghiorso and A. E. Larsh, reported in University of Cali- 
fornia Radiation Laboratory Report UCRL-2647, July, 1954 
(unpublished). 

7 This 100-channel gamma analyzer is a commercial model 
manufactured by the Pacific Electro-Nuclear Company, Culver 
City, California. 

8 Birdsall, Clark, Jopson, Livdahl, Smith, and Van Atta, Bull. 
Am. Phys. Soc. Ser. IT, 2, 187 (1957). 
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TABLE I. Transitions in W™ following Re“ decay. Conversion coefficients listed are normalized and depend on the absolute values 
of the coefficients in parentheses. Two values were used for normalization, because the high- and low-energy ranges were measured 


separately. The uncertainty in the photon intensities is about 20%. 











Initial : 
and final Gamma-ray Photon Conversion coefficients Decay 
states energy (kev) intensity K Li Lu Lin Total fraction Multipolarity 
(a) 97.3340.05 tee weak weak reed tee tee (M1+-E2) 
BA 111.20+0.06 14 . (0.72)4 0.46 2.6 52 E2 
(a) 210 +20 eee see (F1) 
GE 230 +20 ~“~.4 0.4 (E£1) 
(a) 241.1 +0.2 
FD 250 +20 ~~08 tee 0.8 (F1) 
CB 252.84+0.1 ~0.6 0.08 weak weak weak 0.15 0.7 E2 
GD 330 +25 ~%.3 tae 0.3 Tsar 
DC 540 +40 ~0.3 tee 0.3 (ie 
EC 642.4 +0.6 ~~.5 0.008 0.008 0.8 (M1+ 2) 
(a) 788.3 +0.8 eed weak eos Sha ie 
DB 792.7 +0.8 40 0.009 0.001 0.010 40 (M1+-E2) 
EB 895.2 +0.9 15 0.006 0.006 15 (£2) 
DA 904.3 +0.9 45 (0.0045)¢ weak 0.0045 45 (E2) 
K x-rays 100 








* Not assigned in decay scheme. 
b Lin 97.33 masked by Li and Lr 99.07 (Re!* decay). 
¢ Correction factors excessively large for this line. 


4 Value used for normalization of conversion coefficients of low-energy lines. Rose's value of ax1 was used. 
¢ Value used for normalization of conversion coefficients of high-energy lines. Sliv’s value of ax was used. 


were <7.6 Mev, which is below the Coulomb barrier for 
(d,xn) reactions in tungsten. After the plate was allowed 
to cool for several months, it was dissolved in a 90% 
conc. HNO;— 10% conc. HF solution. The solution was 
then digested for several hours in a steam bath to re- 
move the HF. After digestion, yellow WO; precipitated, 
leaving the rhenium in solution as ReO,-. Because no 
carrier had been added, some of the ReO,; had been 
occluded in the WO; precipitate. To improve the yield, 
the WO; was dissolved in 6N NH,OH and then re- 
acidified with NHOs, reprecipitating the WO;. The 
supernatant liquid containing the ReO; was concen- 
trated, and the ReO; was isolated from any WO, 
remaining in solution by the anion exchange procedure 
of Huffman, Oswalt, and Williams.’ Rhenium sources 
were then prepared by the cathodic deposition of the 
carrier-free rhenium activity on 0.010-inch platinum 
wires in the plating cell described by Smith and 
Hollander.‘ 

The sources used for scintillation spectrometer studies 
were prepared by irradiating 0.001-inch natural rhenium 
foils in the fast neutron beam of the Berkeley 60-inch 
cyclotron. These sources were essentially free of the 
interfering radiations of Re’. The neutron beam is 
produced by stripping ~ 15 Mev deuterons ina beryllium 
block. The sample was shielded on both sides with }- 
inch cadmium absorbers, to reduce the number of 
thermal-neutron-induced reactions. After bombardment, 
the foil was allowed to cool for two months to permit the 
92.8-hr Re'®* © produced by the Re!*’(,2n)Re'*®* reac- 
tion to decay. No purifying chemistry was performed, 


* Huffman, Oswalt, and Williams, University of California 
Radiation Laboratory Report UCRL-3324, February, 1956 
(unpublished). 

( ma Perlman, and Seaborg, Revs. Modern Phys. 25, 469 

1953). 


because charged-particle reactions had been eliminated 
by thick shielding foils. The high purity of the foil, the 
long cooling period, and small cross sections were 
effective discrimination against the products of any 
(n,xp) reactions. 


EXPERIMENTAL RESULTS 


The complex long-lived rhenium spectrum of Re'* 
and Re'™ which was observed in the permanent magnet 
studies presented a difficult problem of analysis. How- 
ever, because of the careful studies by Murray et al. 
(hereafter referred to as MBMD)" on the levels of W'* 
populated by Ta'™ decay, and the equally thorough 
studies by Thulin ef al. (hereafter referred to as 
TRGSH)® on the decay of Re'™, it was possible to de- 
termine which of the many lines observed belonged 
to Re, 

The transitions of Re’ are shown in Table I. The 
photon intensities were determined from the scintilla- 
tion spectrometer measurements. These transitions were 
so assigned only after the internal-conversion line spec- 
trum of the long-lived rhenium isotopes had been 
carefully analyzed, and the many transitions of Re'™ 
accounted for. We list only visual intensities for the 
conversion lines in several cases where the intensities, if 
calculated, would be subject to excessively large correc- 
tions from either the photographic-efficiency or photo- 
graphic-blackening corrections. The lines observed on 
the photographic plate were related to numerical inten- 
sities by the method of Mladjenovié and Slatis.” 

In addition to the transitions reported in Table I, 


4 Murray, Boehm, Marmier, and DuMond, Phys. Rev. 97, 1007 
(1955). 

12 Thulin, Rasmussen, Gallagher, Smith, and Hollander, Phys. 
Rev. 104, 471 (1956). 

13M. Mladjenovié and H. Slitis, Arkiv Fysik 8, 65 (1954). 
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evidence was obtained from the scintillation spectrome- 
ter studies for other gamma rays with energies higher 
than 900 kev. These transitions are very weak and they 
could not be resolved from the 900 kev transitions or 
from one another. For that reason they are not included 
in Table I. 

Because there exists considerable confusion in the 
literature regarding the previously reported transitions 
of Re'™ and half-lives of the neutron-deficient isotopes 
of rhenium in general, it seems worthwhile to discuss 
them here. 

Wilkinson and Hicks* examined the conversion-elec- 
tron spectrum of Re'™ and reported transitions of 
energies of 43, 159, 205, and 285 kev. Wilkinson’ also 
studied Re! decay and found electron lines corre- 
sponding to transitions of 159, 206, 244, 784, and 890 
kev. The assignment of these transitions to Re’ was 
made on the basis of the rate of decay of the electron 
lines. 

From our studies we conclude that all of the transi- 
tions except the 784- and 890-kev transitions assigned to 
Re'*™ in previous studies were incorrectly assigned. The 
low-energy transitions reported are very similar in 
energy to transitions in Re (see Re'® gamma spectrum, 
Table VI) and we believe that they should be so as- 
signed. This misassignment could very easily be due to 
the earlier misassignment of a 120-day half-life to Re'™™ 
(see discussion of this point in TRSGH, reference 12). 
The 71-day half-life determined by us explains why 
these low-energy lines were previously assigned to 50- 
day Re™, It is also interesting to note that the 120-day 
half-life reported for Re'™ is in agreement with the 
reported half-life of W'*'.*"*"" It seems very likely, 
therefore, that Re'*' was produced in the original 
studies of the rhenium isotopes by Wilkinson and Hicks, 
but was not so identified. Their assignment of a 346-kev 
transition to Re'® seems to support this conclusion, 
because no strong 346-kev transition is observed in 
Re'® decay, but a very strong 366-kev transition is 
observed in Re'® decay.'* The W'* formed following 
Re'*' decay would then cause the tail in the rhenium 
decay curves. 


COINCIDENCE STUDIES 


In the previous section we noted that the 780- and 
890-kev transitions were assigned to Re on the basis of 
half-life. Besides these, the 111.20- and 252.84-kev 
transitions can also be definitely assigned to Re™. 
Coincidences were looked for between these photons, 
K x-rays, and other photons in the sample to help de- 


4 Cork, Nester, LeBlanc, and Brice, Phys. 70 ny 119 (1953). 

146 Bisi, Ferrani, and Zappa, Nuovo cimento 1, 65 1 (195 1). 

16 Bisi, Ferrani, and Zappa, Nuovo cimento 3, 661 (1956). 

"v Delbrunner, Heer, Kundig, and Ruetschi, Helv. Phys. Acta 
29, 235 (1956). 

18 were Sweeney, and Rasmussen, Phys. Rev. 108, 108 
(1957). 


DAY Re'*# 727 
termine the decay scheme of Re'™. Table II summarizes 
the results of the coincidence experiments. 

Delayed coincidence measurements were also made on 
Re'™* decay. We were able to set an upper limit .of 
1.1 myusec for the half-life of the state giving rise to the 
904.3- and 792.7-kev transitions. 

A half-life value of 1.30.4 mysec was obtained for 
the 111.2-kev level. This value was determined by the 
centroid shift analysis suggested by Bay.” A Bi*” 
sample was used to obtain a standard delay curve for the 
comparison. This value is in agreement with the value of 
1.0 mysec obtained from Coulomb-excitation yield 
considerations.” 


DISCUSSION OF RESULTS 


Discussion of transitions.—The Ly and Ly, lines of a 
97.33-kev transition were observed. The expected Lin 
line is masked by the Z; and Ly lines of the strong 
99.07-kev transition in Re’. On the basis of the 
relative L-subshell intensities, the transition was as- 
signed as M1— £2. 

The two most intense low-energy transitions in Re!™ 
are the 111.20-kev and 252.84-kev transitions. They 
were assigned £2 multipolarities on the basis of their 
observed L;/Li/Li1 ratios. Because we obtained only 
relative gamma and electron intensities for both of these 
transitions, we could determine only their relative con- 
version coefficients. However, it is possible to assume a 
theoretical conversion coefficient for one of the transi- 
tions whose multipolarity is well established, and then 
calculate the other absolute conversion cvefficients from 
the relative conversion coefficients. The experimental 
relative conversion coefficients we obtained were nor- 
malized against the theoretical conversion coefficient 
for the Ly line of an E2 transition of 111.20-kev. The 
absolute conversion coefficients, so calculated for the 
other conversion lines of the 111.20- and 252.84-kev 
transitions, agree within experimental error with the 


TABLE II. Gamma-gamma coincidences observed 
in the decay of Re™®.* 











Transition 
(kev) Kx-rays 110 210 230 250 330 S40 640 790 900 
K x-rays Y fi ees eee Y eee eos eee Y Y 
110 eT ee eg Oe LES Poet at ae ote t 
250 OO ETS enema ae ee 
790 cs se os VT OY SF F WS 
900 WEteee) Tee Se Be) george ee 








Be ~ wee: definitely observed; N =coincidence looked for but not 
o vi 
> 25% of 900-kev photons are in coincidence with 110-kev transitions. 
B ~1% of 790-kev and 900-kev photons are in coincidence with 250-kev 
photons. 
4 210-790-kev coincidences are observed in extremely weak intensity. 
- 0.3% of 790-kev and 900-kev photons are in coincidence with 330-kev 
photons 
t A of 900-kev photons are in coincidence with 230-kev photons. 


ae ore Rev. 77, 419 (1950). 
Wichewen and P. H. Stelson, Phys. Rev. 109, 901 


(1958), 
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theoretical E2-conversion coefficients of Sliv and Band?! 
and Rose.” 

The high-energy transitions for which we were able to 
obtain absolute conversion coefficients are EC, DB, EB, 
and DA. Because the electron intensities of these high- 
energy transitions were obtained from a different study, 
and consequently had a different scale factor than those 
of the low-energy transitions, the previous normaliza- 
tion could not be used. To normalize these conversion 
coefficients, we assumed that the K line of the 904.3-kev 
transition has Sliv’s theoretical ax (0.0045) for an E2 of 
this energy. The results shown in Table I indicate that 
the data are consistent with the assignment of E2 and 
M1—E2 multipolarities to these transitions. We shall 
discuss later why we used the 904.3-kev transition for 
normalization. 

A very weak and questionable K line is the only 
evidence for the 788.3-kev transition. Because we cannot 
resolve the two ~790-kev photon peaks, we estimated 
what fraction of the 790-kev photon peak would belong 
to this transition if it had £1, M1, or higher multi- 
polarity. If the transition is £1, the gamma intensity 
will be about a fourth of the observed peak. On the 
other hand, if the transition has M1, £2, or higher 
magnetic or electric multipolarity, its contribution to 
the photon peak can be neglected. In the later discus- 
sions we assume that the intensity of the 788.3-kev 
photon can be neglected relative to that of the 792.7-kev 
photon. 

The ~210-, ~230-, ~250-, and ~330-kev photons 
were detected in the coincidence studies. We believe 
that an E1 assignment is most probably correct for the 
~230-kev and ~250-kev transitions, because we failed 
to observe their K-conversion electron lines although 
their intensities are large relative to that of the 252.84- 
kev photon, the conversion electrons of which were seen. 
The data do not permit an unambiguous multipolarity 
assignment to the ~330-kev transition. 

Decay scheme.—The level scheme proposed for W' is 
shown in Fig. 1. The first excited state of W'™ was de- 
termined to have an energy of 111.13=-0.06 kev from 
Coulomb-excitation experiments.” The energy of this 
transition is in excellent agreement with the 111.20 
+0.06-kev transition observed in our study and the 
latter transition is therefore assigned as transition BA. 

The coincidence data of Table II show that most of 
the ~900-kev transitions are in coincidence only with 
K x-rays. Therefore, the 904.3-kev transition is placed 
to decay to the ground level (A), establishing level D. 
Strong 790-110 coincidences were also observed, and the 





*L. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation by P. Axel, Report 57 ICC KI, 
issued by Physics Department, University of Illinois Urbana, 
Illinois (unpublished) ]. 

M. E. Rose (privately circulated tables). Also M. E. Rose and 
G. H. Goertzel, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
Appendix IV, p. 905. 

*% Chupp, Clark, DuMond, Gordon, and Mark, Phys. Rev. 107, 
745 ( 1937), 
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sum, 792.7+111.2= 903.9, is equal to transition energy 
DA within the energy uncertainty of 0.1%, thus further 
supporting level D. 

The coincidence data show that about 25% of the 
900-kev photons are in coincidence with 111.20-kev 
transitions. The strong 895.2-kev transition is therefore 
placed to establish level EZ. It can then be seen that the 
sum, 252.8+642.4=895.2, is equal to transition EB. 
Because the 252.84-kev transition is in excellent agree- 
ment with the expected 44+—2-- rotational spacing, the 
252.84-kev transition is placed to establish level C. The 
observation of 540-250 coincidences also supports this 
scheme. 

The energies of the 1150- and 1230-kev levels are 
based upon the coincidence measurements and are 
therefore expected to have uncertainties of 20 kev. 
Although there is a possibility that these transitions 
populate levels other than those shown, the present 
assignment is probably correct. However, because the 
complexity of the levels observed in W'™ indicates that 
high-resolution studies of these weak transitions are 


‘ required to establish the assignments definitely, we 


indicate the tentative assignment by dotted lines. The 
spins and multipolarities of the 1150- and 1230-kev 
levels are assigned because the 250- and 230-kev transi- 
tions are probably F1 transitions. 

It is interesting to note that the levels of W'™ have 
also been studied from Ta’ decay by Butement and 
Poé.* In this study, 110-, 160-, 210-, 240-, 300-, 405-, 
780-, 890-, and 1180-kev photons were reported with 
relative intensities 3, 1, 1, 6, 3.5, 10, 1.7, 9, and 5. 
Unfortunately, the level scheme of W' is toocomplex to 
attempt placing these transitions in our level scheme 
without much ambiguity. This treatment must be 
deferred until more high-resolution spectroscopy has 
been performed on Ta'™ decay. 

Primary population and log(ft) values——The most 
striking feature of Re’ decay is that apparently the 
total primary electron-capture decay occurs to a group 
of levels around 1 Mev. Such behavior is difficult to 
explain on the basis of the single-particle model because 
the spins of these high-lying levels are similar to spins of 
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Fic. 1. Partial decay scheme of Re'™ to the levels of W™™. 


*F. D. S. Butement and A. J. Poé, Phil. Mag. 46, 482 (1955). 








DECAY SCHEME 
states much lower in energy, but can perhaps be 
understood in terms of the K forbiddenness predicted by 
the unified model.”*-*” In order to obtain an idea of the 
strength of the K forbiddenness, we calculated a lower 
limit of the log ft value to state B. From our absolute 
upper limit of 20% decay to ground, and assuming a 
1300-kev decay energy and an L;/K ratio of 0.13,?8 we 
calculated” a log ft value of >8.7, compared with the 
usually observed log /t of 7.5 for a first-forbidden transi- 
tion. This indicates a hindrance of at least 20 for the 
decay. 

The reported primaty branching, 84% to level D, 
15% to level E, was deduced from the ratio of the total 
intensity of the high-energy transitions to the observed 
K x-ray intensity reported in Table I. 

Level D was assigned a spin of 2 because it decays to 
levels A, B, and C. Level E£ is assigned spin 3 because it 
decays to B and C, but not to A. The states have been 
assigned positive parity because the normalized absolute 
conversion coefficients discussed previously are con- 
sistent with £2' and Mi—£2 multipolarities. No nor- 
malization other than that used leads to results that are 
consistent with all of the data. 

The branching ratios from, and energies of, states E 
and D provided a check on the applicability of the wave 
functions of the unified model to the high-energy states 
through comparison of the experimental and theoretical 
reduced transition probabilities. In Table IIT these data 
are compared. The agreement of the experimental and 
theoretical values for the ratios DB/DA and DC/DA 
supports our assignment of spin 2 to this level; while 
EC/EB is in reasonable agreement with the theoretical 
value based on the assumption that £ has spin 3, and 
suggests that K is a good quantum number for these 


TABLE III. Comparison of experimental and theoretical reduced 
transition probabilities for E2 de-excitation of the high-energy 
states of W'. All transitions were assumed to be pure £2. 











Reduced tran- 





K,« Tran- 

initial sitions sition probability Theo- Experi- 

state compared calculated retical mental 
B(E2; 2,2—2,0) 

2,+ DB/DA $$ 1.43 1.72 
B(E2; 2,2—0,0) 
B(E2; 2,2—4,0) 

2,+ DC/DA ————_____——- 0.072 0.08 
B(E2; 2,2—0,0) 
B(E2; 3,2—4,0) 

2,+ EC/EB ——_—_—_—- 0.40 0.28 
B(E2; 3,2—2,0) 








26 A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
26, No. 14 (1952). 

264A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

27 Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 

28H. Brysk and M. E. Rose, Oak Ridge National Laboratory 
Report ORNL-1830 January, 1950 (unpublished). 

*” R. W. Hoff and J. O. Rasmussen, Phys. Rev. 101, 280 (1956). 
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states. We assumed that all transitions were pure £2; 
the absolute conversion coefficient for DB suggests it has 
some M1 mixing, which would tend to reduce the 
experimental ratio DB/DA in Table III. EC and EB 
probably also have some M1 mixing; we have not 
attempted to determine these mixing ratios because the 
uncertainties in the intensities are too large to make 
such a calculation meaningful. Angular correlation 
studies of these transitions would be very useful in 
determining the amount of M1—£2 mixing in these 
transitions. 

From the observed primary decay of Re'™ to 2+ and 
3+ and not to ground, it is probable that Re™ has a 
spin of 2 or 3. Because the log ft to state D, calculated by 
assuming a decay energy of 400 kev to this state, is 
~7.1, decay is probably first-forbidden, suggesting 
negative parity for this state. 

It is interesting to note here that the Bohr-Mottelson 
unified model** makes specific predictions regarding pri- 
mary beta populations to members of a rotational band. 
From the paper of Alaga et al.,?” the intensity of primary 
beta decay should be 


fl(i-f) («LK .K,—K,\I,L1;K;¥ 
fliof’) (LK K,;-Ki1L1y Ky 





From a consideration of the expressions for the beta- 
decay f factors for first-forbidden, non-unique electron 
capture decay, which Hoff and Rasmussen” have shown 
to be 

j= bargx’gr’, 


and using the curves of Brysk and Rose** to evaluate the 
necessary parameters, one can see that the above ex- 
pression provides a method for the calculation of elec- 
tron capture decay energies, if we assume (1) that the 
unified-model wave functions are a valid description of 
the states in question, (2) that the beta decay proceeds 
only through operators corresponding to an angular 
momentum change of one unit, and (3) that the initial 
and final spins are known. 

In order to attempt to apply the above relationship, 
we must consider the individual assumptions. From the 
results shown in Table III it appears that the intensity 
rules for deexcitation of states D and E come very close 
to the theoretical values predicted. Therefore, the 
criterion for K to be a good quantum number seems 
reasonably well satisfied. Assumption (2) is more diffi- 
cult®: the log ft value ~7 obtained from rough calcula- 
tions indicates that there is probably not much contribu- 
tion from a AJ =2, yes transition which would have a 
log ft~9. We now consider the third criterion. In this 
case we know the final spins and K’s but we do not 
know the initial spin and K. We do know, however, that 
it is probably 2 or 3. Therefore we evaluated the ex- 


*® We are indebted to Dr. Sven G. Nilsson for pointing out that 
assumption (2) can only be considered valid when the log ft (for 
a first forbidden transition) is less than or equal to ~6.5. 
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Fic. 2. Comparison of the energies of analogous states in even-mass 
tungsten nuclei. 


pressions for K,;=];=2, and K;=1],;=3, and then de- 
termined what energies, if any, would yield values 
consistent with the observed decay intensities. A con- 
sistent decay energy value was found for each spin, 320 
kev to state D assuming K ;=/ ;=2 and 420 kev to state 
D, assuming K ;=];=3. The former value can be ruled 
out because state G has an energy greater than this: the 
values of J ;=3 and Ogc=420 kev to state D, or 1325 to 
ground, thus seem to be consistent with the theory. It is 
interesting to note that such spin, parity, and decay 
energy are all consistent with the observed weak pri- 
mary decay to states F and G. This energy allows the 
calculation of log ft values of 7.1 and 7.5 to states D and 
E, respectively. 


GENERAL DISCUSSION 


The moment of inertia calculated from spacing DE is 
about 10% greater than the ground-state-band moment 
of inertia. This result is to be compared with the 
analogous moment of inertia in W'®, which is 10% 
smaller than that of the W'® ground state. We do not 
believe it possible, from data now known, to determine 
the cause of this change, but it is possible that such an 
effect results from the perturbation of the even-spin 
levels of the K=2,+ band by the as yet unobserved 
states of a near-lying 8-vibrational band. These states, 
because they have the same intrinsic nucleonic wave 
functions can perhaps couple through the U; interaction 
described by Bohr (reference 25, Chap. V, p. 35). Only 


TABLE IV. Inertial constants* for the positive parity levels of 
even-even tungsten nuclei. 











c Co D 
Nucleus (kev) (kev) (kev) 
wie 16.68 16.77 0.0153 
wi 18.53 18.68 0.0237 
Wise 20.41> 








inertial constants are defined by the relationships: 1. Er —Ex 
cua st) Io(Io+1)}; 2. Br —Eto =C’ {1 (1 +1) —Io(Jo+1)} DUG +1)! 
ve o#(Jo+1)?}, where Ex is the energy of the rotational state with spin J. 
reference 23. 
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even-spin states can couple because the symmetry of the 
wave functions prevents the appearance of odd-spin 
states in a 6-vibrational band. 

The results of this study on the levels of W™ can be 
compared with the energies of levels in W'® and W'**. 
Unfortunately, only the energy of the rotational 2+, 
0 (I,K) state in W"** has been determined.*** In 
Fig. 2 we compare the experimental data for the energies 
of analogous levels in the even-even tungsten nuclei. It 
can be seen immediately that a striking trend exists. In 
Table IV we compare the inertial constants calculated 
from these data. The results show that the energies of 
the 2+ states manifest a marked dependence on the 
mass number. The increased vibration-rotation inter- 
action also shows this dependence. Such results probably 
indicate an increased “softening” of the nuclear po- 
tential toward shape vibrations as the nuclei move out 
of the mass region of stable spheroidal deformation. 
Although the energy of the 2+, 2 state in W'* is not 
known, the increase in energy of the 2+, 0 state between 
W'** and W'* indicates an even larger vibration-rota- 
tion interaction in W'** than in W'™* or W'®™. Such a 
result indicates that the second 2+ state in W'* is 
probably lower in energy than that in W'*. However, 


Tasie V. Photon intensities of transitions ef W'™ 
observed in Re!* decay. 











Photon (kev) Intensity 
K x-rays 100.0 
108 6.3 
160 12.9 
210 1.4 
250 ~A0.8 








when we compare the energy of the 2— state that has 
been observed in W'™, and the energy of state F in 
W'™, with the energies of the gamma vibrational states 
in the same isotopes, then we see that the 2— states 
appear less perturbed by the variation in mass number. 
Because there recently has been some suggestion® that 
these states correspond to an octupole vibration, it will 
be interesting to see if further’ theoretical investigations 
explain what appears to be a slower variation of the 
octupole vibrational potential than that of the gamma- 
vibrational potential. It must be emphasized that 
further high-resolution investigations of the negative 
parity states of W'* must be made before the present 
assignments can be considered definite. 


GAMMA SPECTRUM, HALF-LIFE, AND 
NEW TRANSITIONS OF Re" 


In order to obtain the gamma intensity values listed 
in Table I for Re, it was necessary to analyze carefully 


31 F, R. Metzger and R. D. Hill, Phys. Rev. 82, 646 (1951). 

#2 R. M. Steffen, Phys. Rev. 82, 827 (1951). 

%R. Sheline, Institute for Theoretical Physics, Copenhagen, 
Denmark, talk given at the Conference on Nuclear Structure, 
Pittsburgh, Pennsylvania, June, 1957 (unpublished). 
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TABLE VI. Transitions in W'* following the decay of Re, The intensity symbols are: s= strong, m= moderate, w= weak, v= very, 
e=extremely. Ordinary type refers to an exposure in the 99-gauss magnet. Italicized intensities were observed in an exposure in the 


216-gauss magnet. Boldface transitions were observed in an exposure in the 350-gauss magnet. 

















Initial Transition 

and energy 

final (kev) 
states (from MBMD)+ K Li Lu Lu Mi Mu Mm N 0 
TH 40.97 ew ita ew? 

BA 46.48 vs w w ms ew ew w vw 
CB 52.59 ms w vw wm ew° ew? w 

FE 82.92 ew ew onal ew* ew? ew? ew? ew? 
FD 84.70 ew <m‘4 ew° <ew* ew ew* 

CA 99.07 vw vw ms ms <wm! w vw 

GD 101.94 no lines seen from Re!* decay 

g 102.49 no lines seen from Re! decay 

HG 103.14 no lines seen from Re!® decay 

DC 107.93 m wm <wm! <vw vw 

EC 109.73 ms wm <vw* <wi vw 

HF 120.38 no lines seen from Re!® decay 

g£ 142.25 <m!4 

IG 144.12 sew 

DB 160.53 ew 

IF 161.36 ew 

EB 162.33 vvs ms w vw wm vw ew* 
FC 192.64 ew, w 

HE 203.27 no lines seen from Re!* decay 

HD 205.06 ewe 

EA 208.81 m, ms vw, m vw 

GC 209.87 ew?? ew° 

IE 244.26 ew? 

FB 245.3) ew 

ID 246.05 w, ms w 

FA 291.71 wm w w 

HC 313.03 w 

Ic 354.04 w ew?? 

HB 365.60 ew?? 

IB 406.58 ew?? 








* See reference 28. 
» Masked. 
¢ Re! lines reported for the first time. 
4 Ly 84.70, K 142.25 superimposed. 
© Lunt 84.70, K 144.12 superimposed. 
{ Lr 107,93, Mut 99.07 superimposed. 
« Transitions not assigned to the decay scheme by MBMD. 
» Lint 107,93 and Li 109.73 superimposed. 
' Lr 109.73 and Li 111.20 (Re'™) superimposed. 


) Lines of transition FB were not seen by MBMD. The energy of this transition was reported by TRGSH. 


the gross Re'™ spectrum. Because these data were not 
reported by TRGSH, we feel that it might be useful to 
further studies of this region to report them. The 
energies and intensities of the gross (composite) gamma 
peaks of Re'™ are listed in Table V. 

The half-life value of Re'* was determined by follow- 
ing the decay of its characteristic K x-ray and 160-kev 
peaks in a scintillation spectrometer. This decay was 
followed for more than five half-lives. In both cases the 
decay was as a simple exponential and a weighted 
average of the two results yields a half-life value of 
71+3 days. This result is in agreemert with the value 
of 67.6-+2.5 days obtained by Foster, Hilborn, and 
Yaffe.* 

In order to determine the new lines of Re'™ it was 
necessary to analyze conversion electron spectra con- 
taining many Re'* lines. In the process of doing this, we 
observed evidence for several transitions observed by 
MBMD in Ta'® decay but not reported by TRGSH in 
Re! decay. For the sake of completeness, we reproduce 


4 Foster, Hilborn, and Yaffe, Can. J. Phys. (to be published), 


in Table VI the table of electron lines of transitions in 
W'* observed in Re! by TRGSH with those lines indi- 
cated that we report for the first time. Because these 
transitions do not add materially to the conclusions of 
TRGSH, we do not attempt to discuss them further 
here. 


K-AUGER ELECTRONS OF TUNGSTEN 


The study of the electron spectrum of the electron- 
capturing rhenium isotopes provided an excellent oppor- 
tunity to obtain intensities and energies of many of the 
K-Auger electron lines of tungsten. These data are 
listed in Table VII. 

The data have been used to test the conclusions of 
Bergstrém and Hill* regarding the calculation of ener- 
gies of KL,L,-Auger lines. From these energies we 
calculated a “AZ” for each transition. These are in very 
good agreement with the AZ’s proposed by Bergstrém 
and Hill.** These energy data have previously been 
reported by TRGSH. 





% T. Bergstrém and R. D. Hill, Arkiv Fysik 8, 21 (1954). 
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TABLE VII. Energies and intensities of KL,L,-Auger electrons of tungsten. The lines observed in plate 1 were mainly from Re!™ decay ; 
those on plate 2 from Re! decay. The uncertainties in AZ are set by those of F,. 








Auger Relative intensities Plate 1 Plate 2 





Average 
electron Plate 1 Plate 2 Average Energy (kev) AZ Energy (kev) 4Z 4Z 

KILL; 14+0.3 1.3+0.3 1.3+0.2 45.09+0.05 0.5740.12 45.07+0.05 0.61+0.14 0.59+0.09 
KLyLy cee 2.7+0.5 2.7+0.5 45.91+0.5* tee 45.63+0.05 0.60+-0.14 0.60+-0.14 
KLyLint 0.9+0.2 2.340.5> 0.9+0.2 46.93+0.05 0.88+0.14 46.97+0.05 0.7640.14 0.82+0.10 
KLiuli Not seen 

KLyLin 2.340.5 2.6+0.5 2.5+0.4 47.50+0.05 0.82+0.14 47.51+0.05 0.79+0.14 0.80+0.10 
KlLlinLin 1.0° 1.0° 1.0 48.86+0.05 0.76+0.14 48.85+0.05 0.79+0.14 0.78+0.10 








a Kiln, N1 46.48 superimposed (Re!® exposure). 
> KLili, K 116.40 superimposed (Re'® exposure). 
© Value used for normalization. 


TABLE VIII. Energies and intensities of the KL,M,- and KL,M ,-Auger lines observed are reported in Table VIII. 


KL,N,-Auger electrons of tungsten. The limits of error of AZ ‘ 
correspond to the limits of error on the electron energies. The Because of the smaller energy difference between the M, 


intensities are normalized relative to value of 1 for the intensity of _ shells than that between the L, shells, the limits of error 
- KLyL11 intensity in Table VII. on AZ corresponding to the same energy uncertainty are 


~ much larger. We do not report a AZ for the KL,N,- 











leu- gee : P 
fated, as. Auger lines in Table VIII because the energy difference 
Auger —. “Zeb is less than the energy uncertainty. The intensity 
—s reemsmaned wr) as (kev) uncertainties are also larger in these cases because the 
KLiMi 0,640.2 54.5140.05 0.834041 5449 lines are very close-lying, making accurate analyses 
KLiMu 0.540.2 54.7440.05 1.094045 54.75 difficult. Very weak bands corresponding to the KMM- 
KLiMin 0.6402  55.03-40.05 55.06 and KNN-Auger lines were also observed, but the 
KLiMi dace teh  4.0740.41 55.04 energy uncertainty was too great to permit any inter- 
KLuMin 0.340.1 55.5340.05 1.8940.55 55.61 pretation of the data. 
ries Stans eet Lo ep aoe The over-all trend indicates that AZ tends to ap- 
KlyMin* 0.8940.55 56.95 proach unity as the binding energy of the third electron 
0.940.3  56.9640.05 doceenene. 
LUN, Ne, 05402 57.4300 an bei 
LuNi—Nint 5+0. 4340.05 eee eee 
KLinN;—Nur —0.240.1 — 58.820.05 vee oe ACKNOWLEDGMENTS 
KMM-—N vreak band — a 
KNN ale ihe We wish to express our appreciation to Professor John 


O. Rasmussen who directed this work. It is a pleasure to 
acknowledge helpful discussions with Dr. S$. G. Nilsson 
and Dr. J. M. Hollander. We would like to thank Dr. 

In Table VIII we also list intensities for the KL,L,- J. M. Hollander for the use of the permanent-magnet 
Auger electrons, again from the two samples. The spectrographs. Dr. S. Thulin was of much assistance in 
method of relating intensities to photographic blacken- _ the early phases of the work. The work of the sixty-inch 
ing has been described by Mladjenovi¢ and Slatis.* The cyclotron crew in Berkeley and the A-48 accelerator 
uncertainty in the intensities is about 20%. crew in Livermore is hereby acknowledged. The Health 

In a treatment similar to that employed for the Chemistry group was a great help in minimizing the 
KL,L,-Auger lines, the energy, AZ, and intensity of the radioactive hazard of the targets. 








* KLniMum, KL1N's superimposed. 
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Scattering of 25-87 Mev Photons by Protons*t+ 


C. L. Oxteyt 
Enrico Fermi Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received January 7, 1958) 


Scattering of 87-Mev bremsstrahlung by liquid hydrogen has been measured with a lead converter- 
telescope arrangement at angles from 70-150 degrees. The weighting function of the cross-section peaks at 
60 Mev, has a full width of 55 Mev, and is approximately symmetrical. In this angular range contributions 
from processes other than elastic scattering from protons are believed to be small. The observed cross 
sections are somewhat smaller and flatter in angular distribution than those given by Powell’s formula for 
scattering by a point proton with the static anomalous moment. 





INTRODUCTION 


HE scattering of gamma rays by protons has been 
noticed as being of interest in probing the 
mesonic structure of the proton. Sachs and Foldy' 
showed some of the general features as calculated on 
the basis of weak-coupling meson theory. Capps and 
Holladay’ have continued this work using an extended- 
source model. More recently, dispersion relations have 
been applied which relate the scattering to the photo- 
production of pions.’ 

In the low-energy limit under quite general assump- 
tions it has been shown that the scattering contains the 
frequency-independent Thomson amplitude‘ plus a 
term linear in the frequency which is determined by 
the static magnetic moment.® In the higher energy 
region the scattering is expected to decrease due to 
interference with the Rayleigh scattering of the meson 
cloud, and above photomeson threshold to increase 
quite rapidly. 

Since the expected (and observed) cross sections are 
of the order of 10~*? cm*/steradian, which is very small 
compared to electronic cross sections, positive identifi- 
cation of elastic gamma scattering by coincidence 
observation of the recoil proton is desirable. However, 
Fig. 1 shows the recoil energies available and their 
ranges in liquid hydrogen. With the fluxes from the 
“100-Mev” betatron, we have used targets 12.5 cm 
thick in order to reach a counting rate of one gamma 
ray per minute scattered into 2.5X10~? steradian. It 
can be seen that under these conditions it is difficult to 
use targets thin enough to permit detection of the 
protons. This would be particularly unfeasible for 


* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

+ A preliminary account of this work has been published: Phys. 
Rev. 100, 435 (1955). 

t Present address: John Jay Hopkins Laboratory for Pure and 
Applied Science, General Atomic, Division of General Dynamics 
Corporation, San Diego, California. 

1R. G. Sachs and L. L. Foldy, Phys. Rev. 80, 824 (1950). 

2 R. H. Capps and W. G. Holladay, Phys. Rev. 99, 931 (1955). 

3 Gell-Mann, Goldberger, and Thirring, Phys. Rev. 95, 1612 
(1954). 

4W. E. Thirring, Phil. Mag. 41, 1193 (1950); N. Kroll and’M. 
Ruderman, Phys. Rev. 93, 233 (1954); Deser, Thirring, and Gold- 
berger, Phys. Rev. 94, 711 (1954). 

5 F. E. Low, Phys. Rev. 96, 1428 (1955); M. Gell-Mann and 
M. L. Goldberger, Phys. Rev. 96, 1433_(1955). 


scattering of gammas toward the forward direction 
where the background from other processes becomes 
most bothersome. 

We have undertaken, as a first step, the measurement 
with the 87-Mev bremsstrahlung beam of the scattering 
from liquid hydrogen as detected by a gamma-sensitive 
counter telescope with a low-energy cutoff. We confine 
ourselves to scattering at angles large enough to avoid 
sizable contributions from other processes which pro- 
duce counts in the telescope. 


APPARATUS 


The experimental! layout is shown in Fig. 2. Figure 3 
shows the final version of the liquid-hydrogen target. 
It is of the usual Styrofoam type but with windowed 
beam holes through the walls. A dead gas space between 
window membranes affords sufficient insulation so that 
the loss rate is not appreciably larger than for solid 
Styrofoam walls. Liquid hydrogen vaporizes due to 
heat leakage into the target at about 1.5 liters per hour. 

The counter telescope is shown in Fig. 4. Counters 
are all made of plastic scintillator. A total of 5.2 g/cm? 
of aluminum between the counters sets an energy 
threshold for detection. The radiator is 7.4 g/cm* of 
lead. In front of the anticoincidence counter is placed 
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Fic. 1. Recoil-proton energy versus gamma-ray scattering angle 
for three incident gamma-ray energies in Mev. 
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Fic. 2. Plan view of experimental layout. 


a plug of low-Z material to reduce the slow electrons 
and soft gammas entering the anticoincidence counter. 
This plug has been on occasion 3 or 1 inch of carbon or 
2 inches of beryllium. Corrections independent of 
gamma-ray energy and amounting to less than 10% 
have been required for the absorption in the plug. 

The counter photomultiplier pulses are sent through 
wide-band amplifiers to a coincidence-anticoincidence 
circuit described as by Garwin.* With clipped pulses a 
resolution of time 10~* second is attained. The anti- 
coincidence input pulses include many small pulses 
caused by slow electrons which tend to load the co- 
incidence circuit. These have been suppressed by a 
biased diode between two amplifiers. All input pulses 
are adjusted to give amplitude plateaus in the coin- 
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Fic. 3. Liquid-hydrogen target. 
®R. L. Garwin, Rev. Sci. Instr. 24, 618 (1953). 


cidence circuit when an electron beam penetrates the 
telescope with all absorbers and radiators removed. 
Two coincidence circuits are used in parallel, one of 
which records triples without anticoincidence, thus 
counting electrons and gammas; the other, with anti- 
coincidence, counts gammas alone. 

The beam pulse from the betatron has been length- 
ened to 100 microseconds with roughly square shape 
by slow beam expansion.’ A gate opened about 1% of 
the time by ejection pulses reduces the cosmic-ray 
background from an appreciable to a nearly negligible 
amount. 


BEAM CALIBRATION AND COUNTER 
EFFICIENCY DETERMINATION 


The counter efficiency has been determined by first 
measuring the efficiency for electrons of known energy 
incident axially on the telescope with several fractional 
thicknesses of lead converter in place. From these 
measured electron efficiences and the electron produc- 
tion as tabulated by Grodstein® we have calculated the 
efficiency for gamma rays centrally incident on the 
counter. The efficiency thus determined is shown in 
Fig. 5. Edge effects were measured by comparing the 
counting rates in the 87-Mev bremsstrahlung beam for 
central and over-all illumination of the counters, giving 
an 11% reduction in the average as compared to the 
central éefficiency. 

The gamma flux was monitored by off-beam or in- 

TF Keagan, Rev. Sci. Instr. 24, 472 (1953). 


8G. W. Grodstein, National Bureau of Standards Circular 583 
(U. S. Government Printing Office, Washington, D. C., 1957). 
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beam ion chambers, using the measurement of C” 
activity in a polyethylene foil as counted in a standard 
counter for working checks of ion chambers and their 
intercomparison. 

The activation measurements were put on an absolute 
scale by use of the absolute C!?(y,z)C™ cross section 
as determined by Barber, George, and Reagan® with 
Faraday-cup monitored electron beams. For better 
accuracy we also used a thick-walled ion chamber of 
the type described by Edwards and Kerst"® and kindly 
calibrated by J. S. Pruitt at the National Bureau of 
Standards against a similar chamber which had been 
calorimetrically" calibrated in bremsstrahlung beams 
and in addition had also been calibrated with a total 
absorption counter.’ The ion chamber and activity 
calibrations agreed within 4.5%. 


BACKGROUND EVENTS 


Since we are unable to use proton recoils to identify 
the elastic scattering, we must consider in some detail 
the magnitude and angular distributions of processes 
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Fic. 4, Counter telescope and shield. 


which lead to high-energy gamma rays, or electrons in 
numbers in excess of those which can be reliably re- 
jected by an anticoincidence counter. These will be 
produced both by direct processes involving incident 
gammas and by secondary processes due to (pair) 
electrons. We discuss these sources of background in 
turn comparing them in each case to the order of 
magnitude of the elastic scattering, 1—2X10-** cm?/ 
steradian. 

Processes involving electrons as targets are unim- 
portant, since on kinematic grounds emission at large 
angles is much degraded in energy: for example the 
Compton scattering, although large in cross section, 
yields only 1.2-Mev quanta at 45 degrees from incident 
100-Mev photons. Soft quanta and electrons are re- 


9 vee George, and Reagan, Phys. Rev. 98, 73 (1955). 
( 953) P. D. Edwards and D. W. Kerst, Rev. Sci. Instr. 24, 490 
1953). 

1 J. S. Pruitt and S. R. Domen, Bull. Am. Phys. Soc. Ser. II, 
1, 199 (1956). 

12 Koch, Leiss, and Pruitt, Bull. Am. Phys. Soc. Ser. II, 1, 199 
(1956). 
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Fic. 5. Telescope efficiency and cross section weighting 
versus gamma-ray energy. 


jected by the telescope although they lead to high 
singles rates in the individual counters. 

Primary processes involving gammas on protons 
include pair production, Delbriick scattering, and 
radiative pair production. Pairs at large angles have 
been considered by Hough” and convenient integrations 
over bremsstrahlung spectra have been published by 
Miller.“ Table I shows the differential cross sections 
for emission of a pair member with E>25 Mev, 
averaged over all incident gammas above 25 Mev in 
a 100-Mev bremsstrahlung spectrum. Inner screening 
is neglected. Although this process is almost two orders 
of magnitude larger than the Thomson scattering at 
45°, the electrons fall off rapidly with increasing energy 
(~E-*5) and angle (~1/@). Owing to the falling 
sensitivity of the telescope toward threshold, actual 
counts from electrons are reduced to a level where they 
can be rejected reliably by the anticoincidence counter. 
In the measurements at angles >70°, electron counts 
were observed which were of the same order of magni- 
tude as the gamma counts. 

Delbriick scattering" is the scattering in the Coulomb 
field of the nucleus which is associated with real or 
virtual pair formation. It is strongly peaked in the 
forward direction and is in addition small enough that 
it is completely negligible at angles of > 45° in hydrogen. 

A more serious background, pointed out by Pugh, 
Gomez, Frisch, and Janes,"* is radiative pair production 


Taste I. Large-angle pair production. 








6 da/dw (cm*/sterad) 








- 45° oF: 8.0X10-" 
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8 P. V. C. Hough, Phys. Rev. 74, 80 (1948). 

“R. C. Miller, Phys. Rev. 95, 796 (1954). 

18 F. Rohrlich and R. L. Gluckstern, Phys. Rev. 86, 1 (1952); 
H. A. Bethe and F. Rohrlich, Phys. Rev. 86, 10 (1952). 

16 Pugh, Gomez, Frisch, and Janes, Phys. Rev. 105, 982 (1957). 
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TABLE II. Large-angle bremsstrahlung. 








Primary ma Effective differential cross sections (cm?/sterad) 





energy (Mev) following 107 radiation length, 6 =70° 
100 1.1x10-* 
75 1.3X10-™* 
50 1.0X10-* 








in which a gamma ray is emitted at large angles. The 
magnitude is indicated by rough theoretical estimates 
to be potentially troublesome. Complete theoretical 
calculations of the effect are not available, but the data 
of Pugh et al. with several elements provide an indi- 
cation of the size of the effect, since it is evidently 
visible in the lower-energy gamma rays scattered from 
several elements in a 140-Mev bremsstrahlung beam. 
On the basis of their results, with a 1/@ dependence 
one would estimate that this scattering might amount 
to as much as 15% of the elastic scattering at 70°, the 
smallest angle at which we believe our data are reliable.§ 

Important secondary effects involve the interaction 
of the pair electrons. In estimating their size which 
depends quadratically on the target thickness, we 
speak in terms of an effective cross section as seen 
following a nominal radiator of 10~* radiation length 
of hydrogen. This allows a more direct comparison with 
the scattering cross sections. Our target is 1.3X10~* 
radiation length, the thin windows used recently are 
less than 10~ radiation length and the Styrofoam walls 
present in older large-angle work at 0.09 radiation 
length. 

The electrons yield gamma rays into our angular 
range by large-angle bremsstrahlung and scattered 
electrons by Coulomb scattering. The large-angle 
bremsstrahlung from the pair spectrum may be calcu- 
lated from the treatment of Hough,” with the results 
shown in Table II for the composite process. These 
effective cross sections contain counter efficiency 
weighting for the degraded gammas. 

Pair electrons scattered directly into the counters 
will become troublesome at small enough angles. Only 
single scatterings need be considered in our angular 
range. Their magnitude is estimated in Table III. When 


TABLE III. Scattered pair electrons. 








Electron energy Effective differential cross section (cm?) 





range (Mev) following 107 radiation length, @ =60° 
30-40 3.3X10-® 
40-50 1.3X10-® 
50-60 5.5X10-* 
60-70 2.5X10-* 
70-80 1.2X10-* 
80-90 


48X10" 








§ Note added in proof.—In a private communication R. Gomez 
has indicated that an improved theoretical estimate of the radia- 
tive pair production gives a cross section at least an order of 
magnitude smaller than previous ones and that a re-examination 
of the experimental arrangement indicates that the effects as- 
cribed to this process'® are probably due to converted electrons 
in the beryllium absorber in front of the counter. This effect is thus 
of negligible magnitude in our 70° observation. 
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weighted with the electron telescope response, the low- 
energy part is reduced. This secondary source of 
electrons is then smaller for our targets than the 
primary source of large-angle pairs, which accounts for 
most of the electrons in our experiment. These do, as 
remarked above, yield counts in about the same 
numbers as do gamma rays. 


PROCEDURE AND DATA 


Typically, after checking the counters with their 
associated circuits, runs were taken with target empty, 
that is, filled with helium gas. The target was then filled 
with liquid hydrogen and data were taken at one or 
two angles for a period of 12-24 hours, then empty- 
target data were taken again. The beam integrator was 
checked every few hours by activating a polyethylene 
disk. The length of the beam pulse was monitored by 
visual and photographic oscilloscope observation, par- 
ticularly during the small-angle runs where some 
accidental coincidences were encountered. The 70° 
data required delay-line evaluation of chance coin- 
cidences during the full- and empty-target runs. 


TABLE IV. Experimental cross sections. 


Differential cross sections 


(cm? X10~*) Background 
Laboratory Individual Combined total counts 
angle runs results % 
70° 10.6+0.8 10.6+0.8 20 
10.6+0.6 
90° 10.8+0.9 10.8+0.4 19 
10.7+6.8 
> 11.340.7 _ 
120 {1341.2 11.840.5 32 
150° 148408 14.740.6 67 


14.5+1.2 


The data from several series of runs are presented 
in Table IV. Cross sections as finally corrected are given 
along with the empty-target background. 

In addition to background subtraction the cross 
section has been corrected for the change in counter 
efficiency due to the loss of gamma-ray energy to the 
recoiling protons. This correction turns out to be sub- 
stantially independent of gamma-ray energy for a 
fixed angle of scatter and so depends little on the energy 
dependence of the scattering. The correction ranges 
from 4.5% at 70° to 14% at 150°. Because of the energy 
independence of this correction, the energy weighting 
of the cross section is reliably given by the product of 
the bremsstrahlung spectrum with the telescope 
efficiency as shown in Fig. 5. The weighting function 
peaks at 60 Mev is 55 Mev wide, and is nearly sym- 
metrical. 

The differential cross sections are also given graphi- 
cally in Fig. 6. The uncertainties indicated are root- 
mean-square statistical errors only. Additional errors 
which effect the angular distribution are believed to be 
small in the 90-150° region. The cross sections measured 
do however have no experimental guarantee against 
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contributions from unwanted processes, and may in this 
sense be considered upper limits on the desired cross 
sections. In the section on backgrounds, however, 
estimates of other processes have been made. Con- 
sidering the energy sensitivity of the counters, the 
responses to these processes are found to be small com- 
pared with the observed cross sections, with the ex- 
ception of the contribution of radiative pair production 
to the 70° data which may amount to 15%. 

An additional error of +8% is assigned to the 
absolute scale. 


DISCUSSION 


The results may be compared with theoretical pre- 
dictions (Fig. 6). The scattering calculated by Powell 
for a point proton with the static anomalous magnetic 
moment has the correct amplitude terms independent 
of and linear in frequency. 

With the experimental data is also shown the 0° 
scattering which is predicted by dispersion theory from 
the analysis of the photopion production experiments.’ 
Several theoretical studies have been made in which the 
dispersion theory is extended to angles other than 0°.” 
This process contains ambiguities which require the 
use of a model. Detailed discussions of the problems 
involved are yet to appear in the literature. 

The data may be compared with that of Pugh et al.!* 

17 J, Mathews and M. Gell-Mann, Bull. Am. Phys. Soc. Ser. II, 


2, 392 (1957); and Watson, Zachariasen, and Karzas, Bull. Am. 
Phys. Soc. Ser. IT, 1, 383 (1956). 
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Fic. 6. Experimental and theoretical differential cross sections. 


who worked with energy-resolved detection and 135- 
Mev bremsstrahlung. Their data are in fair agreement ~ 
with the Powell formula at 90° and 135°, showing a 
decrease from it at 45° for energies above 100 Mev. 
Our data show no qualitative disagreement with theirs. 


ACKNOWLEDGMENTS 


Valentine Telegdi shared in this experiment, par- 
ticularly in the earlier stages. We are indebted to A. S. 
Penfold and E. Garwin for a calibration of the betatron 
energy, to R. Gabriel for the construction and main- 
tenance of the electronics, and to the betatron crew 
for assistance in taking data and operating on an 
extended schedule. 





PHYSICAL REVIEW 


VOLUME 110, 


NUMBER 3 MAY 1, 1958 


A-Nucleon Potential from Hyperfragment Data* 
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The volume integrals of the A-nucleon potentials in the triplet and singlet spin states are deduced from 
hyperfragment binding-energy data. The effects of tensor forces are neglected in the calculation but are 
discussed qualitatively. Results are sensitive to the sizes and shapes of the nuclei in which the A is bound, 
but are not very sensitive to A binding energies. Results also depend on the range of the A-nucleon potential 
and on the spin configurations of the nuclei. Within the approximations made, the A-nucleon potentials are 
consistent with experiment and agree with theoretical potentials due to pion exchange. A crude determina- 
tion of the A-nucleon potential from the observed lifetime for mesonic decay of hyperfragments is consistent 


with the binding-energy determination. 


I. INTRODUCTION 


HE purpose of this work is to interpret hyperfrag- 
ment data, especially binding energies, in terms 

of two-body A nucleon (hereafter written AN) poten- 
tials. We assume throughout that the spin of the A is 4. 
Several analyses of hyperfragment binding energies 


* Supported in part by the National Science Foundation. 
+ This work was begun while the author was at Indiana 


University. 


have appeared recently.' This new discussion, which 
is very similar to that of Dalitz,! is distinguished by two 
features: 


1R. H. Dalitz, Proceedings of the Sixth Annual Rochester Con- 
ference on High-Energy Physics, Session V (Interscience Publishers, 
Inc., New York, 1956), and Midwest Conference on Theoretical 
Physics, State University of Iowa, 1957 (unpublished); B. W. 
Downs, Bull. Am. Phys. Soc. Ser. IT, 2, 175 (1957); J. T. Jones 
and J. M. Keller, Nuovo cimento 4, 1329 (1956). G. H. Derrick, 
Nuovo cimento 4, 565 (1956). 

2 L. Brown and M. Peshkin, Phys. Rev. 107, 272 (1957). 
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(1) Accurate information on the nuclei underlying 
the hyperfragments in question is essential to inter- 
preting the binding energies. New data® on electron 
scattering from lithium have just become available. 
The new data enable a simple consistent explanation 
of the several hyperfragment binding energies which 
can be reliably treated. 

(2) The interpretation of binding energies in terms 
of a AN potential depends sensitively on the volume 
integral of the potential, but also depends significantly 
on the range of that potential. There is not yet any 
direct empirical basis for determining that range. We 
feel that we can reliably determine the range by field- 
theoretical arguments. We have considered, in par- 
ticular, 7- and K-meson theories of hyperon-nucleon 
forces.* The theory in which the z plays the major role 
appears to be more readily successful; but, in either 
case, the theoretical potential (including an added 
hard core at small distances) has certain general fea- 
tures of shape. That is, the AN potential has a hard 
core plus an attractive tail of characteristic range 
h/2m,c or h/mxc. This singular potential is not readily 
amenable for use in calculation of hyperfragment bind- 
ing energies. Instead, because of the core, it is simpler 
to construct an equivalent smooth and monotonic 
potential which leads to the same low-energy scattering 
behavior as the singular potential. We feel it is this 
behavior which is principally involved in the hyper- 
fragment binding-energy problem. If the singular po- 
tential is adjusted in strength to yield very roughly the 
correct AN low-energy interaction, then the associated 
equivalent smooth potential has a characteristic range: 
For example, if the potential is a Gaussian [exp(—ar”) ], 
its mean square radius is r’=3/2a=(1.1X10-" cm)? 
if pions are responsible for the forces. If K particles 
are responsible, the range is probably similar. The 
range of this equivalent potential is certainly more 
significant to the problem at hand than the range of the 
tail of the actual potential. This point is discussed fur- 
ther, and some numerical details exhibited in reference 4. 

We shall limit our calculations at present to frag- 
ments with good binding-energy measurements and 
good information on associated nuclei. Good binding- 
energy data have been obtained by the Wisconsin 
group,’ Chicago group,* and others for ,H’ (i.e., A+-H’), 
aH*, sHe‘*, ,sHe®, 4Li’, ,Li®, and ,Be®. We shall do 
calculations for ,H*, ,He®, ,Li’, and 4Li®. 

We omit the four-body fragments and ,Be* because 
the sizes of the corresponding underlying nuclei Hi’, 
He’, and Be® have not been well determined, as have 


*R. Hofstadter and G. R. Burleson, Bull. Am. Phys. Soc. Ser. 
II, 2, 390 (1957). 

4D. Lichtenberg and M. Ross, Phys. Rev. 107, 1714 (1957); 
109, 2163 (1958). 

5 Schneps, Fry, and Swami, Phys. Rev. 106, 1062 (1957). 

6 Levi Setti, Slater, and Telegdi, reported by V. Telegdi, Pro- 
ceedings of the Seventh Annual Rochester Conference on High- 
Energy Nuclear Physics (Interscience Publishers, Inc., New York, 
1987). Session VIII. A Filipowski ef al., Acta Phys. Polon. 16, 139 


(1957). 
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the sizes of H?, He‘, Li®, Li’. For the latter nuclei very 
fine electron-scattering data exist*.’? (in addition to 
further detailed information on H’). We shall base our 
numerical work on these data (using the shapes sug- 
gested by Hofstadter),’ after unfolding (subtracting 
out) a Gaussian distribution corresponding to the finite 
proton size. The conclusions are sufficiently sensitive 
to size and shape to make it unprofitable to consider 
the cases where good experimental information is not 
yet available. 

In Sec. II we incorporate the new material above into 
the simplest calculational method for deducing a two- 
body potential from the binding energies. (The three- 
body system has already been treated by somewhat 
more elaborate variational methods. The results of 
these treatments will be adopted without being re- 
peated here.) That is, we assume that the nucleus, to 
which the A is attached, is undistorted in the presence 
of the A. Given a binding energy and knowing the 
nuclear density distribution and range of the AN 
potential, one directly finds the A-nucleus potential. 
Knowing the probability of different nucleon spin 
orientations in the nucleus, and neglecting complica- 
tions such as many-body effects and tensor forces, we 
can immediately interpret the A-nucleus potential in 
terms of 'S and *S AN potentials. We will briefly dis- 
cuss in Sec. ITI possible effects of nuclear distortion on 
the results; their dependence on nuclear range and 
shape, and on the various other approximations 
mentioned. 


Il. CALCULATION OF THE AN POTENTIAL 
FROM BINDING ENERGIES 

Consider that a two-body AN potential U(r), in- 
cluding spin dependence, is responsible for ‘hyper- 
fragment binding. The potential the A sees at a nucleus 
(by nucleus we will mean the A nucleons in a hyper- 
fragment of mass A+1) is then 

v=) U(ra—rni), 
where r, is the position of the A and r,, are the positions 
of the nucleons. We assume, as stated in the intro- 
duction, that the hyperfragment wave function has 
the form 
V=V(rni,* ++ fna)O(ra), 

where y is the nuclear wave function and @ is the A 
wave function. The Schrédinger equation in the A 
variable alone is 


h? 
(-—v-+10) )o=20, 
2u 
where —E is the binding energy of the A, yu is its re- 


duced mass, r is the distance of the A from the center 
of mass of the nucleus, and 


V()= (9) = f @r,(U (r—12))p (rn). 


7R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 
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Here ( ) denotes the average over nucleon spin orienta- 
tions and p(r) is the nuclear density distribution. We 
shall refer to V(r) as the A-nucleus potential. In prac- 
tice we shall start by determining V. From V we deduce 
the nuclear spin average over the volume integral of U, 
i.e., 


Qy=— fexu()= = (1/A) f ar Ser 
On determining (Q) for two nuclei, we obtain the volume 
integrals of the potentials in the 'S and *S AN states. 
On comparing the volume integrals with those obtained 
from other nuclei, we determine whether the method 
gives consistent results. 

In the following, we shall determine V (and (Q)) for 
simplicity by variational methods (this approximation 
leads to an overestimation of (Q) of the order of 1%). 
We will write down general analytical expressions for 
(2) for two general shapes for p(r) so that results for 
additional hyperfragments can be found immediately 
when sufficient data become available. 

The AN potential is assumed to be of the form 
U =U, exp(—ar*) where Uo is spin dependent and a 
=1.24x (10% cm™)*. We shall assume a trial wave 
function for the A of the form 


@=N’! exp(—ér’/2), with N’=(6/x)! (2) 
(except for ,H® where a Hulthén trial function is used). 
Now consider two nuclear density distributions: 

(i) p=AN exp(—6r’) (3) 


where N=(8/r)! and ro=3/28. Then V~exp(—7r’) 
with y=a8/(a+). One determines 6 from 





3h 26+7 
p=——a( 1: —), (4) 
4u 3 Y 
and then (Q) from 
wih? 76 i 
(Q)= (-+1) ; (5) 
2uAd! \y 
We use this Gaussian shape for Het. 
(ii) p=AN(1+ pBr*) exp(—6r"), (6) 


where 
2 /6\! 2+5p73 
roi) ittle) 
24+3p\x 2+3p\ 28 
and 3p is the relative number of P-shell nu- 
cleons [with the r? exp(—Ar*) distribution] to S-shell 
nucleons [with the exp(—r*) distribution]. Then 
V~(1+cpyr’) exp(—7r*) where y=a8/(a+8), and, 
c=1/(1+3p7/2a). One determines 6 from 
3h* 
k=-—a(1-D~), (7) 
4u 


3 56 6 


2 28+y) b+y+hcpy 
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TABLE I. Values of parameters for several hyperfragments. 
Here V is the A-nucleus potential, —Z is the A binding energy, 
5 is a measure of the A wave function [see Eq. (2) ], and (Q) is the 
average volume integral of the A-nucleus potential (per nucleon). 











Rms Rms 
radius of radius 
nucleus* of V 6 (Q) Mev 
Hyper- Shape of nucleus (10 (107% —E> (10-% Xecm* 
fragment and of cm) cm) Mev cm)? x10» 
aH* Hulthén 1.96 2.10° 0.64 ee 340° 
aHe® Gaussian 161 1.81 2.5 0.372 220 
ALi’? Mod. Gauss. 2.20 2.37 4.2 0.286 220 
ALi® Mod. Gauss. 2.15 2.32 5.2 0.318 190 








* References 3 and 7. These numbers are, as yet, uncorrected for finite 
proton size. 

> See references 5 and 6. 

¢ The AN potential was approximately folded in, assuming that V is of 
Hulthén shape as well as the nucleus H?. 

4 These binding energies are not too well determined. For example, since 
this 4H* calculation was completed, the accepted value of —E dropped to 
0.25 Mev, due to more hyperfragment measurements, and now it has risen 
by perhaps 0.5 Mev due to new and larger (0 values for the A decay. (See, 
for example, D’Andlau et al., Padua-Venice Conference on Mesons and 
Recently Discovered Particles, 1957 (Nuovo cimento, to be published). The 
numerical calculation of (Q) was not repeated, as (Q) is insensitive to E. 

¢ This number becomes 300 after correction for deuteron distortion. 


and then (2) from 


3a? 78 \! (14 4p)c 
(a)=——(-+1) Beh S- iakdt 
4uAb!\y 6/y+1+3 pc 


We use this modified Gaussian shape for P-shell (Li) 
nuclei. 

The A binding energies — E, and the volume integrals 
(Q), along with various other parameters involved in 
the above relations, are presented in Table I for ,He', 
aLi’, and ,Li*. The result for ,H*, assuming no deuteron 
distortion, as above, but using a Hulthén density dis- 
tribution p, is also presented. 

The (2) for ,H*, assuming no deuteron distortion, 
will not be used directly. Instead we use the previously 
calculated reduction in (2) when the no-distortion 
approximation is improved by solution of the three- 
body problem by variational methods.'* This reduction 
is about 10%. Thus the value of (2) we will use for 
aH? is 300 Mev cm*X 10-*.f 

The remaining step is to note how many nucleons are 
in the triplet state and how many in the singlet state 
with respect to the A. This depends on whether singlet 
or triplet forces are more attractive. The information 
for these two cases is presented in Table II. It is noted 
that there is some uncertainty in the distribution of 
spins in Li, depending on whether j7 coupling or LS 
coupling is assumed. It is most probable that the actual 
situation lies between these two cases. Our procedure 
is to use the (Q) for ,H® and ,Li’ shown in Table I to 
compute the AN triplet potential 2; and the singlet 
potential Q,. In doing this, we make use of the distribu- 
tion of spins shown in Table IT. These values of 2, and 
Q, are then used to calculate (Q) for ,He® and 4Li*. 

t Note added in proof.—Recent work by Dalitz and Downs on 
aH? (Phys. Rev., to be published) shows that this value for (Q) is, 
rather fortuitously, not too bad. The — is complicated by 


the fact that one uses different shape AN potentials in this nucleus 
than in other hypernuclei. 


(8) 
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TaBLE II. Fractions of nucleon spin directions which are 
triplet or singlet with respect to the A, depending on whether the 
A spin lines up with the nucleon spin, or not (i.e., whether AV 
forces are most attractive in the triplet state, or singlet state, 


respectively). 











Triplet favored Singlet favored 
Singlet Triplet Singlet Triplet 
aH? H : i } 
aHe® ; 
ALi? * 0.22 0.78 0.31 0.69 
ALi’ > 0.21 0.79 0.27 0.73 
ALi? * 0.17 0.83 0.42 0.58 








* These numbers were calculated by using a (4)? configuration. 

b These numbers were calculated by using a configuration (two particles 
with J =O) 9}. 

© These numbers were calculated using a L =0, S =1 configuration. 


Results are shown in Table ITI assuming /j coupling for 
the P-shell nucleons, and in Table IV assuming LS 
coupling. The values of (2) for ,He® and ,Li* in Tables 
III and IV should be compared to the values for 
these hyperfragments deduced directly from the binding 
energies (shown in Table I).§ 

The results can be fit about equally well in the singlet- 
favored and triplet-favored cases, as is shown in Table 
III for jj coupling. Table 1V shows that the fit is not 
so good for LS coupling. One can remark that in the 
triplet-favored case 2, is not accurately determined 
while in the singlet-favored case both Q, and Q, are 
fairly reliably determined. 

It should be noted that the value of (2) for ,He® 
(calculated from 2; and 2,) must be smaller than for 
any other hyperfragment we have considered. This is 
because the a particle, alone of all the nuclei considered 
here, cannot make any adjustment to take advantage 
of the spin dependence of the forces. This is not in 
agreement with the values of (2) deduced directly from 
the hyperfragment binding energies (last column of 
Table 1), but the discrepancy is not large. A somewhat 
smaller range for the AN force would improve the agree- 
ment by decreasing (2) for ,4He® more than for other 
hyperfragments. One may argue that either or both 


TABLE III. Fit to the A-nucleus potential strength (2) with 
either singlet-favored or triplet-favored AN potentials of strength 
Q, and Q, in triplet and singlet states, respectively. Units are Mev 
cm*X 10-*, The hyperfragments ,H? and ,Li’ were used to deter- 
mine Q; and Q,. The values of (Q) for jHe® and 4Li® were calcu- 
lated from 2; and Q, and should be compared with the values of 
(Q) deduced directly for these latter two nuclei (shown in Table I). 








Triplet favored Singlet favored 








2; 300 165 
2, -65 345 
AHP 300 300 
ALi? 220 220 
aHe® 210 210 
ALit 220 220 








§ Note added in proof.—New absolute cross section measure- 
ments of electron scattering from Li indicate a longer tailed 
distribution than the harmonic well function used above (R. 
Hofstadter, private communication). The value of (Q) shown for 
Li in Table I will be increased, very roughly, by 10%. 


aHe’ and 4Li® are less reliable cases than ,H* and Li’. 
The very high nucleon density in ,He’ raises some diffi- 
cult questions which are briefly discussed in the next 
section. In the case of ,Li* we have the simple worry 
that the proton-density radius employed may be sig- 
nificantly smaller than the nucleon-density radius 
which should have been used. If so, the calculated 
value of (Q) in Table I is smaller than it should be for 
aLi®. This effect would improve agreement with experi- 
ment. A quantitative estimate of the sensitivity of 
results to nuclear radius can be easily made. For a 
potential well of radius r, if the binding energy is small 
compared to the well depth, the calculated volume 
integral of the potential, A(Q), varies linearly with r. 
The results are insensitive to another source of error, 
the experimental error in the binding energies, since the 
binding energies are small compared to the A-nucleus 
well depth. For example, in the case of ,He®, a 20% 
decrease in the experimental binding energy will de- 
crease the volume integral (2) by only about 1%. On 
the other hand, a 10% decrease in r (i.e., a 20% in- 
crease in 8) will decrease (2) by about 6%. 


TaBLE IV. Fit to the A-nucleus potential strength (Q) with 
either singlet-favored or triplet-favored AN potentials of strength 
©; and Q,, assuming LS coupling of the nucleons in Li. See caption 
for Table ITI. 





Triplet favored Singlet favored 








2% 300 115 
Q, —170 360 
aHe® 180 175 
aLi® 200 180 








It may be of interest to compare these results with 
the VN potentials, and to check whether the AV system 
itself can be bound. It is readily seen that the values of 
(2) above are not very sensitive to the assumed range of 
the AN potential because that range is always folded 
in with a (larger) range of the nucleus. The question 
of binding the two-body system is sensitive to this 
range. Following Blatt and Weisskopf,* let us consider 
the well-depth parameter s. For the Gaussian well, 
s=0.00216(Q)/({r?))!'~Vr, using units of Mev and 
10-" cm. For the singlet well in the singlet-favored 
case, s=0.68. For binding, one needs s=1; therefore 
the AN system is not bound. Meanwhile the neutron- 
proton singlet and triplet forces have s=0.90 and 
s=1.45, respectively. This comparison of values of s is 
more meaningful in the two-body system than a com- 
parison of 2’s (one finds that the values of 0 for singlet 
and triplet two-nucleon states are 2,~1000 and Q, 
= 2000, respectively, using standard Yukawa poten- 
tials; but these values are misleadingly large because 
of the long tail of the Yukawa potential). On the other 
hand, the proper comparison in heavy nuclei involves 
a comparison of {2’s, In nuclear matter, where the depth 


* J. Blatt and V. Weisskopf, Theoretical Nuclear Physics (John 
Wiley and Sons, Inc., New York, 1952), pp. 55, 201. 














A-NUCLEON POTENTIAL FROM HYPERFRAGMENT DATA 


Vo=40 Mev and the radius R=1.45A!X10-" cm for 
the nucleon-nucleus square well,“ we find (Q)=510, 
compared with (2)=210 for the A-nucleus potential 
(per nucleon). The depth of the A-nucleus potential, as 
compared to 40 Mev, is then 17 Mev. 


Ill. RELIABILITY OF BINDING-ENERGY 
CALCULATIONS 


Let us briefly consider several effects beyond the 
scope of the above calculation: (1) possibility of three- 
body forces,* (2) exchange properties of the AN poten- 
tials, (3) distortion of the nucleus due to the presence 
of the A, and (4) tensor forces in the AN interaction. 

The effect of three-body forces has been examined by 
Brueckner, Levinson, and Mahmoud" in the case of 
nuclear forces, and they find the contribution to the 
nuclear potential is very small. If pions are mainly re- 
sponsible for the AN interaction, three-body forces are 
relatively more important for hyperfragments than for 
ordinary nuclear matter. But since the effect is small 
to begin with, we do not beiieve that it is important 
even for hyperfragments. If K mesons are mainly 
responsible for the forces, the effects will be smaller 
than in the nuclear-force problem. This is because the 
shorter range of the K-particle forces makes it relatively 
less likely that the A will find itself within the range of 
two nucleons at the same time. The effect will be most 
important for ,He’, since this is the densest nucleus we 
have considered. || 

We next mention exchange properties of the AN 
potential. If the potential is due to pions, exchange 
forces are absent. To the extent that K mesons con- 
tribute, exchange forces are present, but are probably 
less important than in the nuclear-force problem, since 
the range is shorter. (It does not matter whether forces 
are ordinary or exchange, if they have zero range.) 
Thus, compared to nonexchange forces, K-meson forces 
would lead to slightly smaller values of (2) for the Li 
hyperfragments. 

The effect of nuclear distortion in the presence of the 
A was included for the loosely bound ,H* fragment 
where it should be most important. A 10% reduction 
in the volume integral of the AN potential (2) resulted. 
An estimate of the effects of compression of the Het 
nucleus can also be made. (A simple compression is 
probably the most important distortion to consider.) 
A crude a-particle wave function y can be determined 
by choosing a suitably adjustable central potential for 
the interaction Hamiltonian and performing a varia- 
tional calculation (adjusting the well to obtain the 


88 R. K. Adair, Phys. Rev. 94, 737 (1954). 
9 E. Henley, Phys. Rev. 106, 1083 (1957). 
( 10 aoe Levinson, and Mahmoud, Phys. Rev. 95, 217 
1954). 
|| Note added in proof.—R. Spitzer (to be published) has recently 
found that 3-body forces calculated (x) meson theoretically may 
be significant. Although we feel the correction is not important in 
aH’, it could be large in ,He*. For the time being, however, it 
seems sensible to try to base an empirical analysis on 2-body forces. 
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correct binding energy and radius). This calculation 
yields a compressibility : 


AB,=—100(Aro/r0)? Mev. (9) 


Here B, is the binding energy, —£., of He‘ and fo is 
the rms radius of |y|?. A nuclear compressibility can 
also be determined in the heavy-nucleus region merely 
by examination of the semiempirical mass formula. 
Extrapolating this result to He‘ gives essentially the 
same result. It is clear that AB,~(Aro)’, since ro is just 
that value of the radius which makes dB,/drop=0. On 
the other hand, dB,/droX0, where By is the binding 
energy of the A to He‘. The change in binding energy 
with radius can be obtained for a square well of depth 
Vo and radius R as follows: if Bs«KVo, Ba=Vo 
X[R(2uV o)!—2/2} so that, letting (2), ie., VoR*, be 
constant, we obtain 
AR Are 

ABy~ yee (2uB,)iVoR]~ —20— Mev. (10) 


To 


Thus, keeping (2) constant, we find that (B,+B,) 
increases by a maximum of 0.9 Mev, associated with a 
compression of the @ particle Aro/ro= —0.1. To offset 
this increased binding energy, we must decrease (2): 


A(2)/(Q)= — 3%. 


Actually the situation in the interior of 4He* may not 
be so simple. One might argue, for example, that the 
simple approximation of the true AN potential by a 
smooth one with the same low-energy scattering be- 
havior is not valid when the A is in the midst of nuclear 
matter of saturated density. The hard core in the AN 
potential may require that the density at the center of 
sHe® not be greater than the corresponding density of 
He‘. If one simply asks what loss in binding would 
follow from expanding He‘ so that the central density 
of ,He® is not higher than that of normal He‘, then 
one finds roughly A(Q2)/(2)=%}. This probably over- 
estimates the effect of saturation. In ordinary nuclear 
matter, the Pauli principle, exchange forces, and re- 
pulsive cores combine to produce saturation. Therefore, 
it is not really clear that the a particle is of saturated 
density—i.e., that if another particle could be added 
in an S state, that the total volume would increase. 
The effect of saturation, if present for ,He®, can also be 
expected for the lithium hyperfragments. But here the 
increase in (2) would be smaller percentage-wise, since 
the P-shell nucleons in Li are not very closely packed. 

It is rather difficult to determine a rough correction 
due to tensor forces to the results found in Sec. II. We 
shall just make a few qualitative remarks here by 
examining the comparable problem in nuclear binding. 
The main question to ask is whether the triplet AV 
force, when of mixed central and tensor character, will 
be more important for ,H* than for heavier fragments, 
relative to a pure central force. The role of tensor 
forces in the light nuclei has been discussed extensively 
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by Feingold." One fact seems to be established: the 
strong nucleon-nucleon tensor force is essential for the 
binding of H® and somewhat less important for Het, 
Li®, Li’, etc. This change is probably associated with 
some kind of angular averaging. Yet it should be kept 
in mind that the tensor force is still prominent in these 
heavier nuclei, with ~} the binding being contributed 
by it. The effect of tensor forces for H® has been con- 
sidered in detailed variational calculations by many 
authors.” Here the shape and range of the tensor force 
are very important for the binding. Only if the tensor 
force is given a Yukawa tail and is chosen of longer 
range than the central force, can the binding energy 
of H? be explained. In this case, the tensor force con- 
tributes nearly half of the binding energy. There are 
good theoretical reasons why the tensor force should 
be longer-ranged than the central in the two-nucleon 
problem. The tensor force is associated primarily with 
the exchange of one pion, while the central force is 
primarily associated with the exchange of two pions. 
But the AN force cannot be associated with the ex- 
change of one pion, so that the tensor force cannot be 
long-ranged. Thus, we would expect that even if the 
AN tensor force is strong, it will not be very effective in 
contributing to the binding of ,H*, and will be even 
less important for the binding of the heavier hyper- 
fragments. (Of course, since 4H’ is so lightly bound, the 
tensor force may be necessary for its binding even 
though its relative effectiveness compared to a central 
force of the same volume integral is less than in the 
ordinary nuclear-force problem.) 

Another property of the tensor force is that its 
effectiveness relative to a central force of the same 
volume integral is not linear in its strength. This is 
meant in the sense that even if a A (or a nucleon) is in 
an S§ state in a nucleus, there is tensor coupling via 
the D state, but that this coupling is a “second-order 
effect.” A qualitative idea of the effectiveness of the 
tensor force may be obtained by considering standard 
Yukawa potentials for the deuteron. The volume inte- 
gral of the tensor potential (the coefficient of Si2) plus 
the central potential is slightly more than the corre- 
sponding quantity for a pure central potential giving 
rise to the same scattering length and effective range. 
If the tensor force were weaker, it would be substan- 
tially less effective than a central force with the same 
volume integral. 

In light of the above remarks we may say the follow- 
ing: in the case of triplet-favored AN forces, if there is 
a strong tensor force, it will be more important for ,H* 
than for the heavier fragments. (However, it will not 

1 A. Feingold, Phys. Rev. 101, 258 (1956). 


2 For example, R. L. Pease and H. Feshbach, Phys. Rev. 88, 
945 (1952). 
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be so important as in the nuclear-force problem because 
of the shorter range.) Thus, the volume integrals (2) 
should be increased more for the heavier fragments 
than for ,H*. The spin dependence of the forces is 
thereby reduced. Thus, we would predict a more 
attractive singlet potential than shown in Table II. 
In the singlet-favored case, the tensor force will be 
rather ineffective, since the wave function will not 
adjust itself very much to accommodate a weak tensor 
force (compared to the singlet force). Nevertheless, the 
tensor force would probably still be more effective 
(relative to the central force) in ,H® than in the heavier 
fragments. Thus again the apparent spin-dependence 
of the forces is reduced, but by a small amount. This 
can be seen by referring to Table II and noting that: 


for aH?, 20,+ 10,/ = 300, 
for ,He®, 40,+30,=220. 


If Q;/>,, the predicted value for Q, is still essentially 
equal to the previously predicted value. Thus we guess 
that in the singlet-favored case a rather strong tensor 
potential would be required to provide some of the 
triplet-state interaction predicted. This point is of 
some interest when these empirical AN potentials are 
used to test a K-meson theory of hyperon-nucleon 
forces.* 

Finally, as a check on the binding energy calculations, 
it is of interest to note that if one calculates the in- 
hibition, J, of mesonic decay of hyperfragments® (due 
to the Pauli principle), that one also obtains a measure 
of the A wave function. One finds, using 6=0.29 as 
determined in Sec. I for ,Li’, that J=0.04. This is in 
agreement with other quoted results, and roughly 
agrees with the measured value. The total lifetime of 
hyperfragments is roughly the same as the free life- 
time, so that the inhibition must be approximately 
equal to the mesonic to nonmesonic ratio. For Li frag- 
ments, the mesonic to nonmesonic ratio is approxi- 
mately 1/15. If the accuracy of these measurements 
could be improved, an improved version of this method 
of determining 6 (i.e., of obtaining the A wave function) 
would become valuable for determining (2). In an im- 
proved version it would also be necessary to consider 
the “stimulated” mesonic decay via virtual 2 hyperons 
in the nucleus.“ At present, it is obviously much less 
sensitive than the binding-energy determination of (Q). 
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A calculation of the scattering of low-energy ($50 Mev) K* mesons by nucleons via the mechanism of 
a boson-boson interaction between two pions and two K mesons is presented. The following experimentally 
observed features of the low-energy scattering seem to be simply represented by the scheme: (a) The scat- 
tering is predominantly in the S wave and the cross section shows a slight rise with increasing energy. 
(b) The effective nuclear potential is repulsive and of relatively short range (~1/2y). (c) The charge exchange 
scattering is very small at very low energies. A preliminary discussion of the scattering at higher energies 
is given by introducing, in addition, the “direct” scattering via the interactions of K mesons with nucleons 


and hyperons. 





INTRODUCTION AND SUMMARY OF RESULTS 


HE scattering of K* mesons by nucleons has been 
and is being investigated experimentally by a 
number of groups.’ At present several features of the 
existing experimental analyses are of particular interest 
insofar as they may serve as the basis for a preliminary 
theoretical study of K*-nucleon scattering. We enu- 
merate briefly those features, which we consider sig- 
nificant for our present theoretical analysis: (a) the 
magnitude of the K*+-hydrogen scattering cross section 
at very low energies (<50 Mev), (5) the very gradual 
rise of this cross section in the energy interval from 0 
to 200 Mev,’ (c) the apparent constructive interference 
between the Coulomb and the nuclear scattering ampli- 
tudes in the K+-proton differential cross section at small 
angles,'* (d) the apparent variation in the ratio of the 
charge-exchange scattering to the non-charge-exchange 
scattering from a value of less than 1/10 at energies 
below 60 Mev to a value of about 0.24 at energies 
above 150 Mev.'* Although these features are in 
evidence in the present experimental results, they are 
yet to be either confirmed or altered by the greatly 
improved statistics of the current and future experi- 
mental studies. 

In this paper we shall discuss the results of the 
application of a simple theoretical scheme to the K*- 
nucleon scattering problem. In particular we shall see 
to what extent the features of the scattering enumerated 
above can be reproduced within the framework of this 
scheme. 

Our discussion of the scattering at very low energies 
will be based upon a mechanism recently suggested by 
the author.* The K meson is considered to be scattered 
via the exchange of two pions between the nucleon and 
the K meson. The scattering is then evaluated in terms 


* Under the auspices of the U. S. Atomic Energy Commission. 

+ A National Science Foundation Postdoctoral Fellow. 

1 Hoang, Kaplon, and Cester, Phys. Rev. 107, 1698 (1957). 

? Lannutti, Goldhaber, Goldhaber, Chupp, Giambuzzi, Marchi, 
Quarini, and Wataghin, Phys. Rev. 109, 2133 (1958). This work 
and reference 3 contain many further references. 

*B. Sechi Zorn and G. T. Zorn, Phys. Rev. 108, 1098 (1957). 

‘ Meyer, Perl, and Glaser, Phys. Rev. 107, 279 (1957). 

5 Saul Barshay, Phys. Rev. 109, 2160 (1958). 


of the pion-nucleon coupling constant (as given in the 
work of Chew and Low®) and the coupling constant 
which characterizes the interaction between two K 
mesons and two pions. As a result of the analysis we 
shall find that with the latter number taken as unity 
we obtain a repulsive nuclear potential (this is not 
dependent on the K-meson parity) and a zero-energy 
nuclear scattering cross section of about 5.3 mb. This 
cross section increases slowly with increasing energy. 
With the inclusion of the Coulomb scattering amplitude 
we estimate in Born approximation the differential 
cross section at 30 Mev. 

Whereas a reasonably coherent treatment of the 
low-energy scattering via the above mechanism is given 
below, we are unable to do the same for the scattering 
above 100 Mev. Here we must deal with the fact that 
the continued very slow variation of the cross section 
with energy may indicate that the S-wave scattering 
is still predominant and also the fact of the increased 
charge-exchange scattering. The mechanism discussed 
above gives no charge-exchange scattering. We therefore 
introduce, in addition, the scattering via the direct 
interaction of K mesons, hyperons, and nucleons. By 
considering the scattering of pseudoscalar K mesons in 
the S wave via the intermediate pair state, in conjunc- 
tion with the scattering via the exchange of pions, we 
obtain, at 100 Mev available kinetic energy in the cen- 
ter-of-mass system, the following cross sections: 


o(K+-+p— K++p)~17 mb, 
o(Kt++n— K++n)~3 mb, 
o(K*++n— K°+)~6 mb. 


The charge-exchange to non-charge-exchange ratio is 
then about 0.3. The couplings of K mesons to nucleons 
and A particles and to nucleons and = particles are 
taken as gxan*/4e~4 and gxzy*/4r~0.4. The analysis 
suggests that the coupling parameters which charac- 
terize the K meson-hyperon-nucleon interactions as 
well as that which characterizes the hypothesized 
four-field boson-boson interaction are “strong” coup- 
lings, but are not necessarily as large as the pion-nucleon 


6 G. F. Chew and F. E. Low, Phys. Rev. 101, 1570, 1579 (1956). 
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parameter, g’/44~ 15. At the higher energies the scheme 
is, at present, nothing but phenomenology in that we 
supplement the pion exchange mechanism with the 
“direct” scattering by putting the latter into the scat- 
tering amplitude without an understanding of how 
its effect is damped at the lower energies. The form 
of the “direct” scattering which we introduce provides 
a simple way of correlating the three K*-nucleon cross 
sections at about 160 Mev laboratory kinetic energy 
and is suggestive of the magnitude of the couplings 
involved. A treatment of this scattering will have to 
be done with methods better capable of handling the 
strong coupling of a heavy meson to baryons, when the 
parity of the K meson has been established by experi- 
ment. 

In the next section we outline the method of cal- 
culation and give the relevant formulas. In our con- 





Sy =(Ok' |k) 
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cluding remarks we give certain additional calculational 
results and summarize the discussion. 


CALCULATION 


We consider the scattering of K+ mesons below 50 
Mev. The scattering is assumed to proceed through the 
exchange of pions. The pion-nucleon interaction Hamil- 
tonian is given in the papers of Chew and Low’ and 
Miyazawa.’ The interaction between K mesons and 
pions is taken to be 

AK! Karj'r, 


where the symbol for the particle denotes the field 
operator which destroys it, the isotopic spin indices 
a and j run from 1 to 2 and 3, respectively, and the 
dagger (f) denotes Hermitian adjoint. The S matrix 
for the scattering process to lowest order in A is given 
in the center-of-mass system by 


= 275(w’ —«){0 0) a farce k’)-r x p{a,a, ei (Ptp’) - ‘+a, ‘a, ite i(p+p’) t+alaye (P-P’)* 


= (2n)6(w'—w) D p{5(—k’+p+p’+k)(0| ayay-|0)+3(— 
Pp’ 
+(—k’—p+p'+k)(0| a,'a,|0)+(—k’— 


The a, and a,' are plane-wave pion annihilation and 
creation operators, respectively; the indices p and p’ 
include the momentum and isotopic spin labels; the state 
|0) denotes the physical nucleon ; and p= —i(16aww’yv’)-} 
where w=(k’-+m,’)!, w'=(k?+mx’)!, v=(p’+y?)!, 
and »’= (p?+y°)! with u=pion mass and mx = K-meson 
mass. The expression may now be transformed by using 











+dpdy te?” *y °) (1) 


— p—p’+k)(0|a,'a,*|0) 
p’+p+-k)(0|a,a,"|0)}. 





the standard techniques of the Wick-Chew-Low field 
theory for handling expressions like (0|a,ay|0). The 
t matrix given by Sy=1—2mid(w’—w)liy is then ex- 
pressible in terms of the pion-nucleon interaction cross 
section. The result for the ¢ matrix for zero momentum 


transfer (k’—k=0) is 


wel (2) (Serra Serf acimareerort20r(g +0) 
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This expression gives the transition matrix for zero 
momentum transfer for K+ mesons on protons or 
neutrons. There is no “spin flip” in either ordinary or 
isotopic space. The first term in the curly brackets is 
the Born approximation expressed in terms of the 
rationalized, renormalized pion-nucleon coupling con- 
stant, f?=47(0.08); the second term involving an 
integral over the pion-nucleon cross sections o“ in the 





p* p* | 
x + 
Pug(v+w,) vwo(v+w,)* 





son ee v + | 
(2) 





spin, isotopic spin states (27,21) involves corrections 
from the multiple scattering of the exchanged pions on 
the physical nucleon. The momentum integrals are 
taken from 0 to Kmex= (24)! u, ie., the cutoff in our 
work is chosen at 5 u. Integrals of the above form have 
been evaluated in the work of Miyazawa’ on the 


7H. Miyazawa, Phys. Rev. 101, 1564 (1956). 
§ G. C. Wick, Revs. Modern Phys. 27, 339 (1955). 
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nucleon anomalous moments. We find for a 


a= (0.75/u)(A/2). (3) 


The Born approximation contributes (0.51/u)(A/2) to 
a, and the terms involving the integrals over the pion- 
nucleon cross sections contribute (0.24/u)(A/2). 

In order to take into account some higher order 
effects in the coupling A, we propose to iterate the ¢ 
matrix evaluated above in a “ladder” approximation. 
We define the complete T matrix for forward scattering 
to be the solution of the familiar equation’ 


(w"| Tw) = (w’ | t|w) 
+(w' |t|w"’)(w—w" +in)w"|T|w). (4) 


The type of diagrams included in this approximation 
are shown in Fig. 1. For a ¢ matrix factorable in w and 
w’ as given by Eq. (4), the exact solution for (w’ | T|w) 
is given (with k=k’) by” 

(ww! t| w) 


(w| T|w)= - —_—_____———, (5) 
h’*dk’ (w| t| wo" | t| w) 
1—(w Hay f= $$$ 
29? (w—w’ +in) 
Now the total cross section is related to the imaginary 
part of (w|T|w) by 


a= — (2w/k) Imw|T|w). 


(6) 
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Fic. 1. Typical Feynman graphs considered jn the calculation 
of the low-energy K*-nucleon scattering via the mechanism of 
the boson-boson interaction between two pions and two K mesons. 








§ An equation of the form 
(hk! | T |e) = (| t| e+ (a | |e’) ("| Tk) 


was utilized in the early work of Chew on the pion-nucleon scat- 
tering problem [G. F. Chew, Phys. Rev. 94, 1755 (1954)]. 
Equation (4) is obtained with k’=k by neglecting the dependence 
of the integral term upon A’ =k’ —Kk. This is a first approximation 
and will give us an idea of the behavior of this scattering mecha- 
nism in this “ladder” approximation. 

1 J. S. Blair, Phys. Rev. 95, 209 (1954). 
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Fic. 2. Curve A—the center-of-mass differential cross section 
from the nuclear scattering of K* mesons by nucleons at 30 Mev 
K* kinetic energy in the laboratory. Curve B—the center-of-mass 
differential cross section from the combined nuclear and Coulomb 
scattering at this energy. The cutoff angle is taken at about 33°. 


We thus obtain 
Na? /x? 


dad ’ 
(1—D)?+)*ha?/41? 





(7) 
where 


D=— (a 2n')P f Wada! /(u!—w), 


and P denotes the principal value. Evaluation of this 
expression with \*/44r~1 gives a zero-energy cross 
section for the nuclear scattering of K*-mesons on 
protons or neutrons of about 5.3 mb. If \*/44~5, this 
cross section is about 14 mb. We see that the quantity 
D is negative and decreases somewhat with increasing w. 
The cross section for the nuclear scattering from this 
mechanism alone consequently increases somewhat with 
increasing energy. For \*/4r~1 and w—mx~100 Mev 
(identified as the available kinetic energy in the center- 
of-mass system in this static treatment of the nucleon), 
o~6.5 mb. 

We would like to examine the differential scattering 
from this mechanism and the Coulomb potential, at a 
low energy, say for about 30-Mev K* incident on 
protons. For this purpose we write, in Born approxi- 
mation, 

T (w, A)’ (w,A)+i-(w,A). (8) 

The quantity A is the momentum transfer= 2k sin(0/2) ; 

t.(w,A) is the Coulomb transition matrix given by 
te(w,A) = 2re*/[4R? sin?(8/2) ], 

where eé° is the fine structure constant. The quantity 


t’(w,A) is the following approximate form for the nuclear 
transition matrix in the Born approximation: 


t! (oA) = (2m)-2(4e)13(f2/u2)A(A +B), 


(9) 


(10) 
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ulere 
—2b b —2b 
a=- fare | (a—2b)(a+4b) ul | | 
(a—48)(a+28) c+2b 
a+a’—$b 5 
B= fa 2 is i — 
4a \at+a’+$b| 12r4a 
c 
4? 
with 
a=1+(5A*/4y*), a’ =p*A?/r4, 
b=pA/r, 
c=1+(A*/r), 
d=1+ (3A*/r*), = pA?/2y. 


These expressions constitute a good approximation as 
long as Amax/#<1, since they are obtained in an ex- 
pansion in powers of this parameter, retaining powers 
up to the second. Here #~3y; at 30 Mev, Amax~1.5 yu 
and Amax/#~0.5. We take \/(4r)!~1. 

In Fig. 2 we show the differential cross section from 
the nuclear scattering and that from the combined 
nuclear and Coulomb scattering. The total cross section 
for K+-proton scattering at 30 Mev is found from Fig. 2 
to be about 5.4 mb while the experimental number is 
probably between 3 and 9 mb.‘ 

We turn to a preliminary discussion of the scattering 
at higher energies. We seek a simple additional con- 
tribution to the T matrix at zero momentum transfer 
[as given by Eq. (4)] which will increase the scat- 
tering in the state of isotopic spin one and decrease the 
scattering in the state of isotopic spin zero. A possible 
simple additional type of scattering process capable of 
achieving this result is shown in Fig. 3. This is the 
“direct” scattering of pseudoscalar K mesons in the S$ 
wave. Evaluating this diagram in the Born approxi- 
mation with neglect of recoil effects and adding this to 
the ¢ matrix of Eq. (2), we obtain for the modified T 
matrix” 


(w| T,|w) 
ha/w+22Z,/(m+-m—w) 


= . (il 
(1—D—D’)+ (ika/2e)+[ikZ,/(m+m—w) ] a 





\ N 
Fic. 3. Feynman graph 
¥ for the “direct” scattering 
of a pseudoscalar K meson 
N in the S wave via the inter- 

Me mediate pair state. 

\ 
\ 
\«K 


n 
c+2b 


|@8 cies | 
(d—40)(d+6) 

(a—26)(a+45)) 1 

"| (a—40)(a-+28)| | v*b 





a 1 ite 3 en 
+—+ln Relieve on 
4y'd  |\d+-d’—30|  4v'd_ | (d—4b)(d +8) 





} 








In this expression, a and D have been defined — 
D’ is given by 
kd’ 


D'=-Z,— ’ 12 
~ {a5 (12) 





m and m are the nucleon and the average A-2 masses, 
respectively, and the index p=0,1 refers to the isotopic 
singlet and triplet states, respectively. The quantities 
Z, are given by 


4nZo= — gxan’+3gxzn’, 
4nZ,=gxan’+gxzn’, 


where the g’s characterize the pseudoscalar couplings 
of pseudoscalar K mesons to A particles and nucleons 
and to © particles and nucleons. With the choice of 
gxan and gxyw given in the introduction," we have 
Zo= —2.8 and Z,=4.4. This corresponds to an effective 
attractive potential in the isotopic singlet state and an 
effective repulsive potential in the isotopic triplet state 
from the “direct” scattering mechanism. The three 
K+-nucleon cross sections, at about 160 Mev laboratory 
kinetic energy, are then as given in the introduction, in 
fair agreement with the experimental values’ in the 
vicinity of this energy, as deduced from emulsion 
studies. 


(13) 


CONCLUDING REMARKS 


In Eg. (11), with a choice of two coupling parameters, 
we represent two complex amplitudes which determine 





“Tt is interesting to remark upon the difference between gwax* 
and gwyx? (gvax?/4r~4 while gyzx?/4r~0.4). In a previous 
note [S. Barshay, Phys. Rev. 107, 1454 (1957)], the author 
remarked upon the possible incompatibility of the equality 
gnwAK?=gwzx? along with a universal pion-baryon coupling, and 
the hypothesis of charge independence, in the light of the experi- 
mental results on associated production in pion-nucleon collisions. 
The suggestion was based upon a perturbation estimate. A recent 
work on symmetries of the strong interactions, by A. Pais [Phys. 
Rev. 110, 574 (1958)] has come to my attention, in which 
similar conclusions are reached by other than perturbation argu- 
ments. In the present work, our interactions are charge-inde- 
pendent and we arrive at a marked inequality between the two 
coupling constants in question. If one considers the lowest order 
“open” Feynman diagram for the processes K~+ ~ — A°+-2° and 
K~+p—> 2°+7°, one readily sees that gvax?>gwzx* implies a 
suppression of A° production in K~ capture in hydrogen. This has 
indeed been a striking and puzzling ove of the experimental 
situation [see L. Alvarez et al., University of California Radiation 
Laboratory Report 3775, 1957 (unpublished) ] 








SCATTERING OF K+ 


reasonably well the three K*-nucleon cross sections at 
about 100 Mev available kinetic energy in the center- 
of-mass system. This form is simple but is certainly not 
unique and is meant to give an idea of the strength of 
the couplings that are likely to be involved in the 
“direct” scattering. We have no coherent answer to the 
problem of how the “direct” scattering might be 
damped at low energies, leaving only the scattering 
from the exchange of pions. This problem may be similar 
to the long-standing problem of the apparent smallness 
of pair effects in the S-wave scattering of low-energy 
pions by nucleons. A strong attack on the problem must 
likely await a definitive determination of the K-meson 
parity, a quantity which enters in so important a 
manner in the “direct” scattering mechanisms. A 
remark might be made on the application of Eq. (11) 
to the K*-nucleon scattering at the even higher energies 
now under investigation in emulsion work. At about 
150 Mev available kinetic energy in the center-of-mass 
system, Eq. (11) gives about a 15% increase in the 
“average” cross section, ¢=4{o0(K*p)+o(K*n)} and 
the charge-exchange to non-charge-exchange ratio is 
about 0.3. Of course, we are pressing too close to our 
cutoff (about 200 Mev available kinetic energy) for the 
numbers to be taken seriously. Preliminary experi- 
mental results? seems to indicate that the average 
K*-nucleon cross section in emulsion may rise from 
about 12 mb to about 18 mb in the energy interval 
from, say, 180 to 300 Mev ard then level off again. This 
might be partially due to pion production by K* mesons 
near threshold, although the frequency of this process 
may be very hard to estimate in emulsion owing to reab- 
sorption of the emerging pions in the nucleus. In this 
respect, it might be well to remember that the first 
evidence for appreciable pion production by #~ mesons 
incident upon nuclear emulsions at moderate energies 


2 Gustave Zorn (private communication). 
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(S500 Mev) came after a large correction for pion 
reabsorption was applied to the data.” This cast some 
doubt on the actual frequency of this process.’ How- 
ever, the recent Russian experiments’® on #~-p col- 
lisions from 300 to 370 Mev have shown quite clearly 
the several millibarns of pion production which have 
been predicted by some recent theoretical calcula- 
tions.'*7 Of course, P-wave scattering of the K meson 
is also likely to be appreciably present at these energies. 

In conclusion we summarize the results of the first 
part of this calculation. The hypothesized four-boson 
interaction between K mesons and pions, within the 
framework of this crude calculation, seems capable of 
simply giving rise to the following experimentally 
observed features of the low-energy scattering of K* 
mesons by nucleons: (a) The scattering is predominantly 
in the S wave and the cross sections shows a slight rise 
with increasing energy. (6) The effective nuclear poten- 
tial is respulsive and of relatively short range (~1/2,). 
(c) The charge-exchange scattering is very small at very 
low energies. A boson-boson coupling \?/4r~1 to 5 
seems capable of giving the magnitude of the low-energy 
K* proton cross section. 
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A search has been made for K mesons and hyperons produced by a well-collimated beam of 1.95-Bev 
protons in a hydrogen-filled diffusion chamber. One case of associated production was observed, which is 
interpreted as p+p—A°+K*+ >. In a total track length of 2.4 10° g/cm? of hydrogen, no other hyperons 
or K mesons were observed to be produced. It is concluded that the cross section for production of K mesons 


and hyperons is probably less than 0.4 mb. 


INTRODUCTION 


HE production of heavy unstable particles in 

free proton-proton collisions was investigated by 
exposing a hydrogen-filled diffusion cloud chamber to 
the 1.95-Bev proton pencil beam at the Cosmotron. 
The method of producing such an external beam at the 
Cosmotron has been described in an earlier article 
which reported a similar pencil beam experiment at 
an energy of 3 Bev.’ References to previous work in 
this subject are cited in that article. By comparing the 
results of the present experiment, which is at an 
incident energy slightly above the energy threshold for 
associated production of hyperons and heavy mesons, 
with the experiment at 3 Bev, it was hoped to obtain 
a qualitative appraisal of the excitation function for 
the production of heavy unstable particles in free 
proton-proton collisions. 

Briefly summarized, the experimental technique is as 
follows: the external proton beam is collimated and 
focused to narrow, pencil-like proportions and is 
passed once every 30 seconds through the sensitive 
region of the Brookhaven magnet diffusion chamber.” 
The width of this beam is about 1 cm and the average 
intensity about 500 protons per pulse. Heavy unstable 
particles produced in proton-proton collisions in the 
hydrogen gas of the chamber are detected by observing 
their decay in the 5-cm deep sensitive region of the 
chamber. Because of the masking effect of the pencil 
beam and the limited extent of the sensitive region, only 
a fraction of the V particles produced are detected. 

7600 traversals of the pencil beam through the 
chamber were photographed and one definite case of 
heavy unstable particle production was observed. {n 
this event both hyperon and K meson are identified, 
and this case of associated production in free proton- 
proton collision is reported here in detail. Tentative 


* Supported in part by the U. S. Atomic Energy Commission. 

+ Based on work submitted to the Faculty of the Graduate 
School of Yale University in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy. 

t General Electric Predoctoral Fellow. Now at the College of 
the City of New York. 

1 Cool, Morris, Rau, Thorndike, and Whittemore, Phys. Rev. 
108, 1048 (1957). 

2 The construction and operation of this chamber have been 
described by Fowler, Shutt, Thorndike, and Whittemore, Rev. 
Sci. Instr. 25, 996 (1954). 


conclusions are drawn about the production cross 
section, based upon the observation of this one event 
and a calculated estimate of the efficiency for detecting 
V particles produced in the gas. 


ASSOCIATED PRODUCTION EVENT 


In order to establish a neutral unstable particle as 
having been produced in a free proton-proton interac- 
tion, it was required that its line of flight, calculated 
from the spatial orientation and momenta of its decay 
products, intersect the region in the chamber through 
which the pencil beam passed, and that it also have a 
common origin with at least one track emerging from 
the beam in that region. The latter requirement was 
necessary in order to make it more nearly certain that 
the unstable particle actually was produced in an 
interaction in the gas and was not produced by high- 
energy background incident upon the steel walls of 
the chamber. 

In 7600 pictures, three events were interpreted as 
decays of heavy unstable particles. All of these were 
neutral particles, but only one of them was definitely 
associated with other tracks emerging from the 
beam. Of the other two neutral particles, one was 
identified as A° by the kinematics of its decay 
products, and the other was consistent with either A° 
or #. Neither of these two particles is associated with 
any other track emerging from the pencil beam. 
Moreover, their calculated lines of flight intersect the 
center of the beam only 4 cm and 2 cm, respectively, 
from the front steel wall of the chamber, indicating 
that they were probably produced by background 
particles incident upon the front steel wall. 

The definite case of associated production referred 
to above is shown in Fig. 1. Two positively charged 
particles, c and d, emerge from an interaction at the 
edge of the pencil beam, and a neutral particle decays 
about 10 cm away. The line of flight of the neutral 
particle, calculated from the measured momenta and 
space angles of its decay products, a and 6, passes 
within 0.1+0.3 cm of the intersection of c and d. The 
errors quoted here and those to follow are the maximum 
uncertainty, not the probable error, in the stated 
quantities. Momentum is conserved by the four 
tracks, but because of the errors in measurement, the 
presence of a neutral particle with momentum <0.150 
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PRODUCTION OF K MESONS AND HYPERONS 


Bev/c cannot be ruled out. The measured momenta 
and ionization densities are given in Table I. 

The upper limit placed on the ionization estimate of 
d is supported by noting that it is less dense than a 
0,440-Bev/c proton track, located at the same height, 
2 cm away, whose ionization should be 3} times 
minimum. Further, the upper mass limit of 600 Mev 
obtained from the momentum and ionization values is 
in agreement with the mass limit obtained from the 
measurement of a relatively energetic electron ejected 
by d. This electron is ejected at an angle greater than 
54° and has a range greater than 2.4X10~* g/cm? in 
hydrogen, which corresponds to a kinetic energy greater 
than 0.059 Mev. To conserve energy and momentum 
in the collision process, particle d must have a mass 
less than 650 Mev. 

In terms of known particles, the possible interpreta- 
tions of this event consistent with the incident kinetic 
energy and conservation of strangeness, heavy particles, 
and charge are 


pt poA’+ K++ p, (1) 
pt+p 2+ K*+ p, (2) 
pt+podt+K+ p. (3) 


The production of a x meson as an additional particle 
in reactions (1)—(3) is not possible since the incident 
energy is below the energy threshold for such a process. 

In reaction (3), the maximum momentum which the 
K® could have is 0.810 Bev/c. However, the momentum 
of the observed neutral particle, py, calculated from 








Penci Beam 


2a 


Fic. 1. Drawing of event interpreted as p+p—-A°+K*t+). 
Pencil-beam protons enter chamber from bottom of picture. 
Tracks a and 6 are pion and proton from the A® decay, track c 
is the proton, and d is the K* particle. 
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TasLe I. Momentum and ionization data for 
event described in Fig. 1. 








Particle a b c d 
Sign - + + 
Length (cm) 3 11 22 22 
Measured 

momentum 


(Bev/c) 0.120+0.02 0.975_010°° 4 1.38+0.05 0.270+0,008 
Ionization ~2 Xmin <1.5 Xmin <1.5Xmin 2-3 Xmin 
Mass limit from 

momentum and 

ionization 

(Bev) <1.10 <14 0.38 <ma 

<0.60 
Mass limit from 
knock-on 
electron (Bev) ma <0.65 








the momenta of its decay products is 1.06+0.12 Bev/c. 
This incompatibility, together with the mass limit 
placed on particle d, makes it impossible to fit the 
observed event with reaction (3). 

The observations do not fit =° production [reaction 
(2) ] very well. In the center-of-mass system, the total 
energy of d identified as a K* meson, U%*, is 0.53920.004 
Bev, and the total energy of c identified as a proton, 
U,*, is 0.984+0.008 Bev. Since the available energy 
(including rest-mass energy) in the center-of-mass 
system for protons of 1.950+0.020 Bev kinetic energy 
incident upon hydrogen is 2.680+0.010 Bev, the 
energy left to a third particle is 2.680—-Ux*—U,* 
=1.157+0.022 Bev. This agrees with the computed 
energy of the A® (U’o*=1.133%0.007 in the center-of- 
mass system), but not with 1.197+0.004 Bev, the 
energy needed if the third particle is to be a 2° as in 
reaction (2). 

If the reaction (1) is assumed, the Q value of the 
neutral particle, when it is identified as a A°, is 3815 
Mev. The uncertainty in the momentum of the neutral 
particle can be reduced by computing py from the 
accepted Q value of a A® and the angles between the 
line of flight of the neutral particle and its decay 
products. This gives py=1.06+0.03 Bev/c. Upon 
using this value for py, if the upper mass limit on 
particle d is ignored and it is identified as a proton, the 
mass of particle c must be imaginary in order to satisfy 
conservation of energy. If c is identified as a proton, 
then conservation of energy leads to a mass of 560_90*® 
Mev for d. This is in agreement with the accepted mass 
of the K* meson (494 Mev) which is the only known 
mass that would be compatible with the mass limits 
set on d by the ionization-momentum measurement and 
energetic knock-on electron. Thus, the observed event 
is consistent only* with reaction (1): p+p—-A°+K*+ 9. 

To our knowledge, this is the first case of unstable- 
particle production in free proton-proton interactions 


’ There is an extremely slight possibility that the reaction is 
b+n—A°+K*++n which occurred within a carbon or oxygen 
nucleus in the alcohol vapor, and that the resulting neutron 
became a proton by charge exchange within the nucleus. However, 
there are 160 times as many free protons as neutrons within the 
chamber. Also, the fact that transverse momentum of the particles 
in this event balances within 45 Mev/c makes this interpretation 
even less likely. 
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TaBLE II. Estimated limits to production cross sections of heavy 
unstable particles in proton-proton collisions. 











Probable Probable 
No. of upper limit lower limit 
Reaction Detection events to cross to cross 
products probability identified* section» section» 
A°+K++p 0.12 1 0.38 mb 0.0006 mb 
D4Kt++p 0.12 0 0.27 mb es 
r++ K°+p 0.14 0 0.23 mb 
=++Kt-+n 0.06 0 0.55 mb 








* In a total path of 2.4 105 g/cm? of hydrogen. 

> The probable upper limit is here computed to be that cross section 
which would yield the observed number of events or fewer with a probability 
of 0.01 according to Poisson statistics. The lower limit would yield the 
observed number of events or more with a probability of 0.01. 


in which both the K meson and hyperon appear to 
have been conclusively identified. 


PRODUCTION CROSS SECTION 


In order to estimate the production cross section it is 
necessary to establish the efficiency for detecting 
unstable particles produced in interactions in the gas. 
For an unstable particle to be detected in the diffusion 
chamber used in this experiment, it must decay in a 
portion of the sensitive region which is visible in both 
stereoscopic views, and at least one of its decay products 
must be charged. The dimensions of the chamber are 
such that only V particles with lifetimes of the order of 
10—” second have an appreciable probability of decaying 
in the sensitive region. Thus in the four production 
reactions consistent with the conventional conservation 
laws, 


p+ p+ K*+ p, (4) 
pt+p-2°+K++p, (5) 
ptp-zt+K+p, (6) 
ptp-zt+Kt++n, (7) 


only the =*, 2°, A°, and 6,°-component of the K® have a 
substantial probability of being detected when pro- 
duced. These probabilities have been estimated by a 
Monte Carlo process. One hundred of each of the above 
particles were considered to be produced at points 
uniformly distributed throughout the region through 
which the pencil beam passed. It was assumed that the 
angular distribution of these particles is isotropic in the 
center-of-mass system, and that their momentum 
distribution corresponds to Fermi’s statistical theory. 
The average probability for the 2*, D°, A°, and K° to 
decay in a visible portion of the sensitive region was 
thus calculated to be 0.06, 0.20, 0.20, and 0.21, respec- 
tively. The scanning efficiency was assumed to be 90%, 
which is reasonable in view of the low background in 
the pictures and the fact that each picture was scanned 
twice—once by a physicist and once by an experienced 
scanner. 


FOWLER, AND KRAYBILL 


On the basis of present evidence,‘ one third of the 
As have been assumed to decay to neutral particles 
which are not detected in this experiment. Also, half 
of the K®’s are expected to be too long-lived to decay 
in the chamber. It was further assumed that if either 
of the two unstable particles produced in a single 
production reaction is observed, then the reaction will 
be identified. The resulting estimated efficiencies for 
detecting the reactions (4)-(7) are, respectively, 0.12, 
0.12, 0.14, and 0.06. 

The average intensity in the 7600 pictures was 500 
protons per picture. If one takes the effective path 
length of each proton traversing the chamber to be 
30 cm, and the density of the hydrogen in the chamber 
to be 2.1X10-* g/cm’, the result is a total path in 
hydrogen of 2.4 10° g/cm’. Based on the one observed 
event which was identified as reaction (4), and assuming 
that the observable events obey Poisson statistics, 
probable limits on the cross sections for reactions (4) 
to (7) have been computed and are listed in Table IT. 

It should be observed that if the distribution of 
unstable particles is not isotropic but peaked in the 
forward and backward directions, the likelihood will 
be decreased that an unstable particle should emerge 
from the beam before decaying. In this case, the cross- 
section limits presented in Table II would be too low. 

The above considerations indicate that it would 
require an improbable statistical fluctuation, or an 
angular distribution sharply peaked in the forward 
direction, in order for the results of this experiment to 
be consistent with a proton-proton production cross 
section for known unstable particles greater than about 
0.4 mb at 1.95-Bev energy. This conclusion is consistent 
with the work of others!:* who have studied the proton- 
proton production of unstable particles at 3 Bev. 
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The composition of the primary cosmic radiation is modified as 
a result of nuclear collisions which particles suffer in transit 
through the interstellar medium. The most sensitive indicator for 
the frequency of such collisions is the number of nuclear fragments 
corresponding to lithium, beryllium, and boron, which are found 
in the incident radiation close to the top of the atmosphere. It is, 
however, difficult to determine what fraction of these particles 
originated in outer space and what fraction is due to additional 
nuclear collisions in the uppermost layers of the atmosphere above 
the point of observation. In order to determine the relative im- 
portance of these two components, we have measured the per- 
centage of light elements in the primary cosmic radiation as a 
function of the amount of air traversed by the particles. Our 
measurements are based on an analysis of 651 particle tracks 
recorded at geomagnetic latitude \=41°. The relative intensities 
obtained under air masses varying from 8.5 to 30 g/cm? are in 
good agreement with individual values for vertically incident 
particles obtained by other workers. Our data were obtained at a 
rather great altitude (6.6 g/cm? of residual pressure), so that they 
permit an extrapolation to the top of the atmosphere which is 


largely independent of assumptions regarding the collision cross 
sections and fragmentation probabilities of complex nuclei. We 
have obtained the following primary flux values, in particles/m* 
sec sterad: 


Li, Be, B (LZ nuclei) 0.55+0.60 
Cc 2.65+0.40 
N 1.90+0.35 
O+F 3.00+4-0.45 
C, N, O, F (M nuclei) 7.55+0.65 
Z210 (H nuclei) 2.2040.35 


Thus Li, Be, and B nuclei represent but a small fraction of the 
flux of heavy primary particles. 

In order to account for this composition, the amount of inter- 
stellar gas traversed by the particles since their initial acceleration 
cannot have exceeded 1 g/cm* of hydrogen, as will be shown in 
detail in a separate paper. The smallness of this value imposes 
very stringent conditions on acceptable theories for the acceler- 
ation and subsequent diffusion of cosmic-ray particles. 





I. INTRODUCTION 


OON after the discovery of complex nuclei in the 


primary cosmic radiation, it was suggested'.? that - 


the relative abundance of various elements among the 
primary nuclei could give information, not only on the 
chemical] composition of the region where the particles 
originate, but also on their subsequent history. It was 
pointed out that in traversing interstellar space, the 
charge spectrum of the primary cosmic radiation must 
slowly shift toward lighter elements as a result of the 
partial destruction of heavy nuclei in collisions with 
nuclei in the interstellar gas. This process of frag- 
mentation is known to happen in a fairly random 
manner, so that all nuclei lighter than the original one 
will occur as fragments. In particular, nuclear residues 
with charge number 3, 4, and 5 occur frequently in the 
collision between protons and complex nuclei and must, 
therefore, occur frequently in interstellar collisions of 
heavy primaries. A measurement of the abundance of 
the corresponding elements, namely, Li, Be, and B, 
among the primary particles, can then be used to put 
an upper limit on the percentage of heavy nuclei which 
have suffered collisions in interstellar space. 

The natural abundance of Li, Be, and B (which we 
shall designate as Z nuclei) is very low in those parts 
of the universe which are accessible to analysis. Suess 
and Urey’ estimate one such nucleus for 3X 10° protons. 
It is, therefore, extremely likely that every Z nucleus 
observed in cosmic rays represents the surviving frag- 


1H. L. Bradt and B. Peters, Phys. Rev. 77, 54 (1950). 

2H. L. Bradt and B. Peters, Phys. Rev. 80, 943 (1950). 

3H. E. Suess and H. C. Urey, Revs. Modern Phys. 28, 53 
(1956). 


ment of some heavier nucleus which suffered a collision 
in outer space, and that the intensity of L nuclei at the 
top of the atmosphere not only yields an upper limit to, 
but is in fact a fairly accurate measure of, the number 
of nuclear collisions suffered by the average cosmic-ray 
primary. 

The number of collisions determines the amount of 
interstellar gas which the particles have traversed, 
starting with the time when their acceleration began 
and their energy had reached the few Mev/nucleon 
necessary for overcoming Coulomb repulsion, until the 
time at which they finally arrived at the outer boundary 
of our atmosphere. A knowledge of the amount of 
interstellar matter traversed by the primary radiation 
is of great importance for developing a consistent theory 
of the origin of cosmic radiation. 

The earliest experiment? designed to determine the 
flux of Li, Be, and B nuclei in the primary cosmic 
radiation was carried out at geomagnetic latitude 30°, 
where nuclei arriving from the vertical direction have 
energies in excess of 3.5 Bev/nucleon. The ratio of Li, 
Be, B (Z nuclei) to C, N, O, F (M nuclei) at the top 
of the atmosphere was found to be Ro=L(0)/M(0) 
£10%. The statistical accuracy of the measurement 
was not sufficient to set a lower limit. Since then 26 
papers*-” have appeared dealing with similar measure- 


‘ Dainton, Fowler, and Kent, Phil. Mag. 42, 317 (1951). 

SE. P. Ney and D. M. Thon, Phys. Rev. 81, 1069 (1951). 

6 J. A. Van Allen, Phys. Rev. 84, 791 (1951 

7 Dainton, Fowler, and Kent, Phil. Mag. 43, "729 (1952). 
as Peters, Reynolds, and Ritson, Phys. Rev. 85, 295 

® K. Gottstein, Phil. Mag. 45, 347 (1954). 

” Kaplon, Noon, and Racette, Phys. Rev. 96, 1408 (1954). 

" T. H. Stix, Phys. Rev. 95, 782 (1954). 
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ments at various latitudes. Most of these refer to 
experiments using nuclear emulsions. 

In the beginning there were many discrepancies 
between the results of different investigators, mostly 
due to specific experimental difficulties. In later work, 
these difficulties have largely been overcome and we 
shall show that practically all major investigations 
carried out at or close to latitude \~41° in recent years 
at various atmospheric depths, x, yield ratios R(x) 
=L(x)/M(x) which are in very good agreement with 
each other. However, there is no agreement as yet on 
how to correct for atmospheric effects and, therefore, 
no agreement as to how much of the observed flux of 
light nuclei is incident from outside and how much must 
be attributed to the fragmentation of complex nuclei 
in the uppermost layers of the atmosphere. 

Because of this difficulty, the ratios of L to M nuclei 
at the top of the atmosphere given in the literature 
range from zero to one, with most values clustering 
around 0.3 to 0.4. This spread of results obscures their 
astrophysical significance almost completely and justi- 
fies a new experiment in which all the customary 
techniques and the interpretation of measurements are 
subjected to re-examination. 


Il. EXPERIMENTAL PROCEDURES 


Recently a number of excellent and very detailed 
papers have appeared which describe experiments to 
determine the composition of primary radiation with 
the aid of nuclear emulsions exposed in the stratosphere 
near geomagnetic latitude A= 41°. Particularly, in the 
papers of Waddington” and the Torino group of Cester 
et al.,* the important experimental problems which 
affect the detection and identification of heavy pri- 
maries and the resolution of the charge spectrum have 
been discussed with great care. Our experimental 
procedure was in many ways quite similar to that used 
by these authors, and although we have introduced a 
number of additional safeguards against experimental 


2B. Waldeskog, Arkiv Fysik 7, 475 (1954). 

18 Hourd, Fleming, and Lord, Phys. Rev. 95, 647 (1954). 

14 B. Peters, Proc. Indian Acad. Sci. 40, 230 (1954). 

151. S. Bohl, thesis, University of Minnesota, 1954 (unpub- 
lished). 

16 J. Linsley, Phys. Rev. 93, 899 (1954). 

17 Biswas, Peters, and Rama, Proc. Indian Acad. Sci. 41,154 
(1955). 

18 W. R. Webber and F. B. McDonald, Phys. Rev. 100, 1460 
(1955). 

19H. Yagoda, Phys. Rev. 99, 1644 (1955). 

” H. Fay, Z. Naturforsch. 100, 572 (1955). 

2 J. Linsley, Phys. Rev. 101, 826 (1956). 

2 W. R. Webber, Nuovo cimento 4, 1285 (1956). 

%H. Yagoda, Bull. Am. Phys. Soc. Ser. II, 1, 229 (1956). 

*P. H. Fowler, Proceedings of the Oxford Conference on 
Extensive Air Showers, 1956 (unpublished), p. 55. 

25 Noon, Herz, and O’Brien, Nuovo cimento 5, 854 (1957). 

26 C. J. Waddington, Phil. Mag. 2, 1059 (1957). 

27 Koshiba, Schultz, and Schein, Proceedings of the Varenna 
Conference, 1957 (unpublished). 

28 Cester, Debenedetti, Garelli, Quassiati, Tallone, and Vigone, 
Nuovo cimento 7, 371 (1958). 

2 V. Y. Rajopadhye and C. J. Waddington, Phil. Mag. 3, 19 
(1958). 
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Fic. 1. The ratio of Z nuclei (Li, Be, B) to M nuclei (C, N, O, F) 
as a function of atmospheric depth. The straight solid line is that 
of least-squares fit. The dashed lines indicate extrapolations used 
by Waddington* and Cester e¢ al.,?* respectively. Experimental 
points surrounded by circles are discussed in Appendix IV. 


and observational errors, it seems sufficient to relegate 
the description of the methods to the Appendix. There 
we discuss in detail the procedures for determining 
scanning efficiency, calibration, and charge identifi- 
cation, as well as the various small corrections which 
must be applied to the charge spectrum as a result of 
the particular criteria used for accepting or rejecting 
various types of tracks. Except for minor details, our 
experiment differs from those of Waddington and the 
Torino group in two respects only: 


1. It was carried out under a smaller weight of 
residual atmosphere, less than half as much as in their 
experiment. (The exposure lasted for 6} hours under 
6.6 g/cm? of air plus 0.5 g/cm? of packing material.) 

2. The number of tracks used for determining the 
charge spectrum (651 tracks of particles with atomic 
number Z 2 3) is considerably larger than in all previous 
experiments. This makes it possible to obtain, sepa- 
rately, the composition for particles incident under 
various zenith angles. In this way we have determined 
the primary composition as a function of atmospheric 
thickness, x, in the interval 8.5<2< 30 g/cm’. 


Leaving to the Appendix all details as to how the 
relative number of nuclei with different atomic number 
under various thickness of air was obtained, we proceed 
immediately to a discussion of the results and a com- 
parison of our results with those of other workers. 


Ill. EXPERIMENTAL RESULTS 


In Fig. 1, we have plotted the experimentally deter- 
mined ratio R(x)=L(x)/M(x) of Li, Be, B nuclei 
(L group) to C, N, O, Finuclei (M group), as a function 
of atmospheric depth, x.jWe have included in the graph 
the results of all authors who measured this ratio at 
latitude \= 41° or close to it (either by means of emul- 
sions are by other techniques), and who have based 
their results on not fewer than 100 tracks of the medium 
(M) group. Figure 1 shows that the agreement between 
the different experiments is very good. A value reported 
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by Schein at the cosmic-ray conference in Varenna 
seems to be also in good agreement with the other 
measurements; it has been omitted only because the 
flight details have not yet been published. Five addi- 
tional determinations of K have been published! -!5.19.21.% 
which have less statistical weight but are consistent 
with those plotted in Fig. 1. These have been omitted 
from the graph. 

There are only three measurements (all of com- 
paratively low statistical weight) which are in dis- 
agreement. The corresponding values have been in- 
cluded in the graph of Fig. 1, and have been surrounded 
by a circle. They are the experiments of Kaplon, Noon, 
and Racette,’® of Fay,” and of Noon, Herz, and 
O’Brien.” In each case it seems possible to give plausible 
reasons for the discrepancy which are discussed in 
Appendix IV. 

We have chosen to compare here and in the other 
graphs ratios between different primary components 
rather than the absolu/e intensities for the following 
reasons: 


1. Ratios (but not intensities) should be independent 
of slight differences in geomagnetic latitude and, there- 
fore, also independent of differences in balloon tra- 
jectories. 

2. Ratios (but not the absolute intensities) are 
independent of the shrinkage factor of emulsions, a 
quantity whose accurate determination is difficult and 
laborious. 

3. Intensities under comparable thicknesses of air, 
but in different zenith directions, can be compared only 
if they are corrected for the variation of primary 
intensity with zenith angle at the top of the atmosphere. 
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Fic. 2. Charge spectrum of particles with charge Z > 3 as deduced 
from grain density measurements in C-2 emulsions. 
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Fic. 3. (a) The ratio of L nuclei (Li, Be, B) to S nuclei (Z > 6) 
as a function of atmospheric depth. The dashed line is that of 
least-squares fit. The solid line indicates the expected change if 
the nuclei observed at 8.5 g/cm? consisted only of nuclei which 
have entered the atmosphere from the outside and no secondary 
particles are produced in the air. (b) The ratio of M nuclei 
(C, N, O, F) to S nuclei as a function of atmospheric depth. 


Geomagnetic theory predicts a fairly large variation at 
latitude A= 41°, and the theory has not been checked 
with sufficient accuracy to make the corresponding 
corrections reliable. Intensity ratios between various 
components require no such correction. 


The good agreement between the results of various 
experiments is not confined to the ratio R(x)=L(x)/ 
M (x). If one compares experiments with good statistics, 
one sees that it applies also the details of the primary 
charge spectra. Figure 2 shows our charge spectrum, 
which exhibits clearly a strong resemblance in its main 
features with the spectra published by Waddington™ 
and the Torino group,”* although the spectra were 
measured at different altitudes. In these three experi- 
ments carbon is the largest peak, followed by about 
equal numbers of nitrogen, oxygen, and boron. Next 
in intensity are small peaks of comparable size for 
fluorine, neon, lithium, and beryllium.” 

We therefore find reasonably consistent results, not 
only in the ratio L(x)/M(x), but also when we form 
intensity ratios between various other primary com- 
ponents, for instance, the ratio of light (LZ), medium 
(M), or heavy (H) nuclei to the S group of primaries 
defined as comprising all nuclei with atomic number 
Z>5. In Figs. 3(a) and (b), we show the ratios L/S and 
M/S as a function of atmospheric depth, x. In Fig. 4 
(a), (b), and (c), we have plotted the ratios C/S, N/S, 


*® Webber,” however, who analyzes the primary spectrum with 
the help of a Cerenkov detector, obtains more Li and Be than 
B nuclei. He does not analyze the M and H groups. 
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Fic. 4. Ratios of (a) carbon, (b) nitrogen, (c) oxygen and 
fluorine nuclei to S nuclei as a function of atmospheric depth. The 
solid lines indicate the expected change if the nuclei observed 
between 8.5 to 10 g/cm? were all primary particles. 


and (O+F)/S. Again we have used all published data 
which are based on a minimum number of 100 M nuclei. 
From these figures it appears that the observations 
on which the abundance of various components in the 
primary radiation must be based, are not in dispute. 


IV. EXTRAPOLATION OF ABUNDANCE RATIOS 
TO THE TOP OF THE ATMOSPHERE 


The dotted lines in Fig. 1 show the extrapolation 
used by some authors to obtain abundance ratios at 
zero atmospheric pressure. These extrapolations are 
based on a semitheoretical growth curve of light- com- 
pared to medium-weight primary components which 
evidently fits the experimental data rather poorly. 
There are several grounds on which this procedure of 
extrapolating the data can be criticized: 


1. The growth curves which have been used involve 
a large number of parameters which have to be deter- 
mined by experiment. These parameters are the mean 
free path for interaction of various primary nuclear 
components with atmospheric nitrogen and oxygen, 
and the probabilities of obtaining in such interactions 
surviving fragments of various sizes. Even if we classify 
all particles into only three groups [light (Z), medium 
(M), and heavy (H) ], there are still nine parameters 
which have to be measured: an interaction mean free 
path for each group, and fragmentation probabilities 
which determine whether a nucleus stays in its own 
group after collision or is transformed into a nucleus 
belonging to one of the light groups. Even if it were 
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possible to determine these nine parameters with fairly 
small individual errors, the combined effect of these 
errors on the calculated growth curve is so large as to 
destroy its usefulness. 

2. The values which have been used for fragmen- 
tation probabilities have been determined on the basis 
of collisions observed in absorbers (mostly nuclear 
emulsions) whese atomic composition differs consider- 
ably from that of air.?-*.?®.27-%9.81.82 Attempts have been 
made to derive from these parameters, new parameters 
applicable to air, but they cannot be justified rigorously 
and lack a sound foundation in nuclear theory. In 
particular, it has often been assumed that a glancing 
collision of a primary with a heavy target nucleus in a 
nuclear emulsion leads to the same type of breakup as 
a head-on collision with a light target nucleus. It seems 
difficult to justify such an assumption. 

3. Frequently, parameters measured at one latitude 
have been used to extrapolate data obtained at a dif- 
ferent latitude. Yet it is possible that the fragmentation 
probabilities are energy-dependent. 

For these reasons, it is not safe to rely on any of the 
proposed growth curves for the purpose of extrapolating 
data to the top of the atmosphere. It is necessary to 
measure the growth curve directly in air over the 
largest possible pressure interval and then use the 
experimental data for a semiempirical extrapolation to 
the top. The discrepancies between the primary flux 
ratios quoted by various authors are entirely due to 
differences in extrapolation procedures. The estab- 
lishment of a reliable growth curve for the Z component 
is, therefore, the crux of the problem. 

In order to determine the flux of Z nuclei at the top 
of the atmosphere, it is better to work with the ratio 
L/S=L/(M+8) than with the ratios L/M or L/H, 
because L/S has a greater statistical weight and the 
procedure for extrapolation is easier to work out. 


A. Straight-Line Extrapolation 


In first approximation, one can simply draw a straight 
line representing a least-squares fit to the data of Fig. 
3(a). Its intercept with the ordinate should be close 
to the true ratio at the top of the atmosphere, because 
as long as the atmospheric depth x at the points of 
observation is small compared to the interaction mean 
free path of the various nuclei whose collisions con- 
tribute to the L flux, the ratio L/S must increase 
linearly with x. The dashed line in Fig. 3(a) represents 
the least-squares fit to the data. Each point has been 
given a statistical weight proportional to the square 
root of the number of particles on which the corre- 
sponding measurement is based. The result, however, 
is almost independent of these weight factors. 

The best-fitting straight line representing the data in 
Fig. 3(a) can be expressed by the equation: 


r(x) =rotax=0.095+-0.0193x. (1) 


41 J. H. Noon and M. F. Kaplon, Phys. Rev. 97, 769 (1955). 
® Fowler, Hillier, and Waddington, Phil. Mag. 2, 293 (1957). 
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This first approximation to an extrapolation yields, 
therefore, L(0)/S(0)=9.5%. 

[If, instead of using only our data, we make use of all 
data at \=41° which have been published by various 
workers and which are based on at least 100 M nuclei, 
we obtain (Lo/So) aad 8.3%. ] 

In order to determine the probable error on this 
quantity, we divide the emulsion area and thereby our 
entire experiment into two equal parts containing 325 
particles each and obtain a best-fitting line for each 
group separately. The lines intersect at 2;= 13.55 g/cm? 
and differ in slope by Aa=0,0080. The experimental 
uncertainty in the slope, a [Eq. (1) ], should then be 
about half as large as the difference Aa between the 
slopes derived from the two partial experiments. We 
can, therefore, write for the straight-line approximation 
(including statistical error)* 


r(x) =9(21)+a(x—2;) = 0.356 
+ (0.019340.0040) (x— 13.55). (2) 


B. Accurate Extrapolation Formula 


The intercept ro of the straight line drawn through 
the experimental points of Fig. 3 (a) gives, however, 
only an approximation to the flux ratios at the top of 
the atmosphere. The correct extrapolation formula is 
derived in Appendix V and yields: 


Ro= L(0)/S(0) =ro—a(b.+-6,). (3) 


Here 6, is the term which arises from replacing the 
straight line by the real growth curve and 4, is the term 
which arises from tracks recorded before the balloon 
reached ceiling. 

6., is a simple function of Z and A, where Z is the point 
at which the straight line through the data is made 
tangent to the growth curve and A is the differential 
absorption mean free path of the Z and S components 
defined by 1/A=(1/As)—(1/Az). Since 6, is always 
small, the precise value chosen for £ does not seriously 
influence the result. 

6, is an important correction; it can be written in 
closed form and can be evaluated quite accurately 
because it depends only on the parameters of the flight 
(rate of ascent and length of stay at ceiling) and is 
insensitive to the choice of %. Both functions are 
evaluated in Appendix V. 

Not only the determination of absolute flux values 
but also the extrapolation of flux ratios to the top of 
the atmosphere requires, therefore, a knowledge of 
absorption mean free paths for heavy nuclei in air. 
Experimental data are available to determine these 
quantities with sufficient accuracy. They are discussed 
in the next section. 


% This equation could of course also be written in the simpler 
form, r(x)=ro+ax, but in this case, errors which are not inde- 
pendent of each other would have to be attached to both parame- 
ters, ro and a. 


Our method of extrapolation does not require a 
knowledge of the so-called fragmentation probabilities 
(the probability that a collision between nuclei will 
lead to a fragment of a given size). This is an advantage 
because so far no experiments have been performed to 
determine these probabilities in materials similar in 
composition to that of air. 


V. ABSORPTION MEAN FREE PATH OF 
HEAVY NUCLEI IN AIR’ ~ 


At latitude \=41°, geomagnetic theory predicts a 
dependence of primary flux on zenith angle even when 
the flux is averaged over all azimuths. No extensive 
and accurate check of the theory has been made so far. 
For all latitudes higher than ~20° it seems, therefore, 
unsafe to deduce the absorption mean free path of 
primary nuclei from their variation of intensity with 
zenith angle. Near the equator, on the other hand, 
geomagnetic theory is probably reliable in its pre- 
diction*** that when the averaged over azimuth, the 
incoming radiation is isotropic for all zenith angles less 
than 70°. It seems, therefore, safe to derive the ab- 
sorption mean free paths from the zenith angle de- 
pendence of flux observed at latitude A=10° by 
Danielson, Freier, Naugle, and Ney,** if we omit the last 
point of their data which represents measurements at 
zenith angle = 70°. 


A. Absorption of the M and S Components 


Nuclei of particular elements will have a well-defined 
absorption mean free path provided their primary 
intensity is so high that contributions to their flux from 
the breakup of heavier elements can be neglected. 
Exponential absorption will also hold for strong groups 
consisting of elements of nearly equal atomic weights. 
For this reason, we may expect an exponential decrease 
in the atmosphere for the M component, comprising 
the elements C, N, O, and F. This is borne out by the 
measurements of Danielson and others®* at 15 g/cm? 
pressure, and by the fact that their value Ay=26+2 
g/cm? is in good agreement with similar measurements 
made at greater atmospheric depth. We shall, therefore, 
use the absorption mean free path Ay of these authors 
not only for x>15 g/cm? but also for the pressure 
interval 0< x¢ 15 g/cm’. 

Since the M component is by far the strongest group 
among the nuclei heavier than boron, the S component 
which comprises both M and H nuclei will also to a 
good approximation be absorbed exponentially. We 
therefore use for As the value derived from the measure- 
ments of Danielson ef al. at \=10° and zenith angles 
6<70°. This value is As=29.0+1.0 g/cm’. 


* The prediction is based on the curves given by Alpher** and 
on a primary energy spectrum of the form V(>e)=K/e-“, where 
¢€ represents particle energy including rest mass. 

3° R, A. Alpher, J. Geophys. Research 55, 437 (1950). 

ee Freier, Naugle, and Ney, Phys. Rev. 103, 1075 

1956). 
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Fic. 5. The ratio of M nuclei (C, N, O, F) to H nuclei (Z > 10) 
as a function of atmospheric depth. The last point, marked a, 
was obtained by combining our own measurements with those of 
Cester et al.28 The dashed lines indicate extrapolations used by 
Waddington*® and Cester ef al.%8 


B. Absorption of the H Component 


In contrast to the M and S components, the H 
component by itself does not follow an exponential 
absorption law. This arises from the fact that the group 
consists of nuclei of widely different weights 
(20¢ A<60). A large percentage of the very heavy 
nuclei in this group interact before they have penetrated 
20 g/cm? of air; from emulsion work we know that in a 
high percentage of cases (250%) such collisions leave 
large residues which must still be classified as H nuclei; 
in air the percentage must be larger. As a result, the 
absorption mean free path of the entire H component 
at very high altitude is at least twice as large as its 
interaction mean free path and is, therefore, /arger than 
the absorption mean free path of the M component. 
This is borne out by our own observations and also by 
the measurements of Danielson ef al., who at 15 g/cm? 
obtained the absorption mean free path Ay=41+6 
g/cm?. Ultimately, of course, after the traversal of 
more air, so that the internal composition within the 
H component has degenerated sufficiently, the ab- 
sorption must become faster than that of the M 
component, and at greater atmospheric depth Ay must 
therefore become smaller than 26 g/cm’. As a result of 
this particular and conventional way of subdividing 
complex primary nuclei, the ratio of M/H nuclei in the 
atmosphere first decreases and then, at an atmospheric 
depth greater than about 20 g/cm’, it begins to increase. 
This trend is exhibited in Fig. 5. 


C. Absorption Mean Free Path of the 
L Component 


Unfortunately, no direct measurements exist on the 
absorption of Z nuclei in air. We can make use of a 
semiempirical formula for the interaction cross section 
between two types of heavy nuclei, a formula which 
has been tested experimentally for incident nuclei 
ranging from helium to iron and for target materials 
of various atomic numbers ranging from glass to 
lead.}.2,8.28.29,31,82,87.88 This formula, originally given in 

37 Y. Eisenberg, Phys. Rev. 96, 1378 (1954). 

38 F, B. McDonald, Phys. Rev. 104, 1723 (1956). 


NEELAKANTAN, AND PETERS 


reference 1, can be written 
o1,2=r0?(Ayt+Ast— 1.17)? cm?, (4) 


where A;, Ae are the atomic weights of the colliding 
nuclei and ro has the value ro= 1.45 X 10-" cm. 

This cross section is defined as representing collisions 
in which the incident nucleus loses at least two units 
of charge. When applied to L nuclei in air, it therefore 
differs from the absorption cross section because it 
includes collisions in which a boron nucleus is trans- 
formed into a lithium nucleus; and at the same time it 
excludes collisions in which a lithium nucleus goes over 
into an a@ particle. Both types of collisions are com- 
paratively rare and their effects will cancel to some 
extent. It therefore seems reasonable to use Eq. (4) for 
calculating the absorption mean free path A, of the 
L component in air. The result is Az=31.5 g/cm’. 

Alternatively, we can try to determine A; by using 
the nuclear radii measured by Hofstadter et al., and 
then estimate the percentage of collisions in which a 
L nucleus is transformed into a lighter nucleus still 
belonging to the LZ group. This probability is not well 
known; its value in nuclear emulsions is about 10%; 
and this leads to an absorption mean free path A, =33.5 
g/cm?, not very different from that obtained with the 
help of the semiempirical formula. 


VI. FLUX RATIOS AND FLUX VALUES AT 
THE TOP OF THE ATMOSPHERE 


A. Flux Ratios 


We use the absorption mean free paths discussed in 
the previous section to calculate in Appendix V the 
correction term in Eq. (3), and obtain 


5.+5,.=5=1.90+0.25 g/cm?; ad=3.65%. 


The extrapolated flux ratio of Z and S§ nuclei [Egs. 
(2) and (3) ] becomes 


Ro= 35.6— (1.9340.40) (64+ 13.55) %=5.8+6.2%. (5) 


As can be seen from the formulas, statistical fluc- 
tuations, which lead to a lowering of the extrapolated 
value for the uncorrected data, have the effect of 
increasing at the same time the ascent correction term. 
The effect of statistical fluctuations on the ascent 
corrected ratio is thereby magnified. 

The ratio of Li, Be, and B to heavier primaries at 
the top of the atmosphere is quite small, most probably 
within the upper limit of 10% obtained in the earliest 
investigation. Within errors it could be slightly larger 
or it could be very much smaller. Z nuclei registered 
during ascent play a substantial part in experiments 
using stratosphere balloons. This remains true regard- 
less of the altitude at which the main exposure takes 
place. 

The flux ratio Mo/So at the top of the atmosphere 


* Hofstadter, Hahn, Knudsen, and McIntyre, Phys. Rev. 95, 
512 (1954). 
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can be derived in a manner entirely analogous to tlie 
one used so far. We get Mo/So=0.775+0.035. 


B. Absolute Flux Values 


The absolute flux values can only be derived if we 
know the absorption properties of at least one of the 
components. Both the M and the S components 
decrease exponentially with increasing pressure. The 
absorption mean free paths are known with good 
accuracy (see Sec. V). The flux of M nuclei can be 
calculated either directly, or from the flux of S nuclei 
and the ratio Mo/So; the corresponding results are in 
good agreement. The flux of the H component is 
obtained from the flux of S nuclei and the ratio 
Ho/So=1—(Mo/So). It can also be obtained from the 
flux of H nuclei at ~10 g/cm? and the knowledge that 
the absorption mean free path between 0 and 10 g/cm? 
must be close to but longer than the value obtained by 
Danielson et al. between 15 and 35 g/cm’. 

Individual flux values for the C, N, and O6+F 
components are obtained by distributing the M flux 
among these nuclei in proportion to their frequency 
under 10 g/cm? of air, with a very minor correction to 
take into account the different sizes of the nuclei. The 
error introduced by the assumption that the com- 
position within the M component does not change with 
atmospheric depth is probably small compared to the 
statistical errors. 

Finally, we have calculated the extrapolated ratios 
Lo/Mo and M»/Ho in order to facilitate comparison 
with other experiments. Our data are listed below: 


Flux Values (particles/m? sec sterad) 


L nuclei 0.55+0.60 
Carbon 2.65+0.40 
Nitrogen 1.90+0.35 
Oxygen plus fluorine 3.00+0.45 
M nuclei 7.55+0.65 
H nuclei 2.20+0.35 
Ratios 


Lo, ‘Mo= (7.5 8)%, M)/Ho=3.45+0.65. 


VII. DISCUSSION OF RESULTS 


The solid lines in Figs. 3 and 4 represent the expected 
change of primary composition with atmospheric depth 
on the assumption that the nuclei observed between 
8.5 and 10 g/cm? of air are all truly primary particles. 

Figure 4(c) shows that for oxygen plus fluorine this 
assumption must be close to the truth because the 
observed depth dependence agrees with the predicted 
one. (This is reasonable, because the oxygen peak itself 
is strong and there are no large peaks of heavier nuclei 
in the neighborhood which can contribute much to 
secondary oxygen production.) 

The same holds true for nitrogen. The carbon ratio, 
C/S, increases perhaps a little faster with atmospheric 
depth than expected; thus there is an indication for a 
small contribution of secondary particles to the carbon 
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Fic. 6. The experimentally determined growth curve of the 
ratio L/M as a function of atmospheric depth, compared with 
growth curves calculated by Noon and Kaplon® and Rajopadhye 
and Waddington.” The shaded region indicates the uncertainty 
in the theoretical curve as given by the last-mentioned authors. 


peak which presumably comes from the neighboring 
strong group of N and O nuclei. 

Figure 3(a) shows clearly that the growth curve of 
L nuclei is quite inconsistent with the assumption that 
the majority of nuclei observed between 8.5 and 10 
g/cm? of air are truly primary particles. 

In Fig. 6, the experimental growth curve of the 
L component is compared with the semitheoretical 
growth curves proposed by Noon and Kaplon* and by 
Waddington,” which are based on extrapolations 
from experiments carried out in nuclear emulsions. 
Waddington has also indicated the range of errors in 
the proposed curve. The measured growth curve is in 
closer agreement with that proposed by Noon and 
Kaplon® than with that proposed by Waddington. 

Table I, gives all published primary flux values at 
\=41°, extrapolated to zero pressure. 

There is generally good agreement between various 
authors on the flux of S nuclei at geomagnetic latitude 
\=41°. This is to be expected because, as we have 
shown, the absorption of the S component in the 
atmosphere is truly exponential and therefore, apart 
from statistical errors, not very sensitive to the at- 
mospheric depth from where the extrapolation to the 
top is carried out. 

Our ratio M/H is significantly higher than that 
obtained by other authors and as a result, our value 
for the M flux isa little higher and for the H flux a little 
lower. 

Since the high M/H ratio was measured at greater 
altitude than most other ratios listed in Table I, it 
should be more reliable. The discrepancy with previous 
measurements is presumably due to the fact that, as 
discussed in Sec. V, the absorption of the H component 
is not exponential but flattens out near the top, while 
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Taste I. Extrapolated flux of M, H, and S nuclei at \~41°.* 











Flux (particles/m* sec sterad) Me 
Author(s) Reference Mo Ho So Ho 
Van Allen (1951) 6 <6.0 <1.1 <7.1 
Kaplon, Peters, Reynolds, 
and Ritson (1952) 8 5.9 +0.7 2.4 +0.3 8.3 +0.8 2.4640.43 
Kaplon, Noon, and 
Racette (1954) 10 7.1 41.3 2.6 40.9 9.7 +1.6 2.7341.07 
Stix (1954) 11 an vain 10.2_3,,*4-5 vee 
Yagoda (1955) 19 5.46+1.0 2.10+0.50 7.56+1.3 2.66+0.80 
Linsley (1956) 21 74 41.7 4.2 +2.0 11.6 +2.6 noe 
Webber (1956) 22 AP}: $4 9.20+1.20 Ve 
Yagoda (1956) 23 4.37+0.63 2.22+0.45 6.59+0.80 1.96+0.50 
Noon, Herz, and O’Brien (1957) 25 5.55 2.6 8.10 2.13 
Waddington (1957) 26 6.10+0.60 2.50+0.30 8.60+0.67 2.44+0.38 
Cester, Debenedetti, 
Garelli, Quassiati, 
Tellone, and Vigone (1957) 28 5.52+0.40 2.82+0.40 8.34+0.57 1.96+0.31 
Present work 7.54+0.65 2.22+0.35 9.86+0.75 3.45+0.65 








* The errors attached to our results are standard deviations. Most authors did not specify whether their errors refer also to standard deviation or to 


probable errors. 


the M component is absorbed exponentially throughout 
the atmosphere. M/H decreases, therefore, at high 
altitude and increases at an atmospheric depth greater 
than ~20 g/cm?. The curve in Fig. 5 illustrates this 
behavior of the ratio M/H in a qualitative way. The 
dotted lines, which represent the extrapolations made 
by Waddington*® and by Cester e¢ al.,”* seem to lead 
to an underestimate of the flux ratios at the top of 
the atmosphere. 


VIII. CONCLUSIONS 


The various published measurements of the relative 
intensity of different primary components at latitudes 
close to \=41° and under air masses of various thick- 
nesses are in good agreement with each other. This is 
true for all experiments of good statistics (more than 
100 M nuclei), and for most of the measurements with 
lesser statistics. Three cases of comparatively low 
statistical weight give substantially different results 
but probable reasons can be given for the discrepancies. 

The data establish a change of composition in the 
primary radiation with atmospheric depth which 
permits an extrapolation to the top of the atmosphere 
depending only on directly measurable quantities. 
Recent improvements in balloon performance made it 
possible to bring these measurements closer to the top 
of the atmosphere and thereby reduce the errors 
inherent in the corrections for secondary atmospheric 
effects. Separate flux values for C, N, and (O+F) 
nuclei have been obtained. Their combined intensities 
are in good agreement with the measurements of other 
authors. The intensity of nuclei with atomic number 
Z2>10, on the other hand, is somewhat lower than that 
estimated on the basis of measurements performed 
under greater thickness of air. 

The primary flux of Li, Be, and B nuclei is 7.5+8.0% 
of the flux of C, N, O, and F nuclei. Therefore, the 
conclusions about the origin of cosmic radiation which 
were drawn in an earlier paper? and which were based 


on a ratio Lo/Myo<10% remain valid. Because of 
statistical errors it cannot be ruled out that the primary 
intensity of Z nuclei is considerably smaller than the 
most probable value given above and it therefore seems 
that, as yet, the composition of the primary radiation 
cannot provide an argument against local, i.e., solar, 
theories for the origin of the radiation. 

Statistics and resolution in this experiment were not 
sufficient to separate the fluorine from the oxygen flux. 
Since the natural abundance of fluorine must be ex- 
pected to be extremely low,* such a measurement could 
provide an independent check on the Li, Be, and B 
method for determining the amount of interstellar 
material traversed by primary cosmic-ray nuclei. 

A thickness of the interstellar gas layer traversed by 
the average primary nucleus which is consistent with 
the observed intensity of the primary Li, Be, and B 
component will be calculated in a separate paper. It 
corresponds to less than 1 g/cm? of hydrogen. 
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APPENDIX I. FLIGHT DATA, EMULSION STACKS, 
TRACK SELECTION CRITERIA, AND COR- 
RECTION FOR SCANNING AND 
INTERACTION LOSSES 


Flight Data 


The balloon was launched at San Angelo, Texas 
(geomagnetic latitude A=41°), on February 6, 1956. 
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Its rate of ascent was 3.32 meters per second. It reached 
a peak altitude of 34.7 km (6.2 g/cm’), and floated for 
6 hours and 15 minutes at a mean altitude of 34.2 km 
(6.6 g/cm*). The flight curve is shown in Fig. 7. 


Emulsion Stacks 


The equipment consisted of three stacks of emulsion 
sheets, each of size 15X20 cm and 400 yz thick. Two 
stacks were flown with emulsion surfaces vertical and 
each consisted of 8 C-2 emulsions flanked by two G-5 
emulsions. The other stack was flown with emulsion 
surfaces horizontal and consisted of two G-5 emulsion 
sheets separated by 3 mm of celluloid. Only one vertical 
stack and the horizontal stack were used in this 
experiment. 

The G-5 emulsions were developed for maximum 
sensitivity. Three of the C-2 emulsions in the vertical 
stack were processed to give normal sensitivity (25 
times minimum ionization corresponded to nearly 70 
grains/75 wu). The remaining C-2 emulsions were proc- 
essed by using diluted amido! developer. They were 
not used in this experiment. 


Selection Criteria 
A. Vertical Stack 


The G-5 emulsions on the outside of the stack were 
examined under a total magnification of 150 for all 
tracks satisfying the following conditions: 


1. All tracks must enter the stack from the upper 
hemisphere (any angle from 0°<@< 90°). 

2. The length of tracks projected into the plane of 
the emulsion must be greater than or equal to 1 mm 
per emulsion sheet. 

3. Grain density must exceed that corresponding to 
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a particle with specific ionization six times larger than 
that of a singly charged particle at the minimum of 
onization. 


These tracks were traced through the stack until 
they led to an interaction or left the stack. 

In order to be included in our analysis, a track must 
further satisfy the following criteria: 


1. A track with a grain density greater than 60 
grains/75 u in C-2 emulsion must pass through at least 
the first three emulsions in the stack. This condition 
enables us to make 6-ray density measurements in at 
least one G-5 and grain density measurements in at 
least one C-2 emulsion. 

2. Tracks with grain density less than 60 grains/75 u 
in C-2 emulsion must satisfy the following conditions: 


(a) These tracks must have a minimum length of 1 
cm in the stack. 

(b) Grain density must exceed that corresponding 
to a particle with a specific ionization eight times larger 
than that of a singly charged particle at minimum 
ionization (grain density >30 grains/75 uw in C-2 and 
>90 grains/75 wu in G-5 emulsions). 

(c) The grain density in the two G-5 emulsions must 
not differ by more than 6%. (At least 1000 grains were 
counted on each track. Reproducibility of counting 
results was better than 3%.) 


These conditions eliminate all protons, deuterons, 
and tritons, but include a particles in the narrow energy 
range from 170 Mev to 270 Mev/nucleon which could 
be erroneously attributed to lithium nuclei. If such 
a particles exist, their effect would be to give a spuri- 
ously high value for the lithium flux. However, it is 
extremely unlikely that such a particles occur at \=41° 
in measurable numbers. 

613 tracks in an area of 170.0 cm’ satisfied all criteria. 


B. Horizontal Stack 


The upper G-5 emulsion was examined for tracks 
satisfying the following criteria: 

1. The length of the track projected into the plane 
of emulsion sheet must be greater or equal to 1290 u 
(this corresponds to a zenith angle >723°). 

2. The grain density must exceed that corresponding 
to a particle with a specific ionization six times larger 
than that of a singly charged particle at minimum of 
ionization. 

Tracks satisfying the following conditions were 
selected : 


1. Tracks with more than 2.5 6 rays/100 » must 
traverse the top emulsion. (2.5 6 rays/100 uw ‘corresponds 
to Z=5.) 

2. Tracks with less than 2.5 6 rays/100 » must pass 
through both emulsions and their grain density must 
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TABLE II. Particle spectrum, with corrections. 
Element Li Be B Cc N oO F Z2>10 Total 

Observed number 34 19 100 130 80 105 27 118 613 
Scanning efficiency (%) 84.6 97.5 97.5 97.5 97.5 100 100 100 
Loss due to nuclear 

interactions (%) 64 7.0 4.4 4.7 5.1 5.3 5.6 6.5 
Corrected number of 

particles entering 

the stack 42.9 20.9 107.1 139.5 86.7 110.5 28.5 126.2 662.3 











exceed 90 grains/75 wu. The difference in grain density 
in the two emulsions must not exceed 6%. 


38 tracks in an area of 14.2 cm? satisfied all criteria. 


Corrections 


A. Correction for Particles Missed in 
Scanning Emulsions 


It is a common difficulty in emulsion work that the 
lighter a nucleus, the harder it is to observe its track 
and to identify it as a primary against a background of 
slow secondary particles of comparable ionizing power 
and track density. Whatever the criteria for selecting 
tracks, the observations are always biased against 
finding and identifying light nuclei, in particular 
lithium. . 

In order to correct for this loss, the emulsion area 
scanned by each observer overlapped the area scanned 
by another observer. The overlap consisted of 50.9 cm? 
and contained 172 tracks (16 tracks of Li, 9 of Be, 22 of 
B, 93 of C, N, O, F, and 32 of nuclei with Z>10). The 
number of tracks missed or misidentified by one but 
not by the other observer was 6 of Li and 4 of carbon. 
From this the efficiency correction for each observer 
was calculated in a straightforward manner. (The loss 
of the four carbon tracks has been distributed equally 
among Be, B, C, and N.) The average efficiencies are 
shown in Table IT. 

14.2 cm? in the horizontal stack were scanned by two 
observers whose efficiency for all types of nuclei in the 
vertical stack was 100% ; therefore, no corrections were 
made. 


B. Correction for Loss by Nuclear Collision 


A particle may collide in the emulsion stack before 
its track satisfies the criteria regarding minimum track 
length. Corrections have been made for each charge 
separately using collision mean free paths in emulsion, 
calculated according to the relation given by Eq. (4) 
(Sec. V). The correction factors are given in Table II. 


APPENDIX II. CHARGE DETERMINATION FROM 
5-RAY AND GRAIN DENSITY MEASUREMENTS 


Although grain density measurements can have 
higher statistical weight than 6-ray measurements, 
there is always a danger that nonuniformity in the 
sensitivity of nuclear emulsion introduces errors in the 


ionization measurement and a corresponding distortion 
in the charge spectrum. 6-ray density measurements, 
on the other hand, do not depend strongly on the 
sensitivity of emulsions. Only if it can be shown that 
the uniformity of the emulsion used is adequate for the 
purpose, can one expect to obtain a satisfactory charge 
spectrum in C-2 emulsion for charges less than 9. For 
this reason we have made independent measurements 
both of grain density and 6-ray density on about half 
the tracks. 


1. Charge Determination from 6-Ray 
Density Measurements 


6-ray density was measured in the G-5 emulsions of 
the vertical stack on 323 tracks of heavy primaries 
obtained in the first half of the total area scanned. The 
6 rays of each track were counted in the first as well as 
the last emulsion unless the particle interacted in 
between. All 6 rays with four or more grains were 
counted. The consistency of 6-ray counts was checked 
by repeating measurements on tracks at random 
throughout the duration of the experiment; the results 
were consistent within 7.5%. 

A plot of 6-ray density, N;/100 u, versus number of 
tracks for these 323 tracks is shown in the histogram 
in Fig. 8. It exhibits a number of fairly well-resolved 
peaks. Before proceeding to identify the peaks we 
discuss the limit of resolution obtainable at latitude 
\=41°. 
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Fic. 8. 6-ray density distribution obtained from measurements 


made on 325 tracks of particles with charge Z > 3. 
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Resolution 


The theoretically possible resolution for peaks in the 
6-ray density distribution is obtained from the following 
considerations. The 6-ray density of particles incident 
at A=41° from the vertical direction varies by 15.5% 
depending on particle energy. If, as in our experiment, 
all angles are included, the spread is somewhat larger 
(20%), because of lower energy particles coming from 
the west. The expected 6-ray distribution is shown in 
Fig. 9(a).“' It is based on a primary energy spectrum 
of the form NV(2e«)=K/e'*, € representing particle 
energy including rest mass, and on the transcribed Mott 
formula” giving the number of 6 rays as a function of 
particle velocity. The theoretical distribution is shown 
in Fig. 9(a), which agrees well with the experimental 
distribution for the strongest group. At A=41°, the 
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Fic. 9. The expected spread in the é-ray density and grain 
density distributions for tracks of primary particles of a given 
charge arriving at \=41° with an energy spectrum of the form 
N(>®)=K/e“. Histogram (a) was calculated by using the 
(transcribed) Mott formula® for the variation of 5-ray density 
with energy. Histogram (b) was calculated by using the measure- 
ments of grain density versus energy given by Stiller and Shapiro.” 


spread in the 6-ray distribution is therefore small 
enough so that it is just possible to resolve groups due 
to neighboring charges for all values up to Z= 14. 

For calibration purposes it is necessary to determine 
the most probable 6-ray density for particles of a given 
charge rather than rely on a single particle of unknown 
energy. It can be seen from Fig. 9(a) that the most 
probable 6-ray density is that corresponding to com- 
pletely relativistic particles. 


Charge Calibration 


First we determined the relation between 6-ray 
density and charge for highly relativistic particles. For 
this purpose we used a stack (.V stack) consisting of 





“ H. L. Bradt and B. Peters, Phys. Rev. 74, 1828 (1948). 
41 B. Stiller and M. M. Shapiro, Phys. Rev, 92, 735 (1953). 
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Fic. 10. 5-ray density versus square of the atomic number for 
very long tracks with energy >5 Bev/nucleon compared with that 
of particle tracks recorded at \=41°. The dotted line represents the 
relation Vs=0.088Z?+-0.35. The vertical heights of the diamond 
symbols represent the standard deviations of the measurements. 


200 G-5 emulsion sheets of thickness 600 4, which was 
flown at \=19° where the cutoff energy is 5 Bev/ 
nucleon. The emulsions were scanned for relativistic 
particles of charge Z>2 with a minimum length of 1 
cm per emulsion. 300-600 6-rays were counted on each 
track. We found one event in which a very long track 
of a multiply charged particle splits into 3 a particles 
without giving rise to other charged particle tracks. 
This track must be identified as due to a relativistic 
carbon nucleus. Its 6-ray density was 3.50+0.25. 
Between the 6-ray density peaks corresponding to 
charge Z=2 and Z=6, we found three additional 
distinct groups of 6-ray density. These are, therefore, 
identified as due to particles with atomic numbers Z= 3, 
4, and 5. 

In the stack exposed at Texas we used long tracks 
(>2 mm per plate) whose 6-ray density corresponded 
to the distinct peaks in the distribution Fig. 8. The 
agreement between the é-ray density peaks in both 
stacks is very close as shown in Fig. 10. 
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Fic. 11. Grain density distribution in C-2 emulsions of 595 
tracks due to particles of charge Z > 3. For the sake of comparison 
we have also shown the grain density of eight relativistic a 
particles ejected from heavy primary collisions in emulsion 
(shaded area). 











762 APPA RAO, BISWAS, 


DANIEL, NEELAKANTAN, 


AND PETERS 


TABLE III. Comparison of charge determination from 6-ray density and grain density measurements. Total No. of tracks: 278. 











i Charge group Li Be B Cc N oO F Z>10 
2. Number of tracks of particles identified 

by grain density measurements 14 40 72 40 41 14 49 
3. Number of tracks of particles identified 

by 6-ray density measurements 11 31 69 45 40 12 57 
4. Mean charge from 5-ray measurements 

for tracks identified by grain density 

measurements 3.01 4.30 5.33 6.17 7.01 8.37 8.5 
5. Mean charge from grain density 

measurements for tracks identified 

by 6-ray measurements 3.02 4.05 5.14 5.86 6.8 7.98 8.39 








2. Charge Determination from Grain 
Density Measurements 


It was found that the sensitivity of all C-2 emulsions 
in which measurements were performed was the same 
within experimental error (~3%). About 500 grains 
were counted on each track with grain density below 60 
grains/75 « and about 1000 grains on heavier tracks. 
The sections of track chosen for grain density deter- 
mination were always distributed uniformly along its 
entire length in an emulsion. A plot showing number of 
tracks versus grain density of tracks is shown in Fig. 11. 
For comparison with the peak identified as lithium, we 
have also included in this figure grain counts on a@ 
particles emitted from breakup of heavy particles. Up 
to a grain density of 100 grains/75 u the peaks are well 
resolved ; beyond this, saturation sets in. 


Resolution of Grain Density Peaks 


The theoretically expected resolution of grain density 
peaks was calculated in the same manner as that of 
-ray density peaks, assuming an energy spectrum of 
N(2e©)=K/eé* and the experimentally determined 
curve of grain density versus energy given by Stiller 
and Shapiro.“ The theoretically expected histogram is 
shown in Fig. 9(b). It has nearly the same width as the 
main peak in the experimentally determined grain 
density distribution, Fig. 11. 


Charge Calibration Based on Grain Density of Tracks 


The C-2 emulsion was scanned for large stars in 
which some prongs could be followed into neighboring 
emulsions. Since the stack remained assembled only 
for about three weeks, there could not be any appre- 
ciable relative fading between the tracks associated 
with these stars and those of heavy primaries. Five 
tracks which were associated with these stars and which 
came to rest in the same emulsion sheet in which they 
originated and had residual ranges >1.5 mm were 
selected for measurement. These were identified as 
protons by the method of constant-sagitta scattering.” 
The grain density measurements on these tracks as a 





* Biswas, George, and Peters, Proc. Indian Acad. Sci. 38, 418 
(1953). 


function of residual range are shown in Fig. 12. In the 
same figure we show the restricted energy loss as given 
by Barkas and Young and the grain density of the 
first three prominent peaks in Fig. 11. It is seen that 
according to the restricted energy loss, the grain 
density peaks of Fig. 11 at 37, 70, and 82 agree excel- 
lently with those of Li, B, and C nuclei, respectively. 

The grain density corresponding to the Li and the 
C peak shown in Fig. 11 are used to determine pa- 
rameters, a and b, in an empirical relation giving the 
grain density: g=aZ?/(1+5Z*). From this formula we 
infer that the grain density of B, N, and O should lie 
at 70, 91, and 98, respectively. This is in good agree- 
ment with the observed peaks. Individual charge values, 
not necessarily integral, were assigned with the help 
of this formula. The charge distribution is shown in 
Fig. 2. 


3. Comparison of Charge Determinations 
from 5-Ray Density and Grain 
Density Measurements 


A comparison of charge determinations from 6-ray 
density and grain density measurements was made for 
278 tracks. Table III shows the mean charge, as deter- 
mined from grain density in C-2 emulsions, of all 
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RESIDUAL RANGE IN MICRONS 


Fic. 12. Grain density in C-2 emulsions of proton tracks as a 
function of residual range. On the right we show the position of 
the first three well-resolved grain density peaks of Fig. 11, as well 
as the grain densities corresponding to a restricted energy loss of 
9, 16, 25, 36 times minimum as given by Barkas and Young.* 


a 48W. H. Barkas and D. M. Young, University of California 
Radiation Laboratory Report UCRL-2579, 1954 (unpublished). 
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particles whose atomic number was determined on the 
basis of 6-ray densities of their tracks in G-5 emulsions. 
It also shows the mean charge, as determined by 6-ray 
density, which had been identified on the basis of grain 
counts. It can be seen that the two methods of charge 
calibration used here are consistent and in good 
agreement up to Z=8. Statistically the 6-ray method 
is inferior to grain counting for particles Z<6. There- 
fore, the charge values finally assigned to 595 of the 
tracks used in the experiment are those based on grain 
density measurements. For the remaining 38 tracks 
observed in the horizontal stack and 18 on which grain 
counting could not be made (owing to bad regions of 
the emulsion) in the vertical stack, the charges were 
estimated from 6-ray density measurements. 


APPENDIX III. RATIO BETWEEN GROUPS OF NUCLEI 
AT DIFFERENT ATMOSPHERIC DEPTHS 


We calculated for each particle, the total amount of 
matter traversed in the atmosphere (from the zenith 
angle) and the packing material (Bakelite of thickness 
0.5 g/cm*). Tracks were then classified according to 
the amount of material traversed. 

In order to minimize fluctuations due to the choice 
of arbitrary intervals when determining a ratio like 
R(x)=L(x)/M(x), the following procedure was 
adopted. For each atmospheric depth yo, we computed 
from the number of tracks traversing various amounts 
of matter the quantity 


road= f Liadax / [ mcayer (6) 


for different values of y. Then r(y,yo) is plotted against 
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Fic. 13. Three typical curves for the quantity 


ran) J ” L(x)dx / it  M(a)dx 


plotted against y for yo=8.5, 12, and 15 g/cm’. 
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y. As y— yo, r(y,yo) approaches R(yo) = L(yo)/M (yo). 
Three typical curves for yo=8.5, 12, and 15 g/cm? are 
shown in Fig. 13. This procedure was then followed for 
determining other ratios such as L/S, C/S, N/S, and 
(O+F)/S, (see Figs. 3 and 4). 


APPENDIX IV. DISCUSSION OF MEASUREMENTS 
MADE BY KAPLON ET AL., NOON 
ET AL., AND FAY 


Only three of the twelve L/M ratios obtained by 
various authors at or near \=41° are hard to reconcile 
with the line drawn in Fig. 1. All three are based on a 
fairly small number of particle tracks and are therefore 
of comparatively low statistical accuracy. 

In the experiment of Kaplon, Noon, and Racette,’° 
the measured ratio R=18/31=0.58 (at «=24 g/cm?) 
agrees with other ratios, but the authors have doubled 
it in order to account for a possible loss of particles 
when tracing tracks from a sensitive G-5 to an adjacent 
less sensitive C-2 emulsion. They give two arguments 
for applying this large correction. They measured the 
number of cases in which an Z nucleus entered a glass 
plate in their stack and failed to emerge on the other 
side. The difference between the observed interaction 
mean free path of 26+12 g/cm? and the expected value 
of 42 g/cm* was attributed to an occasional failure of 
the observer to detect the track when it emerges. The 
indicated statistical error suggests that tracks of 
L nuclei were traced through a total length of 78 g/cm? 
of glass and that three collisions were observed, where 
oaly two were expected. The statistical weight of this 
observation seems insufficient support for the very 
large correction factor which they have applied to 
their data. The second argument in favor of the large 
correction involves equating the probability that a 
track is missed in a random scan of a C-2 emulsion (7 
tracks were found in an area where 16 were expected) 
with the probability of missing such tracks in tracing 
from plate to plate, that is, under conditions when the 
location, direction, length, and density of the track to 
be looked for is known in advance. The two probabilities 
are not directly related and the second is obviously 
much smaller than the first. 

A possible explanation for the comparatively high 
ratio obtained by Noon, Herz, and O’Brien® suggests 
itself if one compares their charge spectrum with that 
of Waddington,” Cester ef al.,% or our own. The 
spectra are identical if all the charge values (except 
that of the lithium peak) could be increased by one 
unit. The procedure used for charge calibration in that 
paper is not given in great detail. The main evidence 
seems to rest on one boron nucleus identified from the 
number of fragments into which it breaks up. It seems 
that about 50 6 rays were counted on this track. If one 
adds to the corresponding statistical uncertainty the 
uncertainty due to the unknown energy of the particle 
[see Fig. 9(a), Appendix IT], the error becomes larger 
than the separation in 6-ray density between boron and 
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carbon. On the hypothesis that such an error in cali- 
bration may have occurred, the value of Noon et al., 
which was obtained in the same balloon flight in which 
our stack was exposed, is in very good agreement with 
our and other values. 

Fay” observes in his experiment a strong and 
unexplained asymmetry in the number of particle 
tracks. More than twice as many particles enter his 
stack from the left than from the right. Such an 
asymmetry would occur if during exposure the package 
had been tilted with respect to the vertical by an 
amount corresponding to a rotation through about 30° 
in the plane of the emulsion. A similar tilt in the di- 
rection perpendicular to the face of the emulsions 
would lead to an average increase of air traversed by 
the particles of 5-6 g/cm? and this would be sufficient 
to bring Fay’s measurements into agreement with the 
other data. 


APPENDIX V. EXTRAPOLATION OF THE FLUX RATIO 
L/S TO THE TOP OF THE ATMOSPHERE 


The ratio of tracks of Z and S nuclei incident under 
zenith angle 6 and registered during a flight of duration 
T is given by 


“7 froma f S(p,0)dt, 


where p(/) is the atmospheric pressure as a function of 
time and is given by the flight curve Fig. 7. Except for 
a common factor which depends on @ but not on 9, L 
and S are functions of p(t)/cos#=y(t) only. We can 
therefore write 


-- J "Lydt ij f "S(y)dt 


The flight period can be divided in two parts: 


(7a) 


(7b) 


(a) The ascent period when the balloon rises at a 
constant rate p=dh/dt, and y(t) is given by the differ- 
ential equation dy/y=—pdt/ho. Here ho is defined by 
the relation connecting altitude 4 with atmospheric 
pressure p (p= poe~"/"*), and has the value 7.70 km. 

(b) A period of duration AT during which the 
balloon floats at a constant pressure P, and where, 
therefore, y(t) is independent of time ¢. Thus we can 
write 


r(x) = = (1 wtf a) / 


1 ¢® S(y) 
(so+f —ay) for x2P, (ic) 


where x is defined by x= P/cos6 and 8 is a parameter 
which measures the floating period in terms of the 


DANIEL, 


NEELAKANTAN, AND PETERS 
duration of the ascent, B=pAT/hp. (In our flight, 
p=3.32 m/sec and AT =6} hours; therefore 8=9.73.) 
Since S(x) comprises all nuclei heavier than L nuclei, 
no additional S nuclei are produced in the atmosphere, 
and (as shown in Sec. V) the S component is absorbed 
exponentially. Therefore, S(x) and L(x) satisfy the 
differential equations 


dS/dx = —S/A 8) Sm Soe 2/A8- (8a) 
dL/dx= —(L/Azt)+kS, 
L=Le-*/4t4 RAS (e-2/4L—e-2/48)- (8b) 


1/A=(1/As)—(1/Az). 


We designate by Ro=JLo/S» the flux ratio of LZ and 
S nuclei at the top of the gee and use the 
abbreviations 


ev/As 
sme 2t -f —4y, (9a) 
e v/AL 
Op=e/AL+- -f its (9b) 
f=(U1/Us)-1. (9c) 


Upon using these symbols, Eq. (7c) becomes 
r(x)=Ro( f+1)+kAf. (7d) 


One can eliminate the unknown parameter & by using 
Eq. (7d) as well as its derivative with respect to x. 
One obtains 


Ro=r(x)—9' f/f’, (10a) 


where prime denotes differentiation with respect to x. 
If we choose x to lie in the interval for which we have 
good experimental data, r(x) can be approximated by 
the line of least square deviation from the experimental 
data. Then r(x)=ro+ax, where ro is the intercept and 
a the slope of the straight line. Equation (10a) then 


becomes 
f 
R= r-a(=-2) = ro—ad, 
f 


which connects the extrapolated flux value with the 
intercept and slope of the line fitting the uncorrected 
data. 

Equation (10b) gives the correct extrapolation of 
flux ratios for all balloon experiments and is applicable 
whenever the ratio and its derivative is known at some 
atmospheric depth x. 

We calculate f/f’ by using the values of absorption 
mean free paths given in Sec. V, namely As=29+1 
g/cm’, 31.5<A,<33.5. For x we may choose either 
the median value =11.2 g/cm?* (half of all tracks 
traverse less than Z), of the average value (x)=14.6 
g/cm? (defined by (x)=30," x;/N). The correction 
term 6 may be separated into two components, 


(10b) 
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TABLE IV. Correction terms for the extrapolated ratio. 














As=28 g/cm* Ag=29g/cm* Ag =30 g/cm? 
At =33.5 g/cm? At =32.5 g/cm? Ar =31.5 g/cm* 

be ba be ba be ba 
x=2Z=11.2 g/cm? —0.40 2.05 —0.25 2.15 -—0.10 2.25 
x=(x)=14.6 g/cm? —0.60 180 -—040 20 -—0.15 2.05 





5=6.+6., where 6, arises from the fact that the growth 
curve deviates from a straight line and 6, arises from 
the finite rate of ascent. 6, can be calculated by letting 
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8 in Eqs. (9a) and (9b) go to infinity. One finds 
6,=A[1— (x/A)—e-*/4], where 1/A=(1/As)—(1/Az). 
6, is then given by 6,=6—6,. In Table IV, we give the 
correction term for various values of assumed absorption 
mean free paths and both values, £ and (x). We see 
that, as expected, 6 is not very sensitive to the choice 
of the exact value x at which the straight line is fitted 
to the growth curve. However, the median value Z 
seems to be the more reasonable choice and we therefore 
shall use 


6=6,+6,=1.90+40.25 g/cm’. (11) 
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The statistical theory of meson production in nuclear collisions is given a fully covariant formulation. 
A single parameter of the dimensions cf a mass appears in the theory, which is normalized by matching a 
single experimental number. Numerical results for various processes are presented. A simple recurrence 
relation between the covariant phase-space integrals greatly facilitates the computations. 


E have attempted to calculate the relative 

transition probabilities of multiple meson proc- 
esses by using a covariant statistical theory. The 
starting point is a reduction of the transition probability 
into a form in which the kinematic factors are separated 
out and the matrix element of an ordered product of 
field operators occurs as an unknown function. The 
statistical assumption! now permits an evaluation of 
the relative transition probabilities. The relative prob- 
abilities thus obtained are in much better agreement 
with the experimental findings than the predictions 
from various versions of the statistical theory already 
discussed by several authors.? Comprehensive calcu- 
lations have been made of multiple meson production 
in nucleon-nucleon collisions, nucleon-pion collisions, 
and nucleon-antinucleon annihilation. A short summary 
of some of the results is presented below. 

The relative transition probability for a final state 
involving two nucleons of four-momenta p; and p2 and 
m pions of four-momenta 41, g2---dm starting from an 
initial state of two nucleons of four-momenta p,;’ and 


* Supported in part by the U. S. Atomic Energy Commission. 

+ On leave of absence from Tata Institute of Fundamental 
Research, Bombay, India. 

1E, Fermi, Progr. Theoret. Phys. (Japan) 5, 570 (1950). 

2E. Fermi, Phys. Rev. 92, 452 (1953); Phys. Rev. 93, 1434 
(1954); R. H. Milburn, Revs. Modern Phys. 27, 1 (1955); J. V. 
Lepore and M. Neuman, Phys. Rev. 98, 1484 (1955); J. S, 
Kovacs, Phys. Rev. 101, 397 (1956), 


ps’ can be written in the form’ 
Wa= fa'psd'pa'gr gn A(pitpotgit::: 


+gm - pi’— p2')b(pr— m*)5( p? — m’) 
X6(q:?—p’) ow 6(qm?— pu") f(p,p',q)- 


Here /(p,p’,q) is an invariant function of the nucleon 
and pion four-momenta, and is obtained by averaging 
over initial spins and summing over the final spins the 
absolute square of the matrix element. Since all the 
external lines considered correspond to real noninter- 
acting particles, we have the relations 


pra pam, gov. 
The statistical theory is obtained by replacing {(p,p’,q) 
by a constant quantity independent of the four- 
momenta but depending on the number of meson (and 
nucleon) lines in the diagram. Dimensional consider- 
ations lead to the form 


S(p,p',q) =AS(m)x-™, 


where «x is a quantity of the dimensions of a mass and 
A is a numerical constant. Since we are interested in 
the relative transition probability only, the constant A 


3 Schweber, Bethe, and de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, New York, 1955), Vol. I. 
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TABLE I. Comparison of meson multiplicities in 
proton-proton collisions. 








Ratio* Ratio* 
single:double:triple single: double: triple 
(proton energy (proton energy 





Bev) 2.75 Bev) 
Present | «7? =1.5 K10748 cm 7: 3:3 Picw 2: 
theory | «7 =2.0 X10 cm oe.i8: oe &. § -.: 2:8 
Experiment> 80 : 20 0 36: 48 : 16 
Fermi theory @: 6: 0 73: 20: 2 
Kovacs theory 55 45 28 : 78 








* Statistical factors were taken from Milburn.? 
b See reference 4. 


can be dropped. The factor S(m) takes account of the 
symmetry restrictions on the final state and the 
conservation of isotopic spin in the process. The mass 
x is a parameter of the theory (the Compton wavelength 
corresponding to x takes the place of the linear dimen- 
sions of the Fermi volume’), and can be chosen so as to 
fit the experimental data on a nucleon-nucleon process 
at any one energy. 

For the purpose of evaluating the relative transition 
probability, it is worth noting that the invariant phase 
space factor 


Ra(P,P=HH( fey. 0(02—m2)) # 


i=1 


Eo-P) 


i=l 


(where P is total energy and momentum), which on 
multiplication by S(m)x-™ yields the relative proba- 
bility, satisfies the following simple recurrence relation 
in the center-of-mass frame: 


dq, 
———"__R,(0,8), 


(Qng 2? tmz)! 
&=[{E- (Qnp1°t+mns1’)*}?— Guys? |}. 


This relation was of considerable use in our calculations. 

Within the frame-work of this statistical theory we 
find that the relative probabilities tend to have a 
maximum towards the higher multiplicities as the 
energy increases. The precise energy at which the cross- 
overs take place depend on the value chosen for the 
parameter x. The expected values of the multiplicities 
in nucleon-nucleon collisions are compared with the 
experimental values‘ in Table I. We have also calculated 


4W. B. Fowler ef al., Phys. Rev. 103, 1479, 1489 (1956); 
M. M. Block e¢ al., Phys. Rev. 103, 1484 (1956). 


Rnyi(0,E) _ 5 


where 
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and compared with experiment the branching ratios in 
pion-nucleon collisions’ and the average multiplicity 
in antiproton-nucleon annihilation at rest® for various 
values of the parameter «x; these results are given in 
Tables II and III. 

We might make some further remarks. Firstly, the 
statistical postulate in multiple meson production 
processes has not been exhausted of its consequences, 
and the above formulation has the virtue of being 
relatively simple. Secondly, the quantity « (or rather 
x) takes the place of the linear dimension of the 


TABLE II. Comparison of meson multiplicities in pion-proton 
collisions at 1.3-Bev pion energy. 











Ratio* 
single: double: triple: quadruple 
Present } x ?=1.5X10-" cm os 3a sO: G2 
theory {x?=2.0X10-" cm i «ces 2e: 1 
Experiment? 1 6.91 : 1.18 
Fermi theory i 3.37 s00: 68 








* Statistical factors were taken from Milburn.* 
b See reference 5. 


TABLE III. Average multiplicity of +-meson production in 
antiproton-nucleon annihilation at rest.* Available energy for 
the process is 1.868 Bev. 











Parameter «~ 
(19-4 cm) 1.5 2.0 3.0 4.0 


336 38 458 52 





Calculated average multiplicity” 





* The observed average multiplicity was 5.3+0.4 (see reference 6). 
b Statistical factors were taken from G. Sudarshan, Phys. Rev. 103, 777 
(1956); see also C. Goebel, Phys. Rev. 103, 258 (1956). 








Fermi volume, but the manner in which the quantity 
enters the theory shows that it is clearly a covariant 
concept. 
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Discrete Recovery Spectrum below 
65°K in Irradiated Copper 


J. W. Consett anp R. M. WALKER 
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T has been realized for some time that the recovery 

of radiation-induced electrical resistivity which 
occurs between 20°K and 80°K cannot be described 
by a single-rate equation with a unique activation 
energy.!? Recently Palmer, Magnuson, and Koehler,** 
reporting on a deuteron-bombarded sample, have 
shown that a plot of the density of recovery versus 
activation energy shows four peaks. Their curve was 
determined from the analysis of a sequential isothermal 
annealing experiment. This Letter reports an experiment 
on electron-irradiated copper which demonstrates 
directly, independent of analysis, that at least four 
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Fic. 1. Limited isochronal annealing. This curve shows the 
fraction of the resistivity introduced by bombardment at ~20°K 
which remains after annealing at higher temperatures. 


regions of recovery exist in the temperature range 
20°—80°K. 

The experiment is a refinement of the isochronal 
annealing run described in reference 2. In this isochronal 
pulse annealing technique the sample temperature is 
quickly raised from 20.4°K to some annealing tempera- 
ture and is maintained there for 10 minutes. The 
sample is then quenched to 20.4°K for measurement. 
Subsequent annealing pulses are performed at succes- 
sively higher temperatures—each being for the same 
length of time. The present experimental conditions 
are the same as the previous ones with the exception 
that liquid hydrogen, rather than liquid helium, is 
used as the refrigerant. We have already reported® 
that the use of either coolant gives the same results. 
The sample was formed from AS&R 99.999% pure 
copper that was zone-refined, rolled to 0.00125 inch, 
and then annealed at 450°C for one-half hour. The 
residual resistivity of this foil was 1.5X10-* ohm cm. 
The sample was held at ~20°K during irradiation and 
was bombarded with 1.4-Mev electrons. The total 
radiation-induced resistivity increment was 2.99 10-” 
ohm cm which corresponded to 2X10~* atomic con- 
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Fic. 2. Detailed isochronal annealing. 
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Fic. 3. “Derivative” of the detailed isochronal curve. The 
fractional recovery per degree calculated from successive pulses 
is plotted versus the temperature midway between successive 
annealing temperatures. 


centration of defects based on a value of 1.45 micro-ohm 
cm per atomic percent Frenkel pairs.* 

Figure 1 shows the previously reported isochronal 
recovery experiment in which 11 points were used to 
construct the recovery curve. The present experiment 
in which 27 points were used is shown in Fig. 2. From 
this curve we see that at least four separate regions of 
recovery are present. This is most clearly seen by 
examining Fig. 3 which shows the derivative of the 
detailed isochronal of Fig. 2. Since the present experi- 
ment provides no information about activation energies, 
the four peaks in Fig. 3 cannot be compared directly 
with the peaks obtained by Magnuson.’:* However, 
the temperatures at which the stages occur and the 
relative amounts of recovery in each stage appear 
similar, although there are significant differences in 
detail. A more detailed comparison of the two experi- 
ments will be made in a forthcoming paper that will 
report extensive isothermal annealing experiments in 
the temperature range 20°-80°K. These isothermal 
experiments confirm the existence of the discrete 
recovery spectrum. 

The similar structure observed in both the deuteron 
and electron experiments suggest, but do not prove, 
that the discrete recovery stages are due to intrinsic 
processes and are not associated with chemical impuri- 
ties. In this regard, the peak at 55°K has been shown 
to exhibit effects associated with long distance migra- 
tion.’ The question of the assignment of the different 
recovery regions to specific processes will be discussed 
in a future article. 


1 Blewitt, Coltman, Holmes, and Noggle, Lake Placid Conference 
on Dislocations (John Wiley and Sons, Inc., New York, 1957), 
p. 603; Blewitt, Coltman, Klabunde, and Noggle, J. Appl. Phys. 
28, 639 (1957). 

? Corbett, Denney, Fiske, and Walker, Phys. Rev. 108, 954 
(1957). 

3Palmer, Magnuson, and Koehler, Bull. Am, Phys. Soc. 
Ser. II, 2, 357 (1957). 

4G. D. Magnuson, Ph.D. thesis, University of Illinois, 1957 
(unpublished). 

5 Corbett, Smith, and Walker, Bull. Am. Phys. Soc. Ser. IT, 
2, 356 (1957). 
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Paramagnetic Susceptibility in 
Superconductors* 


Ker Yosmat 
Department of Physics, 
University of California, Berkeley, California 
(Received March 4, 1958) 


CCORDING to Reif’s experiment,’ the Knight 

shift of superconducting colloidal mercury remains 
nonzero, about two-thirds of the normal value, at the 
absolute zero of temperature. This result seems difficult 
to understand on the basis of the Bardeen, Cooper, 
and Schrieffer theory of superconductivity? which is 
intimately connected to the energy gap at the Fermi 
surface. They suggested that a nonzero Knight shift 
might be accounted for by constructing collective 
excitations with no energy gap like spin waves in 
antiferromagnets. However, this would not be an 
easy thing to do as the excited states considered in the 
B.C.S. theory, all with an energy gap, form a complete 
set of excited states. On the other hand, Knight, 
Androes, and Hammond’ reported that the second 
resonance absorption has been observed, near the proper 
frequency for a nonmetallic salt of Hg, in superconduct- 
ing colloidal mercury under a different condition from 
Reif’s experiment. The reason for the difference in 
these experiments is unknown, but clearly it would be 
of considerable interest to calculate the paramagnetic 
susceptibility by the B.C.S. theory. 

Here we take the z axis as the quantization axis of 
conduction-electron spins, and assume that an external 
magnetic field is applied along the x axis. Then the 
Zeeman energy of the electron spin system is 


H,=2pHD Sis, (1) 


where yw is the Bohr magneton, H is the external 
magnetic field and S;, is the x component of the spin 
of the ith electron. With the use of the same notations 
as in the B.C.S. theory, this can be expressed in a form 
of second quantization as 


H = phe (Cut*Cigt+Cus*Cit). (2) 


(1) and (2) have only off-diagonal elements and the 
change of energy due to an external field comes from 
the second or higher perturbed energy for the non- 
degenerate ground state. Since it is easily shown that 
this energy change is, to second order in H, equal to 
the change of free energy for the paramagnetic suscep- 
tibility, we have only to calculate the second order 
perturbed energy of (2). 
If we regard (2) as 


H,=yAHD.[C- wait t+Cit*C_iy eae, (3) 


we can easily calculate the second order perturbed 
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Fic. 1. Temperature dependence of the paramagnetic suscep- 
tibility of a superconductor. The circles represent experimental 
values by Reif,! the cross an experimental value by Knight et al.* 
(Knight ef al. reported that at 7<2°K a metallic shift is less 
than 0.5%. The cross in this figure corresponds to a shift of 
0.5% at T=2°K.) 


energy E, with the help of Tables II and III in B.C.S. 


Thus we obtain 
E,= — WWD iL (ce) ne’, (4) 


where L(¢,e’) is given by (4.22) of B.C.S. with a lower 
sign. Putting e=e’, the first term of L(e,<’) becomes 
—0f/dE and the second vanishes. Replacing the 
summation with an integration, we obtain 


3N p= exp (y+ ted) 
E,= -—P f dy 
2Ep 0 {exp[_(y?-+6?e0?)#]+1}? 





and the paramagnetic susceptibility 


x ° exp[ (+8 e0")*] 
—= 2f dy , 
XN 0 {exp (y?+6%e0?)* +1}? 





where 8 is 1/kT, 2¢9 the energy gap, V the total number 
of electrons, and Ep the Fermi energy. xn represents 
the normal value, namely (3N/2E,r)y?. The right-hand 
side of (6) becomes unity as ¢9 vanishes. Thus the 
paramagnetic susceptibility decreases from the normal 
value at the transition temperature T, with decreasing 
temperature and vanishes exponentially at T=0°K. 
As has been shown in Appendix C of B.C.S., (6) is 
expressed in terms of 8 and €o as 


x B deo B deo 
Be St Ha ERY os 
XN € dg €9 dB 
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The temperature dependence of x/xw calculated 
from (7) is shown in Fig. 1 together with the experi- 
mental values by Reif! and Knight ef al. It is very in- 
teresting to note that the experimental value obtained 
by Knight ef al.* is very close to the theoretical curve. 
It seems likely that if a more refined theory were used to 
construct collective excitations with no energy gap, like 
spin waves in antiferromagnets, that the exponential 
decrease of x with temperature would be replaced by a 
decrease like JT" where m is some positive power; but 
it seems very unlikely that such a refinement would give 
rise to a nonzero value for x at zero temperature. We 
therefore conclude that the theory is in rough agreement 
with the experimental results of Knight ef al. but in 
disagreement with those of Reif. 

I am very much indebted to Professor C. Kittel, 
Professor M. Tinkham, and Dr. W. Marshall for their 
invaluable discussions. 


* This research was supported in part by the Office of Naval 
Research, the Signal Corps, the Air Force Office of Scientific 
Research, and the National Security Agency. 

+ On leave from Osaka University, Osaka, Japan. 

1F. Reif, Phys. Rev. 106, 208 (1957). 

? Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 
We shall call this B.C.S. hereafter. 

3 Knight, Androes, and Hammond, Phys. Rev. 104, 852 (1956). 


Acoustical Loss and Young’s Modulus 
of Yttrium Iron Garnet 


D. F. Grpspons AND V. G. CHIRBA 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received February 17, 1958) 


TTRIUM iron garnet and other rare earth garnets 
are important as a new class of magnetic oxides. 
The yttrium iron garnet crystal structure has cubic 
symmetry with the magnetic ions occupying octa- and 
tetrahedrally coordinated positions in the lattice, as 
is the case in ferrites (ferrites have similar but not 
identical crystal structure). Because of the variety of 
stress-induced relaxations which have been reported 
in ferrites':? and the anomalous peak in the ferrimagnetic 
resonance line width between 20-65°K,’ Young’s 
modulus and acoustical attenuation of polycrystalline 
yttrium iron garnet were measured by a technique 
which has been described elsewhere.‘ 

Two samples’ were prepared by sintering the oxides 
at 1450°C in O». The first sample contained some 
alumina and silica as impurities, and the variation of 
Young’s modulus and attenuation (Q~') with tempera- 
ture is shown in Fig. 1. There is a typical stress-induced 
relaxation at 153°K for a frequency of 84.8 kc sec™. 
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Fic. 1. Young’s modulus and attenuation (Q~') for sample 
of yttrium iron garnet. 1 attenuation at 84.8 kc sec"; A attenua- 
tion at 249.2 kc sec”. 


By exciting the specimen at its third harmonic, the 
maximum in the attenuation is shifted to 172°K. 
The shift corresponds to an activation energy of 0.12 
ev/unit process. (A simple Arrhenius relation was used 
to calculate the activation energy even though the 
half-peak width is too broad for it to be strictly appli- 
cable.) A second specimen, prepared by a more refined 
technique, contained total impurities <0.05% and 
was within +0.05% of the stoichiometric composition 
Y;Fe2(FeO,);. The stress-induced relaxation was only 
just resolvable with a maximum attenuation of 2.0 
x10, an order of magnitude less than the first 
sample. The activation energy was the same as for 
the first sample. 

Spheres of 0.010-in. diameter were made from each 
of the samples and the ferrimagnetic line width at 
16 kMc sec"! was measured at room temperature. 
The line width of the first sample was 150 oersteds 
while that of the second sample was only 47 oersteds. 
These observations lead us to believe that the stress- 
induced relaxation is not present in a homogeneous 
stoichiometric garnet structure. Localized departures 
from stoichiometry, however, allow the existence of 
a defect structure which is coherent (that is, not 
present as a second phase) with the parent garnet 
matrix. In this case, a stress-induced relaxation could 
occur by the stress-induced migration of electrons or 
ions. The value of the observed activation energy is 
lower than would be expected from an ion migration 
and is more in favor of an electron migration, indicating 
incomplete oxidation of the metal ions in the neighbor- 
hood of the defects. Because of the similarity between 
this relaxation peak and those reported in manganese 
ferrite crystals‘ and hausmannite® (i.e., the broad 
relaxation peak and variation of the peak with purity 
and homogeneity), it is felt that these relaxations are 
not a property of the stoichiometric defect-free composi- 
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tion, and as such could be used as a measure of the 
perfection of the material. 

I would like to thank Mr. L. G. Van Uitert for 
measuring the line widths and for helpful discussions. 


1D. F. Gibbons, J. Appl. Phys. 28, 810 (1957). 

2M. E. Fine and N. T. Kenney, Phys. Rev. 94, 1573 (1954). 

J. F. Dilloa, Jr., Phys. Rev. 105, 759 (1957). 

4M. E. Fine, Rev. Sci. Instr. 25, 1188 (1954). 

5 Both specimens were supplied by M. A. Gilleo of Bell Tele- 
phone Laboratories, Murray Hill, New Jersey. 

*M. E. Fine and C. Chiou, Phys. Rev. 105, 121 (1957). 





Ferrimagnetic Fluoride—Na;Fe,F,, 
Kerro Knox anp SEYMOUR GELLER 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received March 10, 1958) 


RELIMINARY investigation of the NaF—FeF; 

phase diagram indicates that it is similar to that 
of NaF—AIF;.! The iron analog of chiolite (NasAl:F 1,4) 
is formed in the composi‘ion range 70 mole % NaF —30 
mole % FeF; to 50% NaF—50% FeF;. In this range 
there are at least three phases, two of which are 
high- and low-temperature forms of NasFesFy4 with 
structures related to that of chiolite. X-ray powder 
diffraction patterns show similarities between NasFe3F \4 
and chiolite, either as a mineral’ or as the precipitate 
from aqueous solution made according to Cowley and 
Scott.? Single-crystal diffraction data confirm the 
relationship; in fact, the establishment of the formula 
NasFe;F , is based on this evidence. 

Chiolite belongs to the tetragonal space group 
Dy(6)—P4/mnc with two formula units per unit 
cell which has dimensions a=7.01, c=10.41+0.01 A.‘ 
The high-temperature form of NasFe;F 4 in the form 
of a small crystal picked out of a quenched melt belongs 
to the tetragonal space group D,(6)—P42,2, also 
with two formula units per unit cell with dimensions 
a=7.34, c=10.38+0.02 A. The single-crystal photo- 
graphs of this phase bear a very close resemblance to 
the analogous ones of chiolite. Although the space 
group P4,2,2 is not a subgroup of P4/mnc, a reasonable 
trial structure for the high-temperature phase is 
obtained by comparison with the chiolite structure. 
It is interesting to note that c/a=1.414~v2; however, 
there is no doubt that the crystal is anisotropic, both 
from the x-ray data and optical examination of bire- 
fringence. 

The low-temperature form is more complex. Though 
pseudotrigonal, a small crystal picked from a slow- 
cooled melt is actually monoclinic and belongs to one 
of the three space groups C2,(3)—A2/m, C2(3)—C2, 
or C,(3)—Cm. The unit cell of dimensions a=73.23 
+0.10, 6=7.46+0.02, c=12.72+0.03 A, and B=90 
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+0.5° contains 24 formula units. The geometrical 
relationship of this cell to the more symmetric high- 
temperature one is 


a’ =8a+0b+4e, 
b’= —4a—}b+}e, 
ce’ =}a—$b—ie, 


where the primed axes refer to the monoclinic cell. 
The pseudotrigonal subcell contains 3 formula units. 
The x-ray densities of the high- and low-temperature 
modifications are 3.26 and 3.15 g/cc, respectively. 
That the low-temperature phase is less dense than the 
high is an indication perhaps of a change in coordination 
number for the sodium or iron ions. 

All preparations probably contain more or less of 
both phases. It is difficult-to ascertain the “phase 
composition” by means of powder photography. 

Pellets of material which give mainly the x-ray 
powder lines of NasFe3Fi4 have been prepared by 
sintering or barely fusing a 62.5 mole % NaF—37.5 
mole % FeF; mixture at 700°C in an anhydrous HF 
atmosphere, then quenching. The material jumps to 
a small magnet at liquid nitrogen but not at liquid 
oxygen temperature. The resistivity of a sintered 
pellet is greater than 10* ohm-cm. Low-temperature 
magnetization measurements down to 1.7°K by R. M. 
Bozorth confirm that it is ferrimagnetic with a Curie 
temperature of about 80°K and a substantial magnetic 
moment. There is, however, an anomaly in the results 
at the lowest temperatures, which makes an accurate 
extrapolation to infinite field and 0°K impossible at 
the present time. The slow-cooled melts jump to a 
magnet from liquid nitrogen also. 

The structure of chiolite* is one which could lead to 
ferrimagnetism if ions with permanent magnetic 
moments replaced the Al** ions. There are layers of 
AIF, octahedra, two-thirds of which share two corners 
and one-third of which share four corners. If, for 
example, Fe** ions in the two different sets of octahedra 
were antiferromagnetically ordered, a net moment of 
5 Bohr magnetons per formula unit would result 
for NasFe3F\,4. The high-temperature form of NasFe;F , 
probably resembles the chiolite very closely: the 
Fe** ions are in positions 2(a) and 4(d) of P4,2,2. 

The origin of the magnetism in the low-temperature 
modification cannot now be discussed with any definite- 
ness because of the large number of possibilities of 
interaction. Only a structure analysis and further 
magnetic and electrical investigations on single phase 
material can lead to this understanding. Because there 
are 72 Fe** ions in the unit cell, nine is the minimum 
number of nonequivalent sets of positions that may be 
occupied by these ions; these would be the 8(j) 
positions of A2/m. There are also many other possibili- 
ties too numerous to list. 

Thus far, two trivalent metal ions of the many 
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possible have been substituted for the Fe*+; they are 
Cr** and Co**, put in by fusing NaF and the trifluoride 
as above. The chromium compound, Na;Cr;Fi4, does 
not exhibit strong magnetism at 20°K, while NasCo;F , 
jumps to a small magnet from liquid oxygen, but not 
from dry ice. 

We believe that this is the first example of a well- 
defined ferrimagnetic fluoride.* Work is in progress 
on the phase diagram, preparation of pure materials, 
structure, and magnetization. Details will be published 
later. 


1P. P. Fedotieff and W. P. Iljinsky, Z. anorg. Chem. 80, 121 
(1913). 

?Sample from specimen No. 103090 kindly supplied by G. 
Switzer of the Smithsonian Institute. 

= M. Cowley and T. R. Scott, J. Am. Chem. Soc. 69, 2596 
(1947). 

*C. Brosset, Z. anorg. u. allgem. Chem. 238, 201 (1938). 

5H. Bizette and B. Tsai, Compt. rend. 211, 252 (1940), 
postulate that CrF; is ferromagnetic, but their observations are 
not extensive enough to evaluate the extent of ferromagnetism. 
The same is true for AgF2, as reported by E. Gruner and W. 
Klemm, Naturwissenschaften 25, 59 (1937). 





Magnetic Effects in the Attenuation of 
Transverse Acoustic Waves by Con- 
duction Electron Transport 


M. S. STEINBERG 


Stevens Institute of Technology, Hoboken, New Jersey 
(Received February 6, 1958) 


T the lowest temperatures, the absorption of 
sound in metals is due primarily to momentum 
transfer to the conduction electrons.’ At frequencies 
so low that k*?’<«<1 (k being the acoustic wave number 
and / the electronic mean free path), collisions are able 
to keep the electrons nearly in phase with transverse 
lattice motion, so that only a negligible internal electric 
field can develop.** The Boltzmann equation for the 
electron distribution is then 


0,0 f/02—@e- (VX Vv) f= (9 f/ At) cott- (1) 


Here, w,=eH/mc is the cyclotron angular velocity of an 
electron of charge e and effective mass m in an external 
magnetic field H. 

Consider an infinite conductor in motion in the x 
direction with velocity wand velocity gradient 8=0u/dz. 
Let fo be the equilibrium (Fermi) distribution. If the 
departure from thermal! equilibrium is small, a solution 
may be found of the form 


S= fo—W0 fo/ dv. (2) 


Assuming the existence of an effective time of relaxation 
r, putting H in the &th coordinate direction (i, j, k 
cyclic), and transforming to the moving lattice, one 
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must solve 
Oy oy 1 Broz, ; 
v5 -1—=—( + ) (3) 
00; OV; WT v 
An equivalent equation is 
dy y Bv,2, 
— - (4) 


= ’ 
dv; wr(v2—v7)! = wv(0,2—07)! 
in which v,2=027+07 is to be considered as a constant. 


If now 2% =? cos6, 1, =0 sin, v;= 2, cos, and v;= 2, sing, 
the solution is 


Y= —(B/ar)e-tloe f v-n.ctlo<rde, (5) 


In the observer’s frame of reference, the kinetic 
shear stress against which the lattice works is 


2m* 2m‘ Ofo 
T= — —f (v2+1)0, fd*v =| —— feds ( 6) 
h® h* ov 


The relative coefficient of energy attenuation per unit 
length is therefore given by 


29 r 
f f [e-em f 0z0,€*/*<"d rf sinddédp 
a(H) +o 5 
a(0) 29 r 
f f v,’0,? sinbdbdd 
0 0 


The results for the three magnetic field orientations are: 





(7) 


I. H parallel to velocity gradient (z direction) 


a(H)=a(0)(14+027)"". (8) 
II. H parallel to displacements (y direction) 
a(H)=a(0)(1+027?). (9) 


III. H perpendicular to both (x direction) 


a(H)=a(0)(1+4027?)". (10) 


Formula (10) has already been derived by another 
method.’ 

Case I may be extended to all frequencies by a 
simple special method. Owing to the inability of 
collisions to keep the electrons in phase with the lattice 
motion at the higher frequencies, an electric field E 
and a current density J must arise, and the applied 
magnetic field will assure that these have y as well as 
x components. A term (e/m)(E-¥,)f must therefore 
be added to the Boltzmann equation (1). A term 0 f/dt 
must also be added to allow for relaxation effects at 
the highest frequencies. For an acoustic wave of 
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angular frequency w= kv, (v, is the velocity of sound), 
one must now solve 


P yp ow 
(1+ta7r— itr W—war( te v—) 


Vy Ov, 
eE,t v, /eEytr\ vy 
“(20 (2) 
m v m/v 


Vz 
—u(1+iwr—ikro,)—. (11) 
v 





The solution is of the form 
V= (v,/v)02(02,0,2,t) + (vy/0)O,(0,,0,2,t). (12) 


When this is inserted into (11) the coefficients of 0, 
and v, may be equated, yielding 


(1+-iwr—ikrv,)0.—w.1Q, = (eEzt/m)+u 


—u(1+iwr—ikrv,), (13) 


(1+-iwr—ikrv,)O,+w.10,=eEyr/m. 


If a second imaginary unit j is invoked, with ij= jz, 
Eqs. (13) are solved by 


(eEr/m)+u—u(1+iwr—ikre,) 
== a ——, (14) 
1+iwr+ jw,.7—ikro, 


where Q=(0.+j0, and EB=E,+ jE,. Subsequent 
analysis proceeds as in reference 6, with E,J=J.+jJ,, 
and 7,=T,.+jTy replacing E,, Jz, and T,,, respec- 
tively, in the electrodynamic relation and in the 
transport relations once integration over the angle @ 
in the x-y plane has been performed. For a conductor 
of density p, having V conduction electrons per unit 
volume and Fermi velocity v, one finds 

Nm 


Che +k 


ke+ (1+ jwcr)k ](1—G) 
Re : ; 3 (15) 


where ke =4riwNe’r/me, G=3{1—(1+a*) (1-—a 
Xtan“a)], G’=Ga/kl, a=hl/(1+iwr+jw.r), and 
l=vor. When H=0, the present result reduces to the 
required value.*® 

The frequencies of practical interest are such that 
wr<1.5 Since vp is generally much larger than »,, it 
is nevertheless possible for &/ to exceed unity. In the 
strong-field limit, w.r>>kl, the attenuation approaches 
the limiting value 


a= tN mrde?(1t+w2r), 


for all frequencies w<r~'. This reflects the fact that 
magnetic foreshortening of the mean free path in the 
direction of transport, rather than finite wavelength 
disruption of transport, is the limiting factor. When 
kP<«1, formula (16) is valid at all field strengths, in 


(16) 
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agreement with (8). As the frequency is increased into 
the kl>1 regime, the attenuation at the lower field 
strengths rises less rapidly with frequency than indi- 
cated by Eq. (16), due to the effect of finite wavelength. 
The attenuation falls monotonically with increasing 
field strength, however, according to 


Nm 1-—G 
a=— Re( —) : 
pv,T G’ 


This formula is valid as long as | ke/(1+ ju.r)| >’ 
and |G’ko?|>k. However, it goes over into (16) 
in the strong-field limit. In fact, the structure of (15) 
is such that the parameter ¢* cannot play a significant 
role as long as wr1, so that (17) is a good interpolation 
formula at all such frequencies, and at all field strengths 
(up to the point where orbit quantization becomes of 
importance). 

Calculations are in progress on attenuation at finite 
frequencies for cases II and III, and for longitudinal 
waves with a transverse magnetic field. One expects to 
find resonant attenuation for special values of kl/w.r~1. 
Data indicating this effect have recently been reported.’ 

1H. E. Bommel, Phys. Rev. 96, 200 (1954). 

2 W. P. Mason, Phys. Rev. 97, 557 (1955). 

3M. S. Steinberg, Phys. Rev. 109, 1486 (1958). 

‘A. B. Pippard, Phii. Mag. 46, 1104 (1955). 

*’W. P. Mason and H. E. Bommel, J. Acoust. Soc. Am. 28, 
930 (1956). 

*M. S. Steinberg, Phys. Rev. (to be published). 

7 Morse, Bohm, and Gavenda, Bull. Am. Phys. Soc. Ser. II, 
3, 44 (1958). 


(17) 





Isotopic and Other Types of Thermal 
Resistance in Germanium* 


T. H. GEBALLE AND G. W. Hui 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received March 10, 1958) 


EVERAL authors’ have recently called attention 

to a 1942 comment of Pomeranchuk that naturally 
occurring isotopes in a crystal will disturb the periodic- 
ity of the lattice and thus produce thermal resistance. 
They have pointed out that the failure to observe the 
exponential increase in thermal conductivity with 
decreasing temperature in seemingly very perfect 
crystals of Ge, predicted by Peierls’ theory, could be 
accounted for by the random mixture of the 5 isotopes 
in normal germanium. 

We obtained seventeen grams of 95.8% Ge™ from 
the Stable Isotope Division of the Union Carbide 
Nuclear Company, Oak Ridge, Tennessee. The isotopic 
analysis furnished with the Ge” is given in Table I. 
This was purified by careful zone refining and used to 
grow a single crystal in the [100] direction using a 
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TABLE I. Oak Ridge isotopic analysis of enriched Ge”. 











Isotope Atomic percent Precision 
78 0.691 +0.010 
72 1.135 +0.016 
73 1.56 +0.01 
74 95.80 +0.03 
76 0.818 +0.008 








modified Teal-Little crystal puller.2 From this crystal 
the sample, of dimensions shown in Fig. 1, was prepared. 
Encapsulated Ge thermometers’ soldered to the arms 
indicated were used below 25°K for measuring tempera- 
tures and copper-constantan thermocouples were used 
above. Measurements of electrical conductivity and 
Hall, thermoelectric, and Nernst effects show the 
sample to be very high purity m-type material. There 
are about 1.210" excess donor atoms per cc. 

The results are shown in Fig. 1 where x”, the thermal 
conductivity of the enriched sample, is compared with 
xnormal for a control sample. The samples are comparable 
physically and electrically in all ways that can be 
detected except for the difference in isotopic content 
which, we thus conclude, has a profound effect on 
thermal conduction. Below 5°K, «*=0.0607* (dotted 
line, Fig. 1). This agrees well with Casimir’s theory for 
thermal resistance caused by boundary scattering. 
Using McSkimin’s‘ data to estimate the average 
velocity of sound as 3.50 10° cm/sec, and the heat 
capacity data of Keesom and Pearlman,® one caiculates 
a boundary-scattermg mean free path of 1.80 mm. 
This is to be compared with a mean free path of 1.57 mm 
calculated from the cross-sectional area. The 7+ 
behavior of the normal sample below 5°K, and the 
similar results of other research® above 2°K, must thus 
be due to the existence of isotopic scattering. Such an 
effect has been predicted by Slack.’ He shows, using the 
theoretical results of Klemens,® that when the two 
scattering mechanisms, namely boundary and isotopic 
scattering, are important, the latter will be observable 
down to one-tenth the temperature at which the 
conductivity maximum occurs. In fact, the measured 
difference in resistivity between the two samples has a 
T- dependence between 4° and 15°K which is the 
result of the combined effect of isotopic and boundary 
scattering. An accurate formulation of this problem 
has been made by Herring.’ An approximate analytical 
solution gives values for the ratio «/x™ which agree 
well with experiment throughout the temperature 
range below the maximum; moreover, no adjustable 
constants are involved. 

The considerations of Slack' would lead one to 
expect an almost 15-fold increase of x over x! at 
temperatures slightly above the conductivity maximum, 
corresponding to the 15-fold decrease in the mean 
square deviation in mass if only isotopic scattering is 
important in this region. The observed ratio of only 
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about 3 therefore indicates the presence of additional 
scattering. Etch-pit counts, made with the help of 
F. Vogel, show only about 10* dislocations/cm*—a 
concentration insufficient to be noticeable. Our initial 
search was for some other electrically inactive defect 
probably present in the normal as well as the enriched 
sample. The extra resistance is about 0.022 cm deg 
per watt at 20°K, an amount sufficiently great so that 
its removal from normal Ge should be clearly evident. 
Dissolved gases which, under some circumstances, can 
be present in rather surprisingly large concentrations,'° 
were eliminated by measuring « for a crystal prepared in 
vacuum by the floating-zone technique." The results 
agree with the control sample. Other experiments,® 
using crystals prepared differently, also agree. The 
elusive defect, if it were to exist, would be present in 
about the same concentration regardless of the method 
of crystal preparation. This is a rather unlikely 
hypothesis. 

Evidence from three independent experiments“ 
has recently accrued which gives detailed information 
about the vibrational spectrum of germanium. In 
particular, along the [111] axis of the Brillouin zone 
the transverse acoustical branches cross the zone 
boundary with an energy of only about 0.007 ev. It 
has been called to our attention’ that this surprisingly 
low value, only something like one-quarter of the 
Debye temperature, 6p, means that umklapp-scattering 
can persist as an important mechanism below one-tenth 
6p and indeed is the additional scattering mechanism 
we had been searching for. Thus no temperature region 
exists where the temperature dependence of the thermal 
conductivity is exponential even in the absence of 
isotopic or other defect scattering other than boundary 
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scattering. The use of the Debye temperature in 
estimating umklapp-scattering!' is risky unless details 
of the vibrational spectrum are known. The data of 
Haynes” indicate that the situation for silicon should 
be similar to that of germanium; furthermore the 
temperature dependence of 6p for lead and gray tin 
indicates roughly a similar behavior, while that of 
diamond is probably more nearly normal. 

The high-temperature results (not corrected for 
radiation losses in Fig. 1) approach a difference corre- 
sponding to a constant isotopic thermal resistance of 
roughly 0.15 watt~ cm deg. This is the kind of behavior 
expected and should be helpful in connection with 
other work in determining phonon-phonon scattering 
times. 

We wish particularly to acknowledge the skillful 
contribution of those? responsible for the purification 
and growth of the crystal. We are indebted to Dr. N. B. 
Hannay for encouragement and stimulation in starting 
this research. During the course of the work we have 
profited from informative discussions with Dr. C. 
Herring and Dr. G. A. Slack. 


* Presented in preliminary form at the Fifth International 
Conference on ‘Low-Temperature Physics and Chemistry, 
University of Wisconsia, 1957. 
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Structure of the a and 3 
Forms of Solid He*t 


A. F. Scuucn, E. R. Gritty, Anp R. L. Mrs 


Los Alamos Scientific Laboratory, University of California, 
Los Alamos, New Mexico 


(Received March 12, 1958) 


WO solid forms of He’, designated a and 8, were 
recently reported’ to exist below and above, 
respectively, a transition line which intersects the 
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melting curve at 3.15°K and 141 kg/cm’. To gain some 
insight into the nature of this transition, we have 
undertaken to investigate the structure of these two 
forms by x-ray diffraction. The beryllium capillary into 
which the helium was solidified and the associated 
diffraction and cryogenic apparatus were those that 
have been used in the study’ of the structure of Het. 

The structures were determined by using the Laue 
and the Debye-Scherrer-Hull methods. He’, like Het, 
readily forms large crystals, and in several runs we 
were able to obtain a Laue diffraction pattern from 
only a single crystal. It is much more difficult to grow 
helium crystals small enough for a suitable powder 
pattern. The powder lines produced were always spotty 
and ill-defined. Also, because of the large zero-point 
vibrations of the atoms, the decline of the intensity of 
the diffraction lines with increasing angle was so steep 
that not many lines could be observed. 

The Laue reflections of the a form of He* were 
indexed on the basis of a cubic lattice. The reflections 
observed were of the forms of {110}, {200}, and {121}. 
There were no reflections for which the sum of the 
indices was odd. It was therefore concluded that the 
a form has the body-centered cubic structure. In the 
diffraction photographs of coarse powders at 1.9°K 
and under a pressure of 100 kg/cm?, the reflection 
from (110), the only one that could be observed, gave 
the length of the cube axis A=4.01+0.03 A. The 
density of the solid calculated from this size unit cell is 
0.154+0.004 g/cm*. The value derived by the extrapola- 
tion to these conditions from the directly measured 
densities! is 0.1515+0.0002 g/cm’. 

The 8 form was found to have the hexagonal closest- 
packed structure. The Laue reflections that were 
obtained were of the forms of {100}, {002}, {101}, 
{102}, {103}, {110}, {112}, and {201}. No reflections 
could be seen for which h+2k was equal to 3m when / 
was odd. The lengths of the axes of the unit cell were 
determined from the (100), (002), and (101) reflections 
from a powder at 3.3°K and under a pressure of 183 
kg/cm? to be A=3.46+0.03 A and C=5.60+0.03 A. 
The density computed from these dimensions is 
0.172+0.004 g/cm*. The density extrapolated from 
the directly measured values! is 0.1694+0.0003 g/cm‘. 

A more complete and extensive report will be 
submitted later. 

t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1R. L. Mills and E. R. Grilly, Proceedings of the Symposium 
on Liquid and Solid He*®, The Ohio State University, August 
20-23, 1957 (unpublished), p. 100; Proceedings of the Fifth 
International Conference on Low-Temperature Physics and 
Chemistry, The University of Wisconsin, August 26-31, 1957 (to 
be published). 

2 A. F. Schuch, Proceedings of the Fifth International Conference 


on Low-Temperature Physics and Chemistry, The University of 
Wisconsin, August 26-31, 1957 (to be published). 
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Chemical Shift Effect in Inner Electronic 
Levels of Cu Due to Oxidation 


EVELYN SOKOLOWSKI, CARL NORDLING, AND KAI SIEGBAHN 
Institute of Physics, University of Uppsala, Uppsala, Sweden 
(Received March 14, 1958) 


HE energies of some inner electronic levels of Cu 
with respect to the Fermi level have been studied 
in metallic copper and in the cuprous and cupric 
oxides. The basis for these studies was the magnetic 
analysis of photoelectrons produced by x-radiation.' 
In all cases a shift has been observed towards greater 
binding energy on going from the metal to the oxide, 
this shift being greatest for the 1s and 2s levels in the 
cupric oxide (Fig. 1). The observed K level shift of 
CuO, taken together with the shift, reported in an 
earlier investigation,” of the x-ray K absorption edge, 
gives a gap between the valence and conduction bands 
in CuO of 0.6 ev. This is in agreement with the value 
0.3 ev deduced from conductivity data. 
Further, a line in the KLL Auger spectrum (KJy;L1n, 
assuming pure j— j coupling) from metallic copper has 





Mo; Cu-Cu0-Cu 








1000 ' ~- ' ' 

4.0850 4.0900 4.0950 4.1000 amp 
Fic. 1. Cu K (Mo Ka;) photo-lines. The curves plotted with 

open and filled circles are the photo-lines of metallic copper. 

The photo-line of the cupric oxide, which is plotted with crosses, 

falls at a lower spectrometer current, indicating a higher K binding 


energy in the oxide. 
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TABLE I. Energy shifts, Cu->CuO. 











Level Energy shift (ev) 
K +44+0.5 
Ly +4.4+1.0 
Li +3.341.5 
Liu +2.540.8 
Auger line —10+0.3 








been compared with the corresponding line from CuO. 
The line from the oxide has been found to be somewhat 
lower in energy, in agreement with the shifts observed 
for the K and L levels. A change in the width and 
relative intensity of the Auger line on going from the 
metal to cupric oxide indicates that the Auger yield 
depends on the chemical composition of the source. 
The results of the investigation on CuO are sum- 
marized in Table I. A detailed report will be published.* 
Ry genie, Nordling, and Siegbahn, Arkiv. Fysik. 12, 301 
, sd yi. Sanner, thesis, Uppsala, 1941 (unpublished). 


* Nordling, Sokolowski, and Siegbahn, Arkiv. Fysik. (to be 
published). 





Superconducting Energy Gap Inferences 
from Thin-Film Transmission Data 


A. THEODORE FORRESTER 


Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 
(Received February 6, 1958) 


LOVER and Tinkham' (GT) have recently 
reported measurements on the transmission by 
superconducting thin films of radiation with photon 
energies from 0.3 to 40 kT .. Their data showed a rise 
to maximum transmission in the region of 3-5 kT, and 
a decrease to normal state transmission at high 
frequency. The existence of a prominent maximum is 
not ipso facto evidence for an energy gap. The London 
theory and its modification by Pippard predict an 
approach to transparency at high frequency. The 
maximum may, therefore, be the result of the processes 
which produce superconductivity and those which cause 
an approach to normalcy at high frequency. Whether 
this approach to normalcy is due to the excitation of 
electrons across an energy gap requires a quantitative 
examination of the data. 
The GT analysis was through a complex conductivity 
o =0— io which, when normalized by the normal-state 
conductivity ov, appeared to be a universal function of 
hw/kT .. It is the o, which is reponsible for absorption 
and GT sought, as evidence of a gap, a o; rising sharply 
with photon energy at a specific frequency. They found 
a satisfactory fit to their transmission data for a o 
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Fic. 1. Various choices of o;/on arr st with experimental 
points from GT, reference 1, Fig. 6. They obtain these points 
directly from transmission data by neglecting the influence of 
o2 whenever w/w,>5. Their justification on the basis of low- 
frequency data and their choice of o; [curve (d)] applies equally 
well to any of the curves shown. 


represented by curve (d) of Fig. 1 and, allowing for the 
possibility of slight tailing, concluded that the position 
of the effective cutoff must lie between 3 and 4 kT.. 
In view of specific heat data,’ most readily interpreted 
in terms of a gap of 1.5 or 3.0 kT., they accepted this 
as evidence for an energy gap FE, ~3kT.. 

In their paper, GT failed to consider the possibility 
that their data were sufficiently insensitive to the choice 
of o; that equally good fits to the data could be obtained 
with functions indicating very different gaps or not 
suggestive of a gap at all. I have examined, using the 
GT technique, the fit to data resulting from other 
simple representations of o;. The range of functions 
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Fic. 2. Transmission ,ratio curves corresponding to the choices 
of o; in Fig. 1, and an optimum choice of the coefficient of the 
conductivity ot (see reference 1). The horizontal lines through 
data points represent, not errors, but the half-power widths of 
the continuous spectrum, so that each measurement is an average 
over a region of the appropriate curve. 
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Fic. 3, Comparison between low-temperature transmission 


data and the theoretical curve calculated from Bardeen and 
Mattis, reference 5, for T=O0°K. 


capable of producing good fits to the GT data is 
illustrated by those reproduced in Fig. 1. The merits of 
the various choices may be judged by the relative 
match to the data of the corresponding transmission 
curves in Fig. 2. 

All of these, including (a) and (b),’ which cannot be 
associated with an energy gap at all, give transmission 
curves of the same general shape found experimentally 
by GT. Even if curves (a) and (e) are rejected as 
unsatisfactory fits to the transmission data, it appears 
possible to conclude from their data only that if 
there is an energy gap it is not greater than 4.5kT... 

In addition to the question of whether the transmis- 
sion data imply, per se, an energy gap, it is interesting 
to examine the consistency between the GT transmis- 
sion data and the theory of Bardeen, Cooper, and 
Schrieffer. This comparison is shown in Fig. 3 where 
the theoretical curve is calculated from expressions of 
Bardeen and Mattis.* At angular frequencies greater 
than 4k7./h the agreement is comparable to that of 
the empirically fitted curves of Fig. 2, but is much 
poorer at lower frequencies.* Considering the fact that 
the theoretical curve of Fig. 3 involves no adjustable 
parameters the agreement is, however, more striking 
than the discrepancy. It is worth noting that at angular 
frequencies <2k7T./h, very large corrections for 
interference effects had to be made by GT to obtain 
the points shown and a large systematic error in this 
region would not be surprising. To the extent that the 
GT data may be judged a confirmation of the Bardeen 
theory, these can be considered as a secondary evidence 
for the gap implied by the theory, i.e., 3.5&7.. They 
do not, as shown in Figs. 1 and 2, constitute primary 
evidence for an energy gap. 

I would like to thank M. A. Biondi, M. P. Garfunkel, 
and T. Holstein for helpful discussions of this paper, 
and R. C. Bollinger for his computations of the 
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Kramers-Kronig transforms of the selected o;/on 
functions required for deriving the associated trans- 
mission curves shown in Fig. 2. 


95) E. Glover, III, and M. Tinkham, Phys. Rev. 108, 243 
(1957). 

2 Corak, Goodman, Satterthwaite, and Wexler, Phys. Rev. 
102, 656 (1956); W. S. Corak and C. B. Satterthwaite, Phys. Rev. 
102, 662 (1956). 

8 These curves cannot be ruled out by the result of E. Fawcett, 
[Proc. Roy. Soc. (London) A232, 519 (1955) ]. He finds, for bulk 
tin, that R/Ry—-0 at T=0 for w=0.547./h, but the surface 
resistance is so limited by the superconducting penetration 
depth that it is unlikely that a value of ¢; <0.04 would have been 
noticeable. : 

‘Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 
(1957). 

5 J. Bardeen and D. C. Mattis (to be published). 

® The difference at low frequencies is essentially the same as 
that pointed out by Bardeen, Cooper, and Schrieffer (reference 4) 
in their reference 27. 





Superconducting Energy Gap Inferences 
from Thin-Film Transmission Data* 


M. TrNkHaM, 
Depariment of Physics, University of California, Berkeley, California 
AND 
R. E. Giover, III, Department of Physics, 
University of North Carolina, Chapel Hill, North Carolina 
(Received February 10, 1958) 


INCE publication’* of results on far-infrared 

transmission experiments with superconducting 
films, questions have been raised‘ concerning the 
justification of the conclusion that there is a gap of 
width E,=hw,~3kT. in the electronic excitation 
spectrum. This conclusion was based on an extrapola- 
tion to zero of data on o;/oy, the real part of the 
reduced conductivity. For hw>5kT, the interpretation 
of the experimental results is straightforward. It was 
possible to measure ¢;/oy in the range from 36kT, to 
5kT. where its value fell from 1.0 to about 0.3 (Fig. 6 
of reference 3). In the low-frequency end of this range, 
o:/on was found to be falling very rapidly, and extra- 
polation indicated an intercept between 3 and 4 &T.. 
This behavior suggested a region of very sharply 
diminished density of states (or a gap) having a width 
between 3 and 4 &7.. The data which lead to this 
conclusion were obtained from films of two different 
metals with varying thickness, purity, and degree of 
anneal, indicating that the behavior was inherent in 
superconductors and was not strongly effected by 
strains, purity, or surface condition of the samples used. 
To our knowledge, this was the first indication of a 
gap of ~3k7T. rather than ~1.5k7.. Our analysis 
was based directly on the infrared measurements for 
uw > 5kT. where o; can be determined unambiguously. 
Unlike the analysis suggested in reference 4, it does 
not depend critically on our microwave measurements, 
which are less dependable due to the necessity of 
introducing large corrections for standing-wave effects. 
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Fic. 1. Logarithmic plot of data (from Fig. 6 of reference 3) 
showing the oaset of absorption expressed in terms of o;/ow, 
the real part of the reduced conductivity. This absorption edge 
is attributed to absorption across an energy gap in the supercon- 
ducting state. The solid line is the prediction of the theory of 
Bardeen, Cooper, and Schrieffer (reference 8). 


We would like here to reconsider the problem of 
extrapolating o:/oy to zero. In making such an extra- 
polation one could proceed purely empirically to find 
a way of plotting which would make the data fall on a 
straight line. This could then be extrapolated to an 
intercept. However, theoretical considerations help in 
choosing a suitable form. An elementary argument for 
a simple gap* in the density of states function would 
suggest o;/ov=:1—w,/w. The observed rise was found 
to be faster than this, more like 1—w,*/w*. This was 
attributed to a humping up of states displaced from 
the gap to either side. Such humping is also required to 
explain the observed specific heat’* and the nuclear 
relaxation data.’ Subsequently, Bardeen, Cooper, and 
Schrieffer’ have proposed a detailed theory which has 
enjoyed remarkable success in explaining most of the 
phenomena of superconductivity. This theory predicts 
the humping of states, and it makes a definite prediction 
for the shape of the absorption edge, namely 


01 Wy) Wg 
—= (147) 20)-2"«0, 
On @ w 
where hw,=3.5kT., R= (w—w,)/(w+w,), and E(k) and 
K(k) are complete elliptic integrals. This function is 
fitted within a few percent by the simple approximation 


Co w, 1.65 
ropa en (=) 
On wW j 
These considerations suggest that the data be plotted 
in the form log[ (1—01/0n)~] vs log(hw/kT.). In such 
a plot, any function of the form 1—(w,/w)* will result 
in a straight line, from which w, and m may be read off. 
Data from Fig. 6 of reference 3 are plotted in this way 
in Fig. 1, and the straight line is the prediction of the 
BCS theory. Within the scatter (which is of about the 
same magnitude as the statistical error of the points) 
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the experimental data would fit a straight line with the 
BCS slope (n= 1.65), and an intercept of hw, ~3-4 kT.. 
The quantitative agreement with the prediction of the 
BCS theory is striking, and strongly supports that 
theory. However, the extrapolation is plausible simply 
from the goodness of fit to a straight line. 

Such a conclusion might be challenged by assuming 
that the o:/oyn curve breaks off its essentially straight 
path in the short distance over which the extrapolation 
is made. It seems likely, however, that any such break 
might be attributed to a small residual strain-induced 
normal conductivity. Such an effect would not change 
the conclusion that at low temperature there is a 
sudden onset of additional absorption in the region 
near 3-4 kT, which is most reasonably attributed to an 
energy gap of this width. Subsequent experiments*” 
are consistent with this conclusion, which differs from 
that (E,~1.5kT.) which had been drawn earlier® 
from the specific heat data alone. 


* This research was supported in part by the Office of Naval 
Research, the Signal Corps, the Air Force Office of Scientific 
Research, the National Security Agency, and the National 
Science Foundation. 
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Cross Sections for Double and Triple 
Meson Production in Hydrogen 
by Photons with Energies 
up to 1 Bev* 


J. M. SELLEN, G. Coccont, V. T. Coccont, anp E. L. Hart 


Laboratory of Nuclear Studies, Cornell University, Ithaca, New Y ork 
(Received March 5, 1958) 


IFFUSION cloud chamber pictures taken at the 

Cornell synchrotron were analyzed for the 
three-pronged events ascribable to multiple meson 
production : 


yt poptattae (reaction 1) 
—pt+art+a +r (reaction 2) 
—ntatt+atte (reaction 3). 


This is a report on the results concerning cross sections. 
The data on angular and momentum distributions will 
be published later. 
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Fic. 1. (a) The histogram represents the energy distribution 
of the photons responsible for the events of double mesoa produc- 
tion observed. The curve gives the spectrum of the photons 
entering the chamber, as deduced from the analysis of ~1000 
electron pairs and triplets. (b) Total cross section for the double 
meson production of reaction (1), as a function of the primary 
photon energy. The absolute values are determined as described 
in the text. 


The bremsstrahlung beam of 1.05-Bev peak energy 
was passed through 4 meters of LiH to eliminate most 
of the photons below ~20 Mev, then collimated to 
} in.X? in. and made to enter a diffusion chamber 
(24-in. useful diameter; sensitive layer ~3 in.), filled 
to 20 atmos of He, operating in a magnetic field of 
6 kilogauss. The beam intensity was adjusted to 
produce on the average 8 electron pairs/picture. 

In 40000 pictures we have observed 94 events of 
multiple meson production on protons. Of these, 90 
were classified as due to reaction (1), 3 to reaction (2), 
and 1 to reaction (3). 

Contaminations due to the presence of the methyl 
alcohol vapor or impurities in the chamber proved to 
be negligible, since of about 40 stars observed in the 
same pictures, only ~} contained a single x meson, and 
none a meson pair. Eight cases of p+e*+e~ were 
observed, and interpreted either as events y+ p->p+7", 
with the #® undergoing Dalitz decay, or as electron 
pairs with high proton recoil momentum. The expected 
number of cases of double u-meson production is less 
than one. 

A major fraction of the film has been scanned twice. 
The second scanning yielded all—and no more than— 
the events found in the first scanning. 

For reaction (1) the complete analysis of the events 
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leads to the determination of the energy of the incoming 
photon, as long as one can establish the nature of the 
three particles involved and measure at least 6 of their 
9 kinematical parameters (6, g, and momentum for 
each particle). In all of our cases, the primary energy 
could be determined. For 53 events the experimental 
information was redundant, which allowed us to 
estimate that our accuracy in the photon energy 
determination is about +50 Mev. 

The energy distribution of the meson pairs observed 
is given by the histogram in Fig. 1 (a). 

In order to obtain the cross section, one has to know 
the spectrum of the photons entering the chamber. 
This has been determined (a) by measuring the total 
energy of the electron pairs produced both in the field 
of the proton (true pairs) and in the field of the electron 
(triplets) by the same beam that created the meson 
pairs,! (b) by assuming that the pair production 
cross section is given by the Bethe-Heitler formula and 
that the triplet cross section is equal to the pair cross 
section in the energy range from 400 to 1000 Mev.’ 
The y-ray spectrum thus deduced is given by the solid 
curve in Fig. 1(a), based on a sample of about 1000 
pairs and triplets. 

Correcting the histogram of Fig. 1(a) with this 
spectrum, one obtains the energy dependence of the 
cross section [Fig. 1(b)]. Though the statistics are 
poor, one can state that the cross section increases 
steeply from 450 to 550 Mev (threshold is at 322 Mev), 
then seems to fall to about 3 of its maximum value, 
at around 1 Bev. 

The scale of the cross-section histogram has been 
gauged by determining the ratio (No. meson pairs/ 
No. electron pairs and triplets) for a sample of 16 000 
pictures, which contained 54 of the 90 meson pairs. 
The absolute values of the cross section thus have a 
statistical uncertainty of 14%, besides any systematic 
error due to the use of the Bethe-Heitler equation. 

For the cases of triple meson production, where one 
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Fic. 2. Summary of the available information on cross section 
for single and multiple meson photoproduction in hydrogen. 
The multiple meson data are those obtained from the cloud 
chamber work. The results for single meson production derive 
from counter experiments (see quotation 4); the dotted line for 
o(x+) above 450 Mev is tentatively deduced by multiplying by 
4 the data for the differential cross section at 90°. 
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neutral particle is involved, the energy of the primary 
photon could be determined in only one case, and was 
found to be ~890 Mev. Assuming that the photons 
that produce reactions (2) and (3) are essentially those 
above 700 Mev (threshold is at ~520 Mev), the cross 
section for these processes seems to be of the order of 
10 wb, in the energy range from 700 to 1000 Mev.’ 

In Fig. 2 we have plotted our results together with 
the available data for single meson photoproduction in 
H2.4 It is interesting to note that o(*,r~), at its 
maximum, is about 4 of the resonance value for o(x*), 
and that this is only a portion of the over-all cross 
section for double meson production, which includes 
also o(x*,x°) and o(x°,x°). The magnitude and shape 
of the cross section suggest that, as in single meson 
production, the process may be dominated by an 
excited state. Momentum and angular distribution of 
the emitted particles are not inconsistent with such a 
picture, though they do not provide compelling 
evidence in favor of it. 

We want to acknowledge gratefully Dr. K. C. 
Rogers’ collaboration in the early part of this work and 
to thank the laboratory staff and the accelerator crew 
for the operation of the synchrotron. 

* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1 A report on the analysis of these electromagnetic interactions 
will be published later. 

2 This is supported by our experimental work quoted in reference 
1, and is in approximate agreement with the theories; for these 
see the discussion by F. Rohrlich, Revs. Modern Phys. (to be 
published). 

3 One must keep in mind that some of the 90 events assigned to 
reaction (1) might actually be cases of triple meson production 
where the 7° is emitted with high energy ia the forward direction. 
This, however, should be rare enough not to affect our analysis 
substantially. 

4 For o(x*): Up to 450 Mev, see H. Bethe and F. de Hoffmann, 
Mesons and Fields (Row, Peterson and Company, Evanston, 
1955), Vol. 2, p. 150. At higher energies, for data on differential 
cross sections, see Woodward, Heinberg, Wilson, and Zipoy, 
Bull. Am. Phys. Soc. Ser. II, 3, 32 (1958). For o(x®): J. I. Vette, 
Ph.D. thesis, California Institute of Technology, 1958 (unpub- 
lished), and results for differential cross section by P. C. Stein 
and K. C. Rogers and by DeWire, Jackson, and Littauer, Bull. 
Am. Phys. Soc. Ser. II, 3, 33 (1958). 





Lifetime and Decay of the K,’ Meson* 


M. Barpon, M. Fucus,t K. LANpE, anp L. M. LEDERMAN, 
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(Received March 18, 1958) 


HE lifetime of the K»° meson has been determined 

by comparing the yield of K,° decays in two 
exposures which differ by a factor of four in mean 
flight time from production target to detector. 
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An earlier short-distance exposure’ established the 
existence of long-lived neutral particles in the secondary 
radiation from a target in the 3-Bev proton beam of 
the Brookhaven Cosmotron. The observations estab- 
lished limits on the mean life: 4X10~* sec<7r<10~*. 
Subsequently, the observed lack of anomalous K°® decays 
in bubble chamber studies of V-particle production in 
x-p collisions set a limit r>3X10~* second.’ Analysis 
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Fic. 1. Experimental arrangements for lifetime study. 


of anomalous K® decays in cosmic rays have yielded 
lifetime estimates: r>0.6 X 10-8 sec, and r< 107 sec.® 

The short-distance exposure had been carried out by 
using the Columbia 36-in. magnet cloud chamber with 
its entrance window at a distance of 16 feet from a 
copper target in the external proton beam of the 
Cosmotron. The experiment has now been repeated 
with a distance of 70 feet from target to entrance of 
chamber. The increased distance arrangement was 
subject to the important constraints that the angle 
made by the K,° line of flight with the proton beam 
direction be held fixed to 68°+1° and that neither the 
cloud chamber nor the Cosmotron could be conveniently 
moved. This was achieved by placing the target in the 
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nearest curved section of the Cosmotron. The arrange- 
ments are shown in Fig. 1. 

Some checks were made to verify that the angle 
had been maintained at 68°. These consisted of studying 
(a) the distribution in the number of prongs of neutron- 
induced stars (Fig. 2), and (b) the spectrum of fast 
protons ejected from the entrance window of the 
chamber by neutrons in the beam (Fig. 3). These data 
indicate that the neutron spectra were identical in both 
runs, in support of the angle measurement of 68°+1°. 
The small discrepancy in the percentage of two-prong 
stars (Fig. 2) is precisely accounted for by the slightly 
higher fraction (20% in the second run as compared 
with 17% in the first) of argon in the helium-argon 
cloud-chamber gas mixture. 

Normalization of the two exposures was made to 
the number of neutron-induced stars in the gas. In 
the short-distance exposure we obtained 139 K,° decays 
for 9369 neutron stars, while in the long-distance 
exposure we had 34 K,° decays and 4887 neutron stars. 
A small correction is made for the slightly higher 
proportion of argon in the second run, which leads to 
a higher cross section for star production. Finally a 
correction is made for the relative scanning efficiency 
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Fic. 3. Momentum distributions of protons ejected from the 
#s-inch Lucite wall by neutrons in the K,° beam. 


in the two runs. Second and third scannings lead to an 
estimate that the scanning efficiency in the first run 
was (85+15)% of the second run. Including these 
corrections, the ratio of the yield of the second exposure 
to that of the first is 


R=0.4340.11. (1) 
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Fic. 4. Dependence of the lifetime on the ratio, R, of yields in 
the two exposures. Curve a is computed with the use of a spectrum 
of Ks derived from an energy-dependent matrix element of the 
form y*—1, Gaussian momentum distribution in the target 
nucleus, and isotropic angular distribution in the center-of-mass 
system. Curve 0} has isotropic and energy-independent matrix 
element, and Fermi momentum distribution. Curve c has energy- 
independent matrix element, Gaussian distribution, and cos 
angular dependence in the center-of-mass system. 


This ratio is given as a function of 7, the mean life 
of the K,°, by 


22 SP (By)exp[—tx(By)/7]{1—exp[At(By)/7)}d (87) 
J P(By)exp[—ts(8y)/1]{1—exp[At(By)/7 ]}d ae 
( 





where {, (Gy), ts(By) are the flight times for the long- 
and the short-distance runs respectively for K.° mesons 
of momentum myc which have a spectral distribution 
P(By) at 68°; At(By) is the time of traversal of the 
chamber. In Fig. 4, we have plotted the relation 
between R and 7 as given by Eq. (2), using an inter- 
mediate and two extreme shapes for P(8y) as computed 
by Sternheimer® for associated production of Y—K 
pairs in a complex nucleus by incident 3-Bev protons. 
Applying Eq. (1) to Fig. 4, using curve }, we obtain: 


t= (9.0_2.5+*-*) K 10-8 second. 


An estimate of the K,° lifetime can be obtained from 
the known K* branching ratios’* and lifetime’ by 
application of charge independence and the AT=} 
selection rule” (7=total isotopic spin). The K,° 
lifetime is the reciprocal of the sum of the partial rates 
for the decay modes (x*y*v), (x*e*v), (tax), and 
(x°x°x°). The partial rates for the decays involving three 
= mesons are evaluated as in reference 10. For the decay 
modes involving leptons, we have assumed that the 
partial rates in the K,° decay are equal to those in Kt 
decay, and that there is no asymmetry in charge, as is 
to be expected" with the large K.°/K,° lifetime ratio 
measured. This leads to an estimated K;° lifetime of 
7~5X10-* second. A similar result has been obtained 
by Okun” using a specific model for the K-meson 
decay interaction. 

No decays have been found which do not fit one of 
the modes (x*y*v), (x*e*v), (xta 2°). Limits of the 
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order <1% may be placed on the existence of the 
two-body modes (ata), (uty), (ere), (u*e™) for K2° 
decay. The absence of the lepton modes is in agreement 
with current ideas on the universality of the weak 
interactions. The absence of 2-pion decay is to be 
expected on the basis of CP invariance.''*-* A discus- 
sion of the reverse argument—what do we learn about 
time reversal from the data contained herein—is 
given in the accompanying Letter by Weinberg.”* 
He concludes that the existence of the reaction’® 
6°—2r° implies a close identity of the x+—x~ and 2x° 
phases, a result which is difficult to understand on 
any other grounds than CP invariance or accident. 


* This research was supported in part by the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Present address: Hunter College, New York, New York. 
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Time-Reversal Invariance and 6," Decay* 
STEVEN WEINBERG 
Columbia University, New York, New York 
(Received March 18, 1958) 


ECENT experiments! show that the 6,° decays 
much more slowly than the 6,° (r2/71~900)? 
and that the mode 6.°—2++2 occurs infrequently 
(<0.6%) if at all. This is just what one would expect 
if CP (or C) were conserved in K°® decay*; conversely, 
we may ask how much support is given to CP invariance 
by these experiments,‘ and what additional support 
may be gained by similar experiments in the near 
future. 
Since we do not assume CP invariance, we must 
define 6,° and 6.° as linear combinations of @ and 
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for which the decay curve is a simple exponential. 
Now, if there were just one rapid K® decay mode 
(e.g., K°-9++-2-), and all others (K°~rt+e~—+», 
y+v7, etc.) were much slower for phase-space or other 
reasons, then we could understand the experimental 
situation without reference to CP conservation. 
(Proof: Define 0;°= a+) as that linear combination 
which cannot decay into the rapid mode. If no other 
modes existed 6; would be stable, so 62. would be 
identical to 63. Since the other modes do exist, but are 
very slow, 6:.~6;. Thus 62 decays into the rapid mode 
with small branching ratio, and has a long lifetime. 
It is implicit in this reasoning that mass splitting is 
negligible, since a transition #—+ with matrix element 
M would lead to 6;°-b)M*#+aM@, and this linear 
combination may decay into the rapid mode.) 

However, there are two rapid K® modes, K°—>x*++2- 
and K*— +27", so the above argument fails unless there 
is a special phase relation between the two modes.* 
This phase relation would follow from CP invariance, 
but is difficult to understand on any other basis. 

To make this more quantitative, we use the Wigner- 
Weisskopf method, and obtain for the decay rate of 
6,° or 62° into mode 7,° 


Yr; or 2 j=3(1+a)Toj+3(1 —a)T%; 
+[(1—a*)I's,T%; }! cos(6;—8), (1) 


where 6 =arg(pg*). Let us suppose that an experimental 
upper limit «;<1 can be placed on I2;/T',;. Then from 
(1) we have 

|tan}(6;—8)| <e;. (2) 


Experimentally? ¢,+,-<8X10~°, so |6,+,-—6| 0.006. 
The experimental situation for the 2x° mode is more 
uncertain. No y-ray search has been made in 6,° decay, 
and the 6," flux is unknown, so no experimental upper 
limit has been set on the 6°—2r° branching ratio. 
There are, however, two reasons for believing this 
ratio to be small. 

(a) The sum of the decay rates for K°-r+y+y», 
a+e+yv, 3x can be calculated’ on the assumption of a 
single connection with K* decay, and comes out 
comparable to the experimental @,° decay rate. Thus a 
large branching ratio for @2°—+2x would leave inadequate 
room for the 3-particle modes. 

(b) It is easy to show that 


> (Te,7%,)! sin(6;—5) =ad/(1—a*)!, (3) 
j 
(Ts,0%;)! | sin(5,—6) | vee {Ti P2;- (G(1+a)Ts; 
—}(1—a)Ti;PJ/(1—e*)}*. (4) 


If we ignore mass splitting (so a=0) and final-state 
interactions in the 27° mode (so Io, 22°=T%, 2"), we can 
use (3) and (4) to show that 


(Ts, or T's, 2¢°)! < (Ta tye TV, 2t¢e P+ (TiT.’)', (5) 


where I’;,2’ are total decay rates for 6, »° into all except 
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the 2x modes. Now lr,’ $0.027;"7 and ly’ <rz'—T 2, 2, 
so we obtain ° 
rT. oS 0.26737. : (6) 


Accepting this upper limit, we have €22°S0.002 so 
that |4..°—5|<0.09. Now, combining our results for 
the two modes, we have finally 


| 520° Be ue-| 6°. (7) 


This phase relation can be put in an isotopic spin 
language; if the states 7=0 and /=2 are created with 
amplitudes a; and scatter with phase shifts 97, then the 
quantity a2¢~‘"2/(ace~*"0) is almost real. This would 
follow if T or C were conserved (since then numerator 
and denominator would be separately real), but it is 
difficult to understand otherwise. (Of course a2.=0 
would make the ratio real, but this seems inconsistent 
with the 6, branching ratios.) 

Thus we see that at least one prediction of time 
reversal invariance is very well fulfilled. It has been 
suggested that the absence of charge asymmetries in 
6.° decay may also serve as a test of T invariance. 
We wish to point out that because of the absence of 
6.°—2e decays, such charge asymmetries must be 
expected to be-very small (typically < 10%) independ- 
ently of whether T is conserved. 

Using CPT invariance and the unitarity of Sstrong 
(and taking final-state interactions, which may be 
large,* properly into account), we may prove that 


_ lo;= » a8 T5;; 


0G i7eG* 


(8) 
> (T,T5;)'e*?= : (T'e,Te;) te. 


1G 7eG* 


Here G is any set of final states with the property that 
j cannot scatter strongly into j’ if 7 is in G and 7’ is 
not. The set G* consists of final states charge conjugate 
to those in G. By using (8), it is possible to prove that 

al<S YL eA(Miytls)/ LV (itls), (9) 


7eG,G* G,.G@* 
Ag< \a|/egt+}!a|#(14+1/ea), (10) 
where A gq is the charge asymmetry, 
Ag=|(X T'2;—- »m T2;)/ zy r2;|, (11) 
eG jeG* ieG .G* 
and 


eo= 2D Tai/ L My. 


7G, G* 7G, G* 


If G consists of x*#~ and °°, then using our previous 
estimates of ¢,+,~ and €,*,*, we have from (9) 


la} 0.009 (12) 


[using the lifetime ratio alone, we would have® |a| 
<2/(900)!=0.07]. Now for example, suppose that G 
consists of x~e+y alone, so that G* consists of xte~p. 
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Experimentally'? «G2 20.012 so, from (10) and (12), 
Age S 8.5%. (13) 


Probably it will be some time before experiments are 
performed which are capable of detecting such small 
charge asymmetries. 

I wish to thank Professor N. M. Kroll, Professor 
L. M. Lederman, Professor T. D. Lee, and Professor 
J. Steinberger for a number of valuable discussions 
concerning this work. 


* This research is supported by the U. S. Atomic Energy 
Commission. 
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Theoretical Angular Distribution of 
Nucleon-Antinucleon Scattering 
at 140 Mev* 


Jose R. Fuicot 
Radiation Laboratory, University of California, Berkeley, California 
(Received March 10, 1958) 

A POSSIBLE explanation of the “large” value of 

the nucleon-antinucleon (N—N) cross section,} 
in the intermediate energy range, has been given by 
the work of Ball and Chew’ on the basis of the Yukawa 
interaction with a “black central hole’ to account for 
the annihilation. Using the Gartenhaus potential,’ with 
the spin-orbit term added by Signell and Marshak,‘ 
in the WKB approximation, they obtained results in 
satisfactory agreement with the experimental data 
available at the time. 

In recent months, experiments both with bubble 
chambers and with emulsions have been planned and 
are now being carried out in order to obtain a more 
complete knowledge of the p—? interaction. In connec- 
tion with this program it has seemed worthwhile to 


perform the calculation of the angular distribution 
of antinucleon-nucleon scattering, using the transmis- 
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sion coefficients and the phase shifts given in reference 
2. This is a report of the results of the calculation. 

There are two important differences between the 
N—N and N—N interactions. One is the annihilation 
process and the other the possibility of charge exchange: 
p+pon+n. The first is easily considered by using 
diagonal scattering matrix elements of the form 
S.= R.e*«, where R, are the reflection coefficients and 
5. the real scattering phase shifts for the a eigenstate. 
The second involves isotopic-spin considerations.® If the 
amplitudes for scattering in isotopic-spin singlet and 
triplet states are represented by f'and /*, respectively, 
then the amplitudes for ordinary (0) and exchange 
(e) p—p and n—A scattering are given by 


FaSt+HP), F=t—Pf). 


For the p—% and n— fp systems, which are pure isotopic 
triplets, there is no exchange scattering and the 
ordinary scattering amplitude is simply f*. Once these 
complications are recognized, the formalism developed 
by Blatt and Biedenharn‘ can be consistently used. 
Since in the WKB approximation there is no way 
to calculate “mixture parameters,” interchange between 
waves with the same total angular momentum and 
parity but with different orbital angular momentum 
has not been considered in reference 2. Therefore it 
must be assumed that the mixture parameters are 
small if this method is expected to give good accuracy. 
With mixing neglected, the scattering cross sections 
were calculated ; the results are plotted in Figs. 1 and 2. 
The forward peak in the ordinary scattering is 
largely a diffraction effect, since the S and P waves are 
mostly absorbed, leading to annihilation. The forward 
peak in the exchange scattering is much weaker. 
Notwithstanding the very limited experimental 
data available up to now,’ a crude test of the theory 
can already be made by integrating the p—f elastic 
differential cross section of Fig. 1 over the forward 
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and backward hemispheres separately to obtain 70 mb 
in the forward direction and 5 mb in the backward. 
The six emulsion events found at Berkeley in the 
energy range between 40 and 200 Mev’ are all in the 
forward direction. 

Further work is being done to extend the scope of 
this paper. 

The author wishes to thank Professor Geoffrey F. 
Chew for his guidance and help throughout the work. 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

+ A visitor from the Argentine Army. 
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Spin-Orbit Contributions in the Low-Energy 
n-p Triplet Potentials 


Rocer G. NewTon* AND JAMeEs H. Scorretpt 


Indiana University, Bloomington, Indiana 
(Received March 11, 1958) 


T was recently pointed out by Feshbach! that some 
of the spin-orbit forces lately proposed for the 
neutron-proton system lead to unacceptably large 
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modifications of the magnetic moment of the deuteron. 
The same objection applies also to the spin-orbit 
coupling obtained by Newton and Fulton.” 

In the presence of a spin-orbit potential, 


Vo(r)S ° L, 


the difference between the magnetic moment of the 
deuteron and the sum of the neutron and proton 
moments becomes, in nuclear magnetons,! 


Ap=pa— (up tun) = —§ (up tun—}F) pot (Au)sz, (1) 
where 
(Au) sz=3L (S| V0} S)—4v2(S|r?V | D) 
+3(D|rPVo|D)], 
if Vo is measured in units of the rest mass of the nucleon 
and r in units of the Compton wavelength of the 


(2) 
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Fic. 1. Neutron-proton triplet potentials for a D-state probabil- 
ity of 1.37%. V. is the central, V;, the tensor, and Vo, the spin- 
orbit potential. There is a change in vertical and horizontal scale 
at 3X10-" cm. 


nucleon. The experimental value is 


Ayu= —0.0224 nm. (3) 


For the potentials of reference 2, with a D-state 
probability of 2.09%, we have 


—F(uptun—})po= —0.012 nm, 


(Au)sz=+0.034 nm, 
and therefore 
(4) 

The discrepancy between (3) and (4) is too large to 
be accounted for by relativistic and other effects. 
We have, therefore, changed the parameters in the 
potentials to obtain a better fit. 

If, in the notation of reference 2, we put x = 2.20 10" 
cm and d=1.12, then a set of central, tensor, and 
spin-orbit potentials is obtained for which the deuteron 
D-state probability is 


Au=+0.022 nm. 


po=1 371% 
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and hence 
—$ (uptun—})po= —0.0078 nm. 
The spin-orbit contribution is 


(Au) sz= —0.0125 nm, 
so that 
Au= —0.0203 nm. (5) 


There remains, therefore, a difference of —0.002 nm, 
which is certainly within the limits of the unknown 
effects. 

The new set of triplet potentials, of course, still fits 
the effective range and deuteron binding energy 
exactly. It leads to a deuteron quadrupole moment 
of 2.77X10-*" cm? and a root-mean-square deuteron 
radius of 2.3X10-" cm. Figure 1 shows the three 
components of the potential. Compared to those of 
reference 2, they are somewhat deeper and narrower; 
the repulsive centers have become smaller and stronger, 
while the repulsive “humps” have disappeared. The 
spin-orbit part is practically zero from about 1.2 10~-" 
cm on. 
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Fic. 2. Deuteron wave function corresponding 
to the potentials of Fig. 1. 


The deuteron wave function is shown in Fig. 2. 
The S component is much more rounded than it had 
been previously, and it does not become equal to its 
asymptotic value until about 8X 10-" cm. The negative 
part of the D component at the origin has become 
quite small. Scattering wave functions were not plotted 
but can be easily obtained.’ 

It is perhaps worthy of note that we have here a set 
of triplet potentials which fits all the low-energy data, 
and for which the D-state probability in the deuteron 
contributes much less to the magnetic moment than 
does the spin-orbit force. 

* Supported in part by the National Science Foundation. 

t National Science Foundation Predoctoral Fellow. 

1 Herman Feshbach, Phys. Rev. 107, 1626 (1957). 

2 R. G. Newton and T. Fulton, Phys. Rev. 107, 1103 (1957). 

3 Anyone who wishes to use it is welcome to a copy of the 


IBM-650 deck for the rapid computation of scattering wave 
functions of any energy. 
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Nuclear Fine Structure Widths 
and Spacings* 
SypEL BLUMBERG AND CHaArLeEs E. Portert 
Los Alamos Scientific Laboratory, University of California 


Los Alamos, New Mexico 
(Received March 17, 1958) 


ITHIN the past few years, high-resolution 

measurements! have led to a rather complete 
qualitative understanding of the statistical properties 
of nuclear fine-structure levels from an empirical point 
of view. There have been proposals suggested to 
provide justification for the width distributions’ and 
the spacing distributions,* but the connection between 
the two has so far not been emphasized. It is the purpose 
of this note to present some recently obtained results 
which show that both distributions can be derived from 
a single statistical hypothesis: ‘he matrix elements of the 
Hamiltonian operator which defines the eigenstates of 
the compound nucleus follow normal distributions. These 
normal distributions are not entirely unmotivated. 
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Fic. 1. Plots of the differential probability P as a function of 
the ratio x of spacing S to average spacing D or as a function of 
eigenvector component a. The histograms are the results of runs 
on the Los Aiamos IBM 704. The solid spacing-distribution 
curves are analytic results for a two-by-two matrix while the 
solid eigenvector-component curves are the predictions for the 
component of a randomly oriented unit vector. The experimental 
points are the “corrected” points from Fig. 9 of reference 1, 
divided by 37 to convert them to relative frequency. Parts (a) 
and (b) of the figure show the results for five-by-five and ten-by- 
ten matrices. In part (a) the spacing histogram is the result of 
300 total counts, and the component histogram is the result of 
1875 total counts. In part (b) the spacing histogram is the 
result of 153 total counts, and the component histogram is the 
result of 1700 total counts. 














LETTERS TO 
If configuration space is divided up into cells of size 
greater than or equal to a particle wavelength on an 
edge and if the central limit theorem is then applied 
to the matrix elements represented as sums over cells, 
assuming random variation of the integrand within 
cells, a normal distribution is inferred for the matrix 
element. 

The work of Wigner’ suggested the exploration of 
the properties of the eigenvalues and eigenvectors of 
matrices with random matrix elements. With this in 
mind, a code was written for the Los Alamos IBM 704 
computer to generate random matrices, diagonalize 
them, and then sort the output spacings and eigenvector 
components so that histogram plots could be made. 
Typical results of such calculations are shown in 
Fig. 1, in which are plotted average differential probabil- 
ities P as functions of the ratio « of spacing S to mean 
spacing D, or of eigenvector component a under the 
assumption that the root-mean-square values of the 
diagonal and off-diagonal matrix elements are the same. 
The solid spacing-distribution curves shown are 
identical and are the result of an analytic calculation 
for a two-by-two matrix, while the solid eigenvector- 
component distribution curves are those for the 
distribution of a component of a randomly oriented 
unit vector in a vector space of the appropriate number 
of dimensions (five or ten). In addition, experimental 
data on four zero-spin target nuclei taken from Fig. 9 
of reference 1 on the spacing distribution is shown. 

Two features of these plots stand out. The first is 
that the spacing distribution (including the so-called 
“repulsion effect”) is not very strongly dependent on 
the dimension of the matrix, while the eigenvector- 
component distribution is {its width varies as the 
inverse of the dimension). The second feature is that 
the results are independent of the choice of basis in 
the vector space, since the eigenvectors are randomly 
oriented. 

The neutron width distribution can be inferred from 
the eigenvector-component distribution since the 
neutron width I, for level A and neutron channel ¢ 
is proportional to the square of the surface “overlap” 
integral between the level eigenfunction X, and the 
neutron channel function ®,: ; 


2 
Ty. ( f x,0.5 ) . 


The eigenvector X, has the components 4, i.e., 


X)= Dd aug, 
i 


(1) 


(2) 


where the ¢; are a basis choice. The integral of Eq. (1) 
becomes 


[seas-Dauf gfds, (3) 
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to which the central-limit theorem can be applied to 
infer a Gaussian distribution for the integral which 
corresponds to the previously suggested distribution.” 

Examination of the effect of assuming different 
dispersions for the diagonal and off-diagonal matrix 
elements is in progress. This is known to have consider- 
able effect in the two-by-two case, for which an analytic 
formula can be obtained, but preliminary IBM 704 
runs indicate that this may not be the case in higher- 
dimensional vector spaces. 

We would like to thank Dr. Kenneth Ford and 
Professor J. A. Wheeler for valuable comments. 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t On leave of absence from Brookhaven National Laboratory, 
Upton, New York. 

1 J. A. Harvey and D. J. Hughes, Phys. Rev. 109, 471 (1958), 
and references cited therein. 

2 R. G. Thomas and C. E. Porter, Phys. Rev. 104, 483 (1956). 

3E. P. Wigner, Gatlinburg Conference on Neutron Physics by 
Time-of-Flight, Oak Ridge National Laboratory Report ORNL- 
2309, 1957 (unpublished), p. 59. See also E. P. Wigner, Proceed- 
ings of the International Conference on the Neutron Interactions 
with the Nucleus, 1957 (unpublished). 

* This argument is parallel to that used previously by Thomas 
and Porter (reference 2) to motivate the neutron width distribu- 
tion. It was applied then in a somewhat different way and resulted 
in only the width distribution. 





Beta-Gamma Correlations from Polarized 
Manganese-52 


E. Ampier, R. W. Haywarp, D. D. Hoppers, anp R. P. Hupson 


National Bureau of Standards, Washington, D. C. 
(Received March 6, 1958) 


RECENT calculation by Curtis and Lewis! and 
by Morita and Morita? gives a distribution and 
correlation function for the beta and the following 
gamma radiations from oriented nuclei in a J—J beta 
transition. An experimental determination of the 
parameters in this function can give information on 
the magnitude and relative phase of the Fermi and 
Gamow-Teller interactions involved. We have made 
such experimental determinations on polarized Mn®. 
In order to evaluate each parameter uniquely, certain 
assumptions must be made about the nature of the 
beta interactions. The recent recoil experiments’ on 
A® and Ne” and the balanced recoil experiment‘ 
on Eu’ using resonance fluorescence techniques, 
together with the re-evaluation of the He® recoil experi- 
ment,® indicate that vector and axial vector are the 
predominant forms of the Fermi and Gamow-Teller 
interactions, respectively. Furthermore, nearly all 
of the recent experiments measuring the longitudinal 
polarization of electrons and positrons and also their 
angular distribution in beta decay are in accord with 
the two-component neutrino hypothesis where neutrinos 
of negative helicity (left-handed) are emitted in both 
Fermi and Gamow-Teller decays. We can consider, 
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Fic. 1. The relative phase @ vs the square root of the ratio of Fermi to Gamow-Teller intensities as determined by (a) the beta 
asymmetry, (b) the beta-gamma correlation with the gamma detectors in the plane of J and p, (c) the beta-gamma correlation with 
the gamma detectors in the plane of J but perpendicular to p, and (d) a combination of all three experiments. The cross-hatched region 
encompasses the values lying between the limits of experimental error. : 


therefore, for the analysis of our results that Cy=Cy’, 
C4=C,’, and all other coupling constants are zero. 

The 5.7-day isomer of Mn® decays by 33% positron 
emission with a maximum energy of 0.580 Mev and 
the remaining 67% by orbital electron capture to the 
third excited state of Cr®, which in turn decays by 
the cascade emission of 0.73-, 0.94-, and 1.45-Mev 
gamma rays. The spin sequence® is 6*(8)6*(y)4*(y) 
2*(y)0t. 

Each of the parameters in the distribution and 
correlation function depends on the coupling coefficients 
and the nuclear matrix elements in different combina- 
tions, with multiplying constants which depend on 


the angular momenta involved. The beta-emission 
probability is proportional to [(/Cy|*+/Cy’|?)|Mr!? 
+(|C4|?+/Ca4’|*)|Mer|*]. This term can be used, 
of course, to normalize each of the other parameters 
to unit disintegration rate. The angular distribution of 
the beta emission with respect to the nuclear spin 
direction involves the matrix elements 


Ref CuCa 7 Mer | 2 (42)*(CyCu o 
+Cy'C4*)MrM gr" ], 
and when normalized is identical to that given by 


Lee and Yang.’ The gamma-ray angular distribution 
with respect to the nuclear spin axis involves the 
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combinations [(|Cy|?+|Cy’|*)| My|?+(13/14)(|C4}? 
+/Cx4'|*)|Mer|*], and is rather insensitive to the 
degree of Fermi to Gamow-Teller mixing. This insensi- 
tivity is an advantage here since the measured gamma- 
ray anisotropy is used as a basis for calculating the 
nuclear orientation parameters, /1, fe, etc., from the 
measured hfs.* 

Two angular correlation terms occur relating posi- 
trons, emitted along a unit vector p perpendicular to 
the nuclear polarization defined by a unit vector J, 
to the following gamma rays, emitted along a unit 
vector k. The correlation function that is nonzero for 
the case where k is in the plane determined by p and J 
involves the combinations 
Re{ —C4Ca"*| Mor|?—43(42)*(CyCa™* 

+Cy'Ca*)MeMr* }. 
The other correlation function, where k is in a plane 
containing J but perpendicular to p, involves the matrix 
elements Im[CyC4'*+Cy'Ca*)MrMor* ). 

The methods of polarization of the nuclei and detec- 
tion of the radiations are essentially the same as those 
used in the previous experiments.’ In the correlation 
experiments, where the positrons are detected at right 
angles to the polarizing field, allowance is made for the 
curvature of path of the positrons by making the 
source-to-detector distance small compared to the 
mean radius of curvature for the momentum band of 
positrons detected, and by suitably orienting the plane 
of the gamma counters. 

The usual corrections have been made for attenuation 
due to electron backscattering, the finite solid angles 
of the detectors, and presence of Compton electrons; 
this last correction is a major one in the case of Mn® 
where the possibility of a coincidence between a 
Compton electron and a gamma ray is appreciable. 

The experimental value for the beta asymmetry 
coefficient a is (0.232+0.010)(v/c) fi. This value is 
slightly smaller than that which can be deduced from 
a measurement by Boehm" of the beta-gamma circular 
polarization correlation, from Mn®. Nevertheless it, 
too, is much larger than would be obtained for the 
case of a pure Gamow-Teller transition. 

The beta-gamma correlation measurements from 
polarized Mn® were performed with a geometry in 
which gammas in two channels, one with two counters 
located diametrically opposite at angles of 45° and 
225° with respect to the nuclear polarization and the 
other with counters at 135° and 315°, are each in 
coincidence with positrons detected at 90° with respect 
to the nuclear polarization. The measured correlation 
equals (0.040+0.016)(v/c)fi for the case where the 
gamma counters are in the plane of p and J and equals 
(0.012+0.022)(v/c) fe for the case where the plane 
containing the gamma counters contains J but is 


perpendicular to p. 
We may interpret these results by expressing the 


=e 


THE EDITOR 789 
parameters in terms of two variables, the square root 


of the ratio of the Fermi to Gamow-Teller intensities, 
[| Mr|?(|Cv|?+|Cv’ |?) VL| Mar|*(|Ca|?+|Ca’|?) }, 
and the relative phase of the Fermi and Gamow-Teller 
interactions, 0, where @ is defined by 


CyMy= a CaMare*. 


In Fig. 1, (a), (b), and (c) portray the experimental 
results for the beta asymmetry and the two beta-gamma 
correlation measurements, respectively. In each figure 
the cross-hatched region encompasses the values 
lying between the limits of experimental error for the 
particular experiment. 

It is seen that no single measurement significantly 
limits the range of either the mixing ratio or the phase 
angle. If, however, these three figures are superimposed, 
the region common to all three measurements is some- 
what restricted. This region is shown in (d) in Fig. 1, 
and is seen to define rather closely the degree of Fermi 
to Gamow-Teller mixing. 

For time-reversal invariance to be valid, the phase 
angle must be precisely 0° or 180°. The rather wide 
limits of phase angle deduced from the present experi- 
ments do not allow any conclusions other than that 
time-reversal invariance is consistent with the present 
results, while a maximum breakdown is not, in agree- 
ment with the findings of Boehm and Wapstra.” It 
should be pointed out, however, that the ratio of Fermi 
to Gamow-Teller transition amplitudes is determined 
for the first time from a direct dynamical measurement 
and without recourse to any knowledge of comparative 
half-lives. Once the values of the coupling constants 
have been fixed, the experiments then determine—in 
a way independent of all nuclear models—nuclear 
matrix elements for beta decay. 

Further experiments are contemplated in order to 
improve upon the accuracy of the results contained 
herein, but owing to the long-term nature of the work 
this short account is being published at the present time. 

1R. B. Curtis and R. R. Lewis, Phys. Rev. 107, 1381 (1957). 

2M. Morita and R. Saito Morita, Phys. Rev. 107, 1316 (1957). 

* Herrmannsfeldt, Maxson, Stahelin, and Allen, Phys. Rev. 
107, 641 (1957). 

‘Goldhaber, Grodzins, and Sunyar, Phys. Rev. 109, 1015 
(1958). 

5B. M. Rustad and S. L. Ruby, postdeadline paper presented 
at the meeting of the American Physical Society, New York, 
New York, January, 1958; and Phys. Rev. 97, 991 (1955). 

* Nuclear Level Schemes, A=40—A=92, compiled by Way, 
King, McGinnis, and van Lieshout, U. S. Atomic Energy Com- 
mission Report TID-5300 (U. S. Government Printing Office, 
Washington, D. C., 1955). The present experiments rule out a 
spin assignment of 7 for the 5.7-day isomer of Mn®. 

7 T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). 

8 Abraham, Jeffries, Kedzie, and Liefson, Bull. Am. Phys. Soc. 
Ser. IT, 2, 382 (1957). 

* Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 108, 503 
(1957). In this paper we interpreted our results on the basis 
of the original He recoil experiments, i.e., Cs= —Cs’, Cr=—Cr’, 
and all other coupling constants are zero. 

10 Ambler, Hayward, Hoppes, Hudson, and Wu, Phys. Rev. 
106, 1361 (1957). 


" F. Boehm, Phys. Rev. 109, 1018 (1958). 
2 F. Boehm and A. H. Wapstra, Phys. Rev. 109, 456 (1958). 
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Time-of-Flight Measurement of Photo- 
neutron Energy Spectra*t 


W. Berrtozzt, F. R. PAOLINI, AND C. P. SARGENT 


Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received March 7, 1958) 


TECHNIQUE has been developed for measuring 
photoneutron energy spectra which makes use 
of the time-of-flight principle and the M.I.T. linear 
accelerator as a pulsed source of bremsstrahlung. 
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Electrons from the linear accelerator, analyzed to 3% 
in energy, impinge on a target at a repetition rate of 
120/sec. The pulses have a duration ~2.5X10~° sec 
which is controlled by the conduction time of an electron 
gun in the Van de Graaff injector. The interval of time 
is measured between the passage of the bremsstrahlung 
through a plastic scintillator near the (y,#) target and 
the detection of a neutron in another plastic scintillator 
(via a proton recoil) located at the end of a seven-meter 
flight path, 120° to the path of the bremsstrahlung 
beam. The elapsed-time spectrum is converted to a 
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pulse-height spectrum which is analyzed into 256 
channels. The energy scale and resolution were tested 
by comparing the structure induced on a smooth 
(y,") spectrum by a transmission through carbon with 
that expected on the basis of the known total neutron 
cross section of carbon.' The resolution is roughly 3% 
in energy at 2 Mev and 6% at 9 Mev. Proton recoils 
of energy greater than 0.87 Mev are detected. 

In Figs. 1, 2, and 3 we present data for the energy 
spectra (1/E,)(dN/dE,) of photoneutrons from Bi, 
Au, and Ta produced by bremsstrahlung of the two 
maximum energies ~ 14.3 Mev and ~15.8 Mev. The 
data are normalized so as to yield equal numbers of 
photoneutrons from D(y,) with energies E,>1.4 Mev 
for each bremsstrahlung energy. The difference curves, 
obtained by subtracting the low-energy curves from 
the high-energy curves, can then be considered produced 
by a band of photons centered at about 14.5 Mev with 
about a 2-Mev half-width. The data at each brems- 
strahlung energy are also normalized per atom. The 
ordinates are otherwise arbitrary. 

If these spectra are due to the decay of a compound 
nucleus, we can obtain a measure of the relative level 
density of each nucleus by forming the quantities 
n=(1/E,0-(E,) ](dN/dE,) from the experimental dif- 
ference curves. This can be compared to theoretical 
expressions’ for the level density of a degenerate Fermi 
gas that have the form 9(U)~(1/U*) exp[(aU)#], 
where for our experiments U14.5— E¢hreshoia— En 
Mev. Using reasonable assumptions for ¢.(En) [oe(En) 
constant and o,(£,,) varying as in the report of Schrandt 
et al.*], we find that the theoretical expressions fail to 
reproduce the experimental difference curves by factors 


Neutron Energy (Mev) 


of 10 at high neutron (>3.5 Mev) energies. Although 
not as striking, the agreement at low neutron energies 
is also not good. The theoretical curves reflect the 
dominant /U variation in the exponential, while the 
experimental curves have the character of U* with 
n >1 in the exponential. In order to obtain agreement 
in this low-energy region, it would be necessary for 
o-(E,) to decrease rapidly with increasing neutron 
energy, which seems an unlikely behavior. 

Although the x-ray spectra in these experiments 
represent photon absorption over an interval >2 Mev, 
the neutron spectra appear to change character (from 
the rapidly varying low-energy group to the flat 
high-energy tail) in a narrow region of neutron energy 
(< } Mev). This behavior appears to be independent 
of the excitation energy of the residual nucleus. 
This dependence on neutron energy may indicate that 
the absorption of a photon leads to the initial concentra- 
tion of the photon energy in the motion of a single 
particle.*® 

More complete results and experimental details will 
be published. 

* Part of a thesis submitted by W. Bertozzi in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy, 
Massachusetts Institute of Technology, January, 1958. 

t Work supported in oy by the joint program of the Office 
of Naval Research and the U. S. Atomic Energy Commission. 

1 Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1955). 

2 See, for example, T. D. Newton, Can. J. Phys. 34, 804 (1956); 
A. A. Ross, Phys. Rev. 108, 720 (1957). 

*Schrandt, Beyster, Walt, and Salmi, Los Alamos Report 
LA-2099, December, 1956 (unpublished). 

*D. H. Wilkinson, Physica 22, 1039 (1956). 

5S. Rand, Phys. Rev. 107, 208 (1957). 
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